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Ìåòàëëû ãåêñàãîíàëüíîé ãðóïïû (íàïðèìåð, Be, Zr, Ti) íàõîäÿò øèðîêîå ïðèìåíåíèå â

àòîìíîé ïðîìûøëåííîñòè, ðàêåòî- è àâèàñòðîåíèè (â ýëåìåíòàõ êîíñòðóêöèé, ðàáîòàþ-

ùèõ â ýêñòðåìàëüíûõ óñëîâèÿõ). Ïåðñïåêòèâíîå íàïðàâëåíèå ïîâûøåíèÿ êà÷åñòâà èçäå-

ëèé èç òàêèõ ìåòàëëîâ — óëó÷øåíèå ôèçè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ ïóòåì èñïîëüçîâà-

íèÿ åñòåñòâåííîé àíèçîòðîïèè ìåòàëëè÷åñêèõ ìîíîêðèñòàëëîâ. Ïðåäñòàâëåíû ðåçóëüòàòû

èññëåäîâàíèÿ àíèçîòðîïèè è ñðàâíèòåëüíîãî àíàëèçà òåõíè÷åñêèõ õàðàêòåðèñòèê óïðóãèõ

ñâîéñòâ ìîíîêðèñòàëëîâ ãåêñàãîíàëüíûõ ìåòàëëîâ. Íà îñíîâå ïðåîáðàçîâàíèé òåíçîðà êî-

ýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè â ãëàâíûõ îñÿõ ê íîâîé ïðîèçâîëüíîé ñèñòåìå êîîðäè-

íàò ñ ïîñëåäóþùèì èñïîëüçîâàíèåì óãëîâ Ýéëåðà ïîëó÷åíû â ÿâíîì âèäå óðàâíåíèÿ êîì-

ïîíåíòîâ ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè äëÿ ïðîèçâîëüíûõ êðèñòàëëî-

ãðàôè÷åñêèõ íàïðàâëåíèé. Ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ òåõíè÷åñêèõ õàðàê-

òåðèñòèê óïðóãèõ ñâîéñòâ (ìîäóëåé Þíãà è ñäâèãà, êîýôôèöèåíòà Ïóàññîíà) ìîíîêðèñòàë-

ëîâ 10 ìåòàëëîâ ñ ãåêñàãîíàëüíîé ðåøåòêîé â ïðîèçâîëüíûõ êðèñòàëëîãðàôè÷åñêèõ íà-

ïðàâëåíèÿõ. Óñòàíîâèëè, ÷òî õàðàêòåðèñòèêè èìåþò àêñèàëüíóþ ñèììåòðèþ îòíîñèòåëüíî

ãåêñàãîíàëüíîé îñè. Ñóììû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè, îïðåäåëÿþùèõ ìîäóëè

ñäâèãà, è êîýôôèöèåíòîâ Ïóàññîíà â äâóõ âçàèìíî ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ ïî-

ñòîÿííû â ëþáîé êðèñòàëëîãðàôè÷åñêîé ïëîñêîñòè ìîíîêðèñòàëëà. Ñðàâíèòåëüíûì àíà-

ëèçîì àíèçîòðîïèè óïðóãèõ ñâîéñòâ ìîíîêðèñòàëëîâ èññëåäóåìîé ãðóïïû ìåòàëëîâ âûÿâ-

ëåíû àóêñåòè÷åñêèå ñâîéñòâà ó ìîíîêðèñòàëëîâ Zn è Be è îáëàñòè êðèñòàëëîãðàôè÷åñêèõ

íàïðàâëåíèé îäíîîñíîãî ðàñòÿæåíèÿ, ïðèâîäÿùåãî ê àóêñåòè÷åñêîìó ýôôåêòó. Àóêñåòè÷å-

ñêèé ýôôåêò ó Zn ôèêñèðîâàëè ïðè ðàñòÿæåíèè â íàïðàâëåíèÿõ ïëîñêîñòè, ïåðïåíäèêó-

ëÿðíîé ãåêñàãîíàëüíîé îñè ìîíîêðèñòàëëà. Ïëîñêîñòè ïðîÿâëåíèÿ àóêñåòè÷åñêîãî ýôôåê-

òà ó ìîíîêðèñòàëëîâ Be ïåðïåíäèêóëÿðíû íàïðàâëåíèÿì, ñîñòàâëÿþùèì óãîë 45° ñ ãåêñà-

ãîíàëüíîé îñüþ.
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Hexagonal metals (e.g., Be, Zr, Ti) are widely used in the nuclear industry, space and aircraft engineering

(in manufacturing of the structural elements operating under extreme conditions). A promising way to
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improve the quality of products made of them is to improve the physical properties of materials using the

natural anisotropy of metal single crystals. The results of studying anisotropy and a comparative analysis

of the technical characteristics of the elastic properties of single crystals of hexagonal metals are pre-

sented. The equations of the elastic compliance matrix components are derived in the explicit form for ar-

bitrary crystallographic direction proceeding from transformations of the elastic compliance tensor in the

principal axes to a new arbitrary coordinate system with a subsequent use of Euler angles. Analytical ex-

pressions are presented for the technical characteristics of the elastic properties (shear and Young’s

moduli, Poisson’s ratio) of the single crystals of 10 hcp metals for an arbitrary crystallographic direction.

The axial symmetry of the characteristics about the hexagonal axis is revealed. The sums of the elastic

compliance coefficients which determine the shear moduli and the Poisson’s ratios in two mutually per-

pendicular directions are constant in any crystallographic plane of the single crystal. A comparative analy-

sis of the anisotropy of the elastic properties of single crystals of the studied group of metals revealed

auxetic properties of Zn and Be single crystals and the region of crystallographic directions of uniaxia

tension, leading to an auxetic effect The auxetic effect in Zn was observed under tension in the directions

of the plane perpendicular to the hexagonal axis of the single crystal. The planes of the auxetic effect man-

ifestation in Be single crystals are perpendicular to the directions making an angle of 45° with the hexago-

nal axis.

Keywords: hexagonal single crystals; elastic compliance tensor; Young’s moduli; auxetic properties.

Ââåäåíèå

Ïåðñïåêòèâíîå íàïðàâëåíèå ïîâûøåíèÿ êà-

÷åñòâà ìåòàëëîïðîäóêöèè — óëó÷øåíèå ôèçè÷å-

ñêèõ ñâîéñòâ ïîëóôàáðèêàòîâ è èçäåëèé èç ìå-

òàëëîâ è ñïëàâîâ ïóòåì èñïîëüçîâàíèÿ åñòåñò-

âåííîé àíèçîòðîïèè ìåòàëëè÷åñêèõ êðèñòàëëîâ.

Ìîíîêðèñòàëëè÷åñêîå ñîñòîÿíèå ìàòåðèàëà,

ïîëó÷àåìîå ìåòîäàìè íàïðàâëåííîé êðèñòàëëè-

çàöèè, íåîáõîäèìî èñïîëüçîâàòü ïðè èçãîòîâëå-

íèè äåòàëåé äëÿ ýêñòðåìàëüíûõ óñëîâèé (âûñî-

êèõ òåìïåðàòóð, áîëüøèõ íàãðóçîê, ïîâûøåííûõ

òðåáîâàíèé ê æåñòêîñòè). Ýòî çíà÷èòåëüíî óëó÷-

øàåò ôèçè÷åñêèå ñâîéñòâà èçäåëèé. Òàê, ïðè

ïðîèçâîäñòâå ëîïàòîê àâèàöèîííûõ ÃÒÄ èç æà-

ðîïðî÷íûõ ñïëàâîâ â âèäå ìîíîêðèñòàëëîâ ñ êó-

áè÷åñêîé ðåøåòêîé ðàáî÷àÿ òåìïåðàòóðà èçäåëèé

ïîâûøàåòñÿ íà 50 – 60° C, ïðî÷íîñòíûå õàðàêòå-

ðèñòèêè ïî ñðàâíåíèþ ñ äðóãèìè òåõíîëîãèÿìè

óëó÷øàþòñÿ [1].

Ìåòàëëû ãåêñàãîíàëüíîé ãðóïïû (íàïðèìåð,

Be, Zr, Ti) íàõîäÿò øèðîêîå ïðèìåíåíèå â àòîì-

íîé ïðîìûøëåííîñòè, ðàêåòî- è àâèàñòðîåíèè,

ïîýòîìó íåîáõîäèìî äåòàëüíîå èçó÷åíèå àíèçî-

òðîïèè óïðóãèõ ñâîéñòâ èõ ìîíîêðèñòàëëè÷å-

ñêîãî ñîñòîÿíèÿ. Îäíàêî ïðè èññëåäîâàíèè óïðó-

ãèõ õàðàêòåðèñòèê ìîíîêðèñòàëëîâ ãåêñàãîíàëü-

íûõ ìåòàëëîâ [2, 3], êàê ïðàâèëî, àíàëèçèðóþò

èëè îòäåëüíûå ìîíîêðèñòàëëû, èëè èõ õàðàê-

òåðèñòèêè.

Öåëü ðàáîòû — èññëåäîâàíèå óïðóãèõ

ñâîéñòâ ãðóïïû ãåêñàãîíàëüíûõ ìåòàëëîâ ñ èç-

âåñòíûìè ìîäóëÿìè óïðóãîñòè â ãëàâíûõ îñÿõ

ìîíîêðèñòàëëîâ.

Ìåòîäèêà ðàñ÷åòà

Èññëåäîâàëè ïîâåäåíèå êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè îáîáùåííîãî çàêîíà Ãóêà,

à òàêæå òåõíè÷åñêèõ õàðàêòåðèñòèê óïðóãèõ

ñâîéñòâ (ìîäóëè Þíãà è ñäâèãà, êîýôôèöèåíò

Ïóàññîíà), âêëþ÷àÿ àóêñåòè÷åñêèé ýôôåêò, â çà-

âèñèìîñòè îò êðèñòàëëîãðàôè÷åñêèõ íàïðàâëå-

íèé â ìîíîêðèñòàëëàõ ìåòàëëîâ ñ ãåêñàãîíàëü-

íîé ðåøåòêîé. Èñïîëüçîâàëè ìåòîäèêó [4], âêëþ-

÷àþùóþ ïðèâåäåíèå ìàòðèöû êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè â ãëàâíûõ îñÿõ Sij ê íîâîé

ñèñòåìå îòñ÷åòà x�y�z� ñ äàëüíåéøèì èñïîëüçîâà-

íèåì óãëîâ Ýéëåðà äëÿ îïðåäåëåíèÿ êðèñòàëëî-

ãðàôè÷åñêèõ íàïðàâëåíèé. Íàïðàâëåíèÿ ãëàâ-

íûõ îñåé â ìîíîêðèñòàëëàõ ñ ãåêñàãîíàëüíîé ðå-

øåòêîé ïðèâåäåíû íà ðèñ. 1.

Óãëû Ýéëåðà: á — ïîâîðîò âîêðóã z; â — âî-

êðóã y� è ã — âîêðóã z�. Óãîë á — àçèìóòàëüíûé,

â — ïîëÿðíûé óãîë ñôåðè÷åñêîé ñèñòåìû êîîð-

äèíàò, â êîòîðîé ýòèìè óãëàìè ìîæíî çàäàòü

ïðîèçâîëüíîå êðèñòàëëîãðàôè÷åñêîå íàïðàâëå-

íèå z�. Óãîë ã îïðåäåëÿåò íàïðàâëåíèå ñäâèãà è

êîýôôèöèåíò Ïóàññîíà â ïëîñêîñòè, ïåðïåíäèêó-

ëÿðíîé âûáðàííîìó êðèñòàëëîãðàôè÷åñêîìó íà-

ïðàâëåíèþ z�. Íàïðàâëåíèå N — óçëîâàÿ îñü óã-

ëîâ Ýéëåðà — âñåãäà ëåæèò â ïëîñêîñòè, ïåðïåí-

äèêóëÿðíîé ãåêñàãîíàëüíîé îñè ìîíîêðèñòàëëà.

30 «Çàâîäcêàÿ ëàáîpàòîpèÿ. Äèàãíîcòèêà ìàòåpèàëîâ». 2019. Òîì 85. ¹ 9

à

z
z

x

x y

y

N

z�

x�

y�

á

Ðèñ. 1. Ãëàâíûå îñè ãåêñàãîíàëüíûõ ìîíîêðèñòàëëîâ (à)

è óãëû Ýéëåðà (á)

Fig. 1. Principal axes of hexagonal single crystals (a) and

Euler angles (b)



Â ðåçóëüòàòå ïîëó÷èëè îáùèå ðåøåíèÿ äëÿ

êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè, ÷åðåç êî-

òîðûå îïðåäåëÿëè ìîäóëè Þíãà (â ïðîèçâîëüíîì

êðèñòàëëîãðàôè÷åñêîì íàïðàâëåíèè z�) è ñäâèãà

(â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé z�), à òàêæå êî-

ýôôèöèåíòû Ïóàññîíà (â òîé æå ïëîñêîñòè). Ìî-

äóëè óïðóãîñòè (C) â ãëàâíûõ îñÿõ ìîíîêðèñòàë-

ëîâ è êîýôôèöèåíòû óïðóãîé ïîäàòëèâîñòè (S)

ïðèâåäåíû â òàáë. 1 [5, 6].

Äëÿ îïðåäåëåíèÿ çàâèñèìîñòè êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè îò ïðîèçâîëüíûõ êðè-

ñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé ìîíîêðèñòàëëà

è èçâåñòíûõ çíà÷åíèé S11, S12 è S44 íåîáõîäèìî

ïðèâåñòè ìàòðèöó Sij â ãëàâíûõ îñÿõ êðèñòàëëà,

ñîâïàäàþùèõ ñ êðèñòàëëîãðàôè÷åñêèìè íàïðàâ-

ëåíèÿìè [100], [010], [001], ê íîâîé ñèñòåìå îò-

ñ÷åòà x�y�z�, ñâÿçàâ, íàïðèìåð, îñü z� ñ âûáðàííûì

êðèñòàëëîãðàôè÷åñêèì íàïðàâëåíèåì. Ýòî ìîæ-

íî ñäåëàòü, èñïîëüçóÿ ïðàâèëî ïðåîáðàçîâàíèÿ

òåíçîðîâ ê íîâûì êîîðäèíàòíûì îñÿì:

�S
ijkl

= áipájqákrálsSpqrs, (1)

ãäå �S
ijkl

, Spqrs — êîìïîíåíòû òåíçîðà â ñèñòåìàõ

êîîðäèíàò x�y�z� è xyz (ãëàâíûå îñè ìîíîêðèñòàë-

ëà); áip, ájq, ákr , áls — êîñèíóñû óãëîâ ìåæäó ñîîò-

âåòñòâóþùèìè îñÿìè «íîâîé» è «ñòàðîé» ñèñòåì

îòñ÷åòà.

Òàêîå ïðåîáðàçîâàíèå ñ ïîñëåäóþùèì èñ-

ïîëüçîâàíèåì óãëîâ Ýéëåðà ïîçâîëÿåò íàéòè

êîìïîíåíòû òåíçîðà �S
ijkl

, íåîáõîäèìûå äëÿ îïðå-

äåëåíèÿ èñêîìûõ õàðàêòåðèñòèê óïðóãîñòè â

ïðîèçâîëüíîì êðèñòàëëîãðàôè÷åñêîì íàïðàâëå-

íèè. Â äàëüíåéøåì òðåõìåðíûé òåíçîð ÷åòâåðòî-

ãî ðàíãà �S
ijkl

ñâåðíóò äî øåñòèìåðíîãî òåíçîðà

âòîðîãî ðàíãà �S
ik

ïî èçâåñòíûì ïðàâèëàì.

Äëÿ êîìïîíåíòû �S
33

ìàòðèöû êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè, ÷åðåç êîòîðóþ âûðà-

æàåòñÿ ìîäóëü Þíãà, ïîñëå ïðåîáðàçîâàíèé ïî-

ëó÷àåì:

�S
33

= S11 + ((S33 – S11) – S sin2â)cos2â =

= �S
33

(â) = E(â)–1, (2)

ãäå S = S11 + S33 – 2S13 – S44, S11, S33, S13, S44 —

êîìïîíåíòû ìàòðèöû êîýôôèöèåíòîâ óïðóãîé

ïîäàòëèâîñòè â ãëàâíûõ îñÿõ.

Îáñóæäåíèå ðåçóëüòàòîâ

Ìîäóëü Þíãà, êàê ñëåäóåò èç (2), íå çàâèñèò

îò óãëà á è, ñëåäîâàòåëüíî, îáëàäàåò öèëèíäðè÷å-

ñêîé ñèììåòðèåé îòíîñèòåëüíî ãåêñàãîíàëüíîé

îñè ìîíîêðèñòàëëà äëÿ ëþáûõ óãëîâ â. Íàãëÿä-

íîå ïðåäñòàâëåíèå îá àíèçîòðîïèè E äàåò óêà-

çàòåëüíàÿ ïîâåðõíîñòü — ãåîìåòðè÷åñêîå ìåñòî

òî÷åê êîíöà âåêòîðà, óêàçûâàþùåãî âûáðàííîå

êðèñòàëëîãðàôè÷åñêîå íàïðàâëåíèå è ïî ìîäóëþ

ðàâíîãî E (ðèñ. 2).

Àíàëèç ôîðìû óêàçàòåëüíîé ïîâåðõíîñòè ïî-

êàçûâàåò, ÷òî öèëèíäðè÷åñêàÿ ñèììåòðèÿ ñîõðà-
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Òàáëèöà 1. Ìîäóëè óïðóãîñòè (ÃÏà) è êîýôôèöèåíòû óïðóãîé ïîäàòëèâîñòè (ÃÏà–1)

Table 1. Young’s moduli (GPa) and compliance tensor components (GPa–1)

Ìåòàëë C
11

C
33

C
44

C
12

C
13

S
11

, · 10–3 S
33

, · 10–3 S
44

, · 10–3 S
12

, · 10–3 S
13

, · 10–3

Be 292,3 336,4 163 25,7 14,0 3,46 2,98 6,15 –0,31 –0,13

Cd 121 51,3 18,5 48,1 44,2 12,0 35,0 54,0 –1,48 –9,27

Co 307 358 75,5 165 103 4,73 3,19 13,0 –2,31 –0,697

Hf 193 222 51,0 90,0 75,0 7,01 5,49 20,0 –2,70 –1,45

It 77,9 76,9 24,3 29,2 30,0 16,0 17,0 41,0 –4,29 –4,67

Mg 59,7 61,7 16,4 26,2 2,17 22,0 20,0 61,0 –7,85 –4,98

Re 613 683 162 270 203 2,12 1,70 6,17 –0,799 –0,398

Ti 162 181 47,7 92,0 69,0 9,63 6,97 21,0 –4,66 –1,88

Zn 161 61,0 38,3 34,2 50,1 8,37 28,0 26,0 0,485 –7,27

Zr 144 165 32,1 72,8 65,3 10,0 7,96 31,0 –3,99 –2,40

E
,
Ã

Ï
à

E, ÃÏà

à

á

Ðèñ. 2. Óêàçàòåëüíàÿ ïîâåðõíîñòü (à) äëÿ Zn è ìîäóëü

Þíãà E (á) äëÿ óãëîâ â = 0 (1), ð/6 (2), ð/4 (3), ð/2 (4)

Fig. 2. Indicative surface in Zn (a), and Young’s modulus E

(b) for angles â = 0 (1), ð/6 (2), ð/4 (3), ð/2 (4)



íÿåòñÿ äëÿ âñåõ ðàññìàòðèâàåìûõ ìîíîêðèñòàë-

ëîâ, îäíàêî ïî ãåêñàãîíàëüíîé îñè ïîâåðõíîñòü

ìîæåò áûòü âîãíóòîé (Be, Cd, Hf, Zn) èëè âûïóê-

ëîé (Co, Mg, Ti, Zr) â çàâèñèìîñòè îò îòíîøåíèÿ

E[001]/E[100] (òàáë. 2). Óêàçàòåëüíàÿ ïîâåðõíîñòü ó

It — ïðàêòè÷åñêè ñôåðà.

Ïðè â = 0 (íàïðàâëåíèå ãåêñàãîíàëüíîé îñè

[001]) E
[ ]001

1� = �S
33

(0) = S33, ïðè â = ð/2 (íàïðàâ-

ëåíèå [100] è âñå äðóãèå, ëåæàùèå â ïëîñêîñòè

óçëîâîé îñè) E
[ ]100

1� = �S
33

(ð/2) = S11.

Äëÿ êîìïîíåíòîâ �S
jj

(j = 4, 5) ìàòðèöû êîýô-

ôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè, ÷åðåç êîòîðûå

âûðàæàþòñÿ ìîäóëè ñäâèãà â ïëîñêîñòè, ïåðïåí-

äèêóëÿðíîé z�, ïîëó÷àåì

�S
jj
(á, â, ã) = S44 + ((S66 – S44) sin2ã +

+ 4S cos2âcos2ã)sin2â = �S
jj
(â, ã), j = 5, 6, (3)

ãäå S66 = 2(S11 – S12), �S
jj

(â, 0)= �S
55

, �S
jj

(â, ð/2) =

	 �S
44

.

Èç (3) ñëåäóåò, ÷òî êîýôôèöèåíò óïðóãîé ïî-

äàòëèâîñòè äëÿ ëþáîãî âûáðàííîãî íàïðàâëåíèÿ

íå çàâèñèò îò àçèìóòàëüíîãî óãëà á. Ñëåäîâà-

òåëüíî, è ìîäóëü ñäâèãà Gjj(â, ã) = �S
jj

(â, ã)–1 íå

áóäåò çàâèñåòü îò á. Ýòî çíà÷èò, ÷òî ìîäóëè ñäâè-

ãà (êàê è ìîäóëè Þíãà) îáëàäàþò öèëèíäðè÷å-

ñêîé ñèììåòðèåé îòíîñèòåëüíî ãåêñàãîíàëüíîé

îñè êðèñòàëëà.

Íà ðèñ. 3 ïðèâåäåíû ìîäóëè ñäâèãà G(â, ã)

äëÿ êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé Zn,

à òàêæå ïîëÿðíûå äèàãðàììû ïîâåäåíèÿ G â

ïëîñêîñòÿõ, ïåðïåíäèêóëÿðíûõ âûáðàííûì íà-

ïðàâëåíèÿì ñ ðàçëè÷íûìè óãëàìè â.
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Òàáëèöà 2. Óïðóãèå õàðàêòåðèñòèêè ãåêñàãîíàëüíûõ ìîíîêðèñòàëëîâ äëÿ ðÿäà íàïðàâëåíèé [HKL]

Table 2. The elastic characteristics of hexagonal single crystals in selected directions [HKL]

Ìåòàëë [HKL] îñè z� â E, ÃÏà G
31

, ÃÏà G
32

, ÃÏà í
31

í
32

E
[001]

/E
[100]

G
31

/G
32

Be [001] 0 235 163 163 0,044 0,044 0,802 1,00

[101] ð/4 324 149 146 –0,002 0,071 1,02

[100] ð/2 289 163 133 0,038 0,090 1,23

Cd [001] 0 28,2 18,5 18,5 0,261 0,261 0,345 1,00

[101] ð/4 48,1 15,1 24,5 0,299 0,258 0,62

[100] ð/2 81,7 18,5 36,5 0,758 0,121 0,51

Co [001] 0 313 75,5 75,5 0,218 0,218 1,48 1,00

[101] ð/4 202 107 73,2 0,339 0,304 1,47

[100] ð/2 211 75,5 71,0 0,147 0,488 1,06

Hf [001] 0 182 51,0 51,0 0,265 0,265 0,79 1,00

[101] ð/4 137 64,9 51,2 0,343 0,285 0,32

[100] ð/2 142 51,0 51,5 0,208 0,386 0,62

It [001] 0 60,1 24,3 24,3 0,280 0,280 0,98 1,00

[101] ð/4 61,8 23,7 24,3 0,272 0,277 0,98

[100] ð/2 61,6 24,3 24,3 0,287 0,264 1,00

Mg [001] 0 50,7 16,4 16,4 0,253 0,253 1,12 1,00

[101] ð/4 43,1 19,4 16,6 0,315 0,277 1,17

[100] ð/2 45,4 16,4 16,8 0,226 0,357 0,98

Re [001] 0 590 162 162 0,230 0,230 1,25 1,00

[101] ð/4 435 218 167 0,342 0,259 1,31

[100] ð/2 473 162 172 0,184 0,379 0,94

Ti [001] 0 143 47,7 47,7 0,272 0,272 1,39 1,00

[101] ð/4 118 49,1 40,4 0,242 0,388 1,22

[100] ð/2 104 47,7 35,0 0,197 0,484 1,36

Zn [001] 0 35,3 38,3 38,3 0,257 0,257 0,294 1,00

[101] ð/4 82,9 19,5 47,8 0,082 0,281 0,41

[100] ð/2 120 38,3 63,4 0,869 –0,058 0,60

Zr [001] 0 126 32,1 32,1 0,301 0,301 1,27 1,00

[101] ð/4 90,2 43,9 33,8 0,404 0,288 1,30

[100] ð/2 99,5 32,1 35,6 0,238 0,397 0,90



Âèäíî, ÷òî â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé

ãåêñàãîíàëüíîé îñè êðèñòàëëà (â = 0), ìîäóëü

ñäâèãà èçîòðîïåí, ò. å. îäèíàêîâ äëÿ ëþáîãî êðè-

ñòàëëîãðàôè÷åñêîãî íàïðàâëåíèÿ ýòîé ïëîñêî-

ñòè, è ðàâåí G[100] = S
44

1� .

Îáîçíà÷èâ �
�S

55

1 = G31 (ìîäóëü ñäâèãà ïî îñè x�

â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé z�) è �
�S

44

1 = G32

(ìîäóëü ñäâèãà ïî îñè y� â ïëîñêîñòè, ïåðïåíäè-

êóëÿðíîé z�), ìîæíî ïðîàíàëèçèðîâàòü ïîâåäå-

íèå ìîäóëÿ ñäâèãà äëÿ äðóãèõ óãëîâ â (ñì.

òàáë. 2). Íàïðèìåð, ïðè á = 0, â = 90° (íàïðàâëå-

íèå [100]) îñü x� çàíèìàåò íàïðàâëåíèå ãåêñàãî-

íàëüíîé îñè êðèñòàëëà. Òîãäà ïðè ã = 0

G[001] = ( �S
jj
(ð/2,0))–1 = G31 = S

44

1� ,

à ïðè ã = 90° (íàïðàâëåíèå [010])

G[010] = ( �S
jj
(ð/2, ð/2))–1 = G32 = S

66

1� .

Ïîëó÷åííûå ðåçóëüòàòû ïîëíîñòüþ ñîîòâåò-

ñòâóþò ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â

ãåêñàãîíàëüíûõ êðèñòàëëàõ [7]. Êàê èçâåñòíî,

ñêîðîñòü ïîïåðå÷íûõ âîëí, ðàñïðîñòðàíÿþùèõñÿ

âäîëü ãåêñàãîíàëüíîé îñè è ïîëÿðèçîâàííûõ â

ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ýòîé îñè, ñîñòàâëÿ-

åò ñV
[ ]100

2 = C44 = G[100] = S
44

1� , à ñêîðîñòü âîëí,

ðàñïðîñòðàíÿþùèõñÿ âäîëü [100] è ïîëÿðèçîâàí-

íûõ ïî ãåêñàãîíàëüíîé îñè êðèñòàëëà è íàïðàâ-

ëåíèþ [010], —

ñV
[ ]100

2 = C44 = G[001] = S
44

1� ,

ñV
[ ]100

2 = (C11 – C12)/2 = C66 = G[010] = S
66

1� .

Äàííûå ïî àíèçîòðîïèè ìîäóëÿ ñäâèãà ñâè-

äåòåëüñòâóþò, ÷òî öèëèíäðè÷åñêàÿ ñèììåòðèÿ

îòíîñèòåëüíî ãåêñàãîíàëüíîé îñè ñîõðàíÿåòñÿ

äëÿ âñåõ ðàññìàòðèâàåìûõ ìîíîêðèñòàëëîâ. Äëÿ

äðóãèõ êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé â

ïëîñêîñòè, èì ïåðïåíäèêóëÿðíîé, G ìåíÿþòñÿ îò

ìèíèìàëüíûõ äî ìàêñèìàëüíûõ çíà÷åíèé ïðè

èçìåíåíèè óãëà ã. Ñòåïåíü àíèçîòðîïèè ìîæíî

îöåíèòü îòíîøåíèåì G31/G32, êîòîðîå äëÿ âñåõ

íàïðàâëåíèé ñîñòàâëÿåò G(â, 0)/G(â, ð/2) (ñì.

òàáë. 2). Ðàâåíñòâî ýòîãî îòíîøåíèÿ åäèíèöå

ãîâîðèò î íàëè÷èè èçîòðîïèè ìîäóëÿ ñäâèãà

â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ýòîìó íàïðàâ-

ëåíèþ.

Èç (3) òàêæå ñëåäóåò, ÷òî ñóììà êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè äëÿ ñäâèãà âî âçàèìíî

ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ íå çàâèñèò îò

óãëà ã è ïîñòîÿííà äëÿ ëþáîãî âûáðàííîãî íà-

ïðàâëåíèÿ z�, çàäàííîãî óãëîì â:

�S
jj
(â, ã)+ �S

jj
(â, ã + ð/2) =

= 2S44 + ((S66 – S44)+ 4S cos2â)sin2â = const. (4)

Ýòî îçíà÷àåò, ÷òî óãëîâàÿ àíèçîòðîïèÿ ñäâè-

ãà â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ïðîèçâîëüíî

âûáðàííîìó êðèñòàëëîãðàôè÷åñêîìó íàïðàâëå-

íèþ (â = const), òàêîâà, ÷òî ñóììà êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè ñäâèãó â ëþáûõ äâóõ

âçàèìíî ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ â

ïëîñêîñòè ñäâèãà ïîñòîÿííà:

G–1(â, ã)+ G–1(â, ã + ð/2) = const.

Ó÷èòûâàÿ, ÷òî ìîäóëü ñäâèãà äëÿ êðó÷åíèÿ

âûðàæàåòñÿ ÷åðåç ïîëóñóììó �S
44

è �S
55

, ïîëó÷àåì

� 	 � 
 �S S Sêð (
44 55

)/2 = S44 +


 � 

�

�



�

�
�

	
�

1

2
2

66 44

2 2 1( ) cos sin .S S S G� � êð
(5)

Â ÷àñòíîñòè, ìîäóëü ñäâèãà ïðè êðó÷åíèè âî-

êðóã ãåêñàãîíàëüíîé îñè (â = 0) Gêð = S
44

1� .

Êîýôôèöèåíò Ïóàññîíà â ïëîñêîñòè, ïåðïåí-

äèêóëÿðíîé ïðîèçâîëüíî âûáðàííîìó êðèñòàëëî-

ãðàôè÷åñêîìó íàïðàâëåíèþ, îïðåäåëÿåòñÿ îòíî-

øåíèåì êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè:

��
3 j

(á, â, ã) = – �S
j3
(á, â, ã)/ �S

33
(á, â), j = 1, 2.

Èç (2) íàõîäèì ìîäóëü Þíãà â âûáðàííîì

êðèñòàëëîãðàôè÷åñêîì íàïðàâëåíèè. Äëÿ êîì-

ïîíåíòîâ �S
j3

(j = 1, 2) ìàòðèöû êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè, ÷åðåç êîòîðûå âûðàæàþò-

ñÿ ïîïåðå÷íîå ñóæåíèå ïðè ðàñòÿæåíèè, à ñëåäî-

âàòåëüíî, è êîýôôèöèåíòû Ïóàññîíà äëÿ âû-

áðàííîãî êðèñòàëëîãðàôè÷åñêîãî íàïðàâëåíèÿ z�,

â ðåçóëüòàòå ïðåîáðàçîâàíèé ïîëó÷àåì

�S
j3
(á, â, ã) = S13 + ((S12 – S13)sin2ã +

+ S cos2ãcos2â)sin2â = �S
j3
(â, ã). (6)
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G, ÃÏà
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á

Ðèñ. 3. Ìîäóëü ñäâèãà G(â, ã) äëÿ âåðõíåé ïîëóñôåðû

ìîíîêðèñòàëëà Zn (à) è çàâèñèìîñòü G(ã) (á) â ïëîñêîñòÿõ,

ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿì ñ óãëàìè â, ðàâíûìè

0 (1), ð/4 (2), ð/2 (3)

Fig. 3. Directional dependence of shear modulus G(â, ã) in

Zn single crystal plotted for the top hemisphere (a), G(ã) (b)

in the planes perpendicular to the directions given by â = 0

(1), ð/4 (2), ð/2 (3)



Äëÿ êîýôôèöèåíòà Ïóàññîíà —

� � �

� �

�

( , )
( , )

( )
	 �

�

�

	

S

S

j3

33

	 �


 � 



 �

S S S S

S S S

13 12 13

2 2 2 2

11 33

(( )sin cos cos )sin

((

� � � �

11

2 2) sin ) cos
,

� S � �

(7)

ãäå í(â, 0) = í31(â), í(â, ð/2) = í32(â) — êîýôôèöè-

åíòû Ïóàññîíà ïî îñÿì x� è y� â ïëîñêîñòè, ïåð-

ïåíäèêóëÿðíîé íàïðàâëåíèþ z�.

Äëÿ âñåé ðàññìàòðèâàåìîé ãðóïïû ìîíîêðè-

ñòàëëîâ ìåòàëëîâ óñòàíîâèëè, ÷òî êîýôôèöèåíò

Ïóàññîíà â ñèëó íåçàâèñèìîñòè îò óãëà á îáëàäà-

åò öèëèíäðè÷åñêîé ñèììåòðèåé îòíîñèòåëüíî

ãåêñàãîíàëüíîé îñè. Â ïëîñêîñòè, ïåðïåíäèêó-

ëÿðíîé ãåêñàãîíàëüíîé îñè, í31 = í32 = –S13/S33.

Óãëîâàÿ àíèçîòðîïèÿ êîýôôèöèåíòà Ïóàññîíà

â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ïðîèçâîëüíî âû-

áðàííîìó êðèñòàëëîãðàôè÷åñêîìó íàïðàâëåíèþ

(â = const), òàêîâà, ÷òî ñóììà êîýôôèöèåíòîâ â

ëþáûõ äâóõ âçàèìíî ïåðïåíäèêóëÿðíûõ íàïðàâ-

ëåíèÿõ â ýòîé ïëîñêîñòè ïîñòîÿííà: í(â, ã) +

+ í(â, ã + ð/2) = const.

Íà ðèñ. 4 ïðèâåäåíà óãëîâàÿ àíèçîòðîïèÿ êî-

ýôôèöèåíòà Ïóàññîíà ìîíîêðèñòàëëà Zn äëÿ

ðÿäà íàïðàâëåíèé îäíîîñíîãî ðàñòÿæåíèÿ.

Âèäíî, ÷òî àóêñåòè÷åñêèé ýôôåêò ìàêñèìà-

ëåí ïðè óãëàõ â = ð/2 è ã = ð/2. Ýòî îçíà÷àåò, ÷òî

ïðè ðàñòÿæåíèè ïî ëþáîìó íàïðàâëåíèþ â ïëîñ-

êîñòè, ïåðïåíäèêóëÿðíîé ãåêñàãîíàëüíîé îñè,

íàáëþäàåòñÿ àóêñåòè÷åñêèé ýôôåêò â íàïðàâëå-

íèè, ëåæàùåì â òîé æå ïëîñêîñòè ïîä óãëîì 90° ê

íàïðàâëåíèþ ðàñòÿæåíèÿ. Íàïðèìåð, ïðè ðàñòÿ-

æåíèè ïî [100] àóêñåòè÷åñêèé ýôôåêò ïðèñóò-

ñòâóåò â [010] è ðàâåí í[100],[010] = –S12/S11 =

= –0,058.

Îáëàñòü êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé

ðàñòÿæåíèÿ, âûçûâàþùèõ àóêñåòè÷åñêèé ýô-

ôåêò, íàõîäèì èç óñëîâèÿ �S
j3
(â, ð/2) = 0. Äëÿ îä-

íîãî îêòàíòà âåðõíåé ïîëóñôåðû ìîíîêðèñòàë-

ëîâ Zn è Be îíà ïðåäñòàâëåíà íà ðèñ. 5.

Àóêñåòè÷åñêèé ýôôåêò â ìîíîêðèñòàëëå Be

íåçíà÷èòåëåí. Åãî îñîáåííîñòü ñîñòîèò â òîì, ÷òî

îí íàáëþäàåòñÿ ïðè ðàñòÿæåíèè ïî íàïðàâëåíè-

ÿì âáëèçè óãëîâ â = 45 ± 6°. Ìàêñèìàëüíîãî çíà-

÷åíèÿ ýôôåêò äîñòèãàåò ïðè â = ð/4 è ã = 0. Òàê,

ïðè ðàñòÿæåíèè â íàïðàâëåíèè [101] àóêñåòè-

÷åñêèé ýôôåêò ôèêñèðóåòñÿ â íàïðàâëåíèè [101]

è ðàâåí –0,002. Â äðóãèõ ìîíîêðèñòàëëàõ èñ-

ñëåäóåìîé ãðóïïû àóêñåòè÷åñêèé ýôôåêò íå îá-

íàðóæåí.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, íà îñíîâå àíàëèçà ìîäóëåé

óïðóãîñòè ñ èñïîëüçîâàíèåì ïîëó÷åííûõ óðàâíå-

íèé äëÿ êîìïîíåíòîâ ìàòðèöû êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè ìîíîêðèñòàëëîâ ãåêñàãî-

íàëüíûõ ìåòàëëîâ âûÿâëåíà öèëèíäðè÷åñêàÿ

ñèììåòðèÿ ìîäóëåé Þíãà è ñäâèãà è êîýôôèöè-

åíòà Ïóàññîíà îòíîñèòåëüíî ãåêñàãîíàëüíîé îñè

äëÿ âñåõ ðàññìàòðèâàåìûõ îáðàçöîâ, èññëåäîâàíà

ñòåïåíü àíèçîòðîïèè ìîäóëÿ ñäâèãà îòíîñèòåëü-

íî îñåé, íå ñîâïàäàþùèõ ñ ãåêñàãîíàëüíîé îñüþ.

Óñòàíîâëåíî, ÷òî ñóììû êîýôôèöèåíòîâ óïðóãîé

ïîäàòëèâîñòè è Ïóàññîíà â äâóõ âçàèìíî ïåðïåí-

äèêóëÿðíûõ íàïðàâëåíèÿõ â ëþáîé êðèñòàëëî-

ãðàôè÷åñêîé ïëîñêîñòè ìîíîêðèñòàëëà ïîñòîÿí-

íû [G G
31

1

32

1� �

 = const, í(â, ã) + í(â, ã + ð/2) =

= const]. Îïðåäåëåíû îáëàñòè êðèñòàëëîãðà-

ôè÷åñêèõ íàïðàâëåíèé ðàñòÿæåíèÿ, âûçûâà-

þùèõ àóêñåòè÷åñêèé ýôôåêò, ó ìîíîêðèñòàëëîâ

Zn è Be.
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à á

1 1

2

2

3

3

Ðèñ. 4. Êîýôôèöèåíò Ïóàññîíà í(â) (à) äëÿ Zn ïðè óãëàõ

ã = 0 (1), ð/4 (2), ð/2 (3) (íàïðàâëåíèå ðàñòÿæåíèÿ îïðåäå-

ëÿåòñÿ óãëîì â) è çàâèñèìîñòü í(ã) (á) äëÿ óãëîâ â = 0 (1),

ð/4 (2), ð/2 (3) (îáëàñòü àóêñåòè÷åñêîãî ýôôåêòà çà÷åðíå-

íà, ã = 90 ± 14,5°)

Fig. 4. Poisson’s ratio í(â) (a) in Zn at ã = 0 (1), ð/4 (2), ð/2

(3) (the stretch direction is defined by â) and the dependence

í(ã) (b) at â = 0 (1), ð/4 (2), ð/2 (3) (the region of the auxetic

behavior is shown black, ã = 90 ± 14,5°)

à á

Ðèñ. 5. Îáëàñòè êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé

ðàñòÿæåíèÿ ñ àóêñåòè÷åñêèìè ñâîéñòâàìè (çà÷åðíåíû) â

ìîíîêðèñòàëëàõ Zn (à) è Be (á)

Fig. 5. The areas of crystallographic directions of tension

with auxetic properties (blackened) in Zn (a) and Be (b)

single crystals
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Ñèíòåç ìíîãîñëîéíûõ òîíêîïëåíî÷íûõ ôóíêöèîíàëüíûõ ïîêðûòèé ïðåäóñìàòðèâàåò

îñàæäåíèå ìàòåðèàëîâ è îòæèã. Ïðè ýòîì âîçìîæíû ïðîöåññû âçàèìîäèôôóçèè è ôàçîîá-

ðàçîâàíèÿ. Îäíàêî ìîäåëèðîâàíèå ðåàêöèîííîé âçàèìîäèôôóçèè â òàêèõ ñèñòåìàõ, êàê

ìåòàëë — ïîëèêðèñòàëëè÷åñêèé îêñèä ñ îãðàíè÷åííîé ðàñòâîðèìîñòüþ êîìïîíåíòîâ äî

ïîñëåäíåãî âðåìåíè íå îñóùåñòâëÿëè. Âìåñòå ñ òåì ìîäåëèðîâàíèå ïîçâîëÿåò âûáèðàòü

óñëîâèÿ îòæèãà (âðåìÿ è òåìïåðàòóðó), íåîáõîäèìûå äëÿ âêëþ÷åíèÿ ìåòàëëà â ðåøåòêó îê-

ñèäà è åãî îäíîðîäíîãî ðàñïðåäåëåíèÿ â íåé. Ïðåäñòàâëåíà êîëè÷åñòâåííàÿ ìîäåëü âçàè-

ìîäåéñòâèÿ â ñëîèñòîé ñèñòåìå ìåòàëë — ïîëèêðèñòàëëè÷åñêèé îêñèä äðóãîãî ìåòàëëà â

óñëîâèÿõ îãðàíè÷åííîé ðàñòâîðèìîñòè íà îñíîâå ïðåäñòàâëåíèé î âçàèìíîé äèôôóçèè

êîìïîíåíòîâ è îáúåìíûõ ðåàêöèé îáðàçîâàíèÿ ñëîæíûõ îêñèäîâ. Ìîäåëü èñïîëüçîâàëè

ïðè èññëåäîâàíèè ïðîöåññà ìîäèôèöèðîâàíèÿ òîíêèõ ïëåíîê îêñèäà òèòàíà ïåðåõîäíûìè

ìåòàëëàìè. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî àíàëèçà ýêñïåðèìåíòàëüíûõ êîíöåíòðàöè-

îííûõ ðàñïðåäåëåíèé êîìïîíåíòîâ â òîíêîïëåíî÷íûõ ïîëèêðèñòàëëè÷åñêèõ ñèñòåìàõ

Co – TiO2 è Fe – TiO2, âêëþ÷àÿ çíà÷åíèÿ èíäèâèäóàëüíûõ êîýôôèöèåíòîâ äèôôóçèè èñ-

ñëåäóåìûõ ìåòàëëîâ è òèòàíà â óñëîâèÿõ âàêóóìíîãî îòæèãà. Ìîäåëü õîðîøî îïèñûâàåò

îñíîâíûå çàêîíîìåðíîñòè ïðîöåññà (ïîÿâëåíèå òèòàíà â ïëåíêå ìåòàëëà, ãëóáîêîå ïðîíèê-

íîâåíèå Fe è Co â ïëåíêó îêñèäà òèòàíà), à òàêæå ïîçâîëÿåò îáúÿñíèòü îáðàçîâàíèå ñëîæ-

íûõ îêñèäîâ íå ïóòåì ïîñëîéíîãî ðîñòà íà ãðàíèöå ðàçäåëà ìåòàëë — îêñèä, à ïî âñåé òîë-

ùèíå ïëåíêè TiO2. Ïîëó÷åííûå äàííûå àíàëèçà ìåæôàçíîãî âçàèìîäåéñòâèÿ â ñëîèñòûõ

ñèñòåìàõ, ñîïðîâîæäàþùåãîñÿ ðåàêöèîííîé âçàèìíîé äèôôóçèåé, ìîãóò èñïîëüçîâàòüñÿ

äëÿ ïðîãíîçèðîâàíèÿ ýâîëþöèè ôàçîâîãî ñîñòàâà è óïðàâëåíèÿ òåõíîëîãè÷åñêèìè ïðîöåñ-

ñàìè ïîëó÷åíèÿ ìàòåðèàëîâ ñ çàäàííûìè ñâîéñòâàìè.
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