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Ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ Q-îïòèìàëüíûõ ïëàíîâ ýêñïåðèìåíòà äëÿ ïîëèíîìèàëü-

íîé ðåãðåññèè íà îòðåçêå [–1, 1]. Ïîêàçàíî, ÷òî èçâåñòíûå ïëàíû Ìàëþòîâà – Ôåäîðîâà,

èñïîëüçóþùèå ñïåêòð D-îïòèìàëüíûõ ïëàíîâ (ñïåêòð Ëåæàíäðà), Q-îïòèìàëüíûìè íå ÿâ-

ëÿþòñÿ. Ýòîò âûâîä ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì çàìå÷àíèÿ Øàáàäîñà ê ãèïî-

òåçå Ýðäåøà, îïðîâåðãàþùèì åå. Ñàìà ãèïîòåçà Ýðäåøà çàêëþ÷àëàñü â òîì, ÷òî ñïåêòð íà-

ñûùåííûõ D-îïòèìàëüíûõ ïëàíîâ äëÿ ïîëèíîìèàëüíîé ðåãðåññèè íà îòðåçêå îäíîâðåìåí-

íî ÿâëÿåòñÿ è ñïåêòðîì íàñûùåííûõ Q-îïòèìàëüíûõ ïëàíîâ. Ïðèâåäåí íàñûùåííûé òî÷-

íûé Q-îïòèìàëüíûé ïëàí äëÿ ïîëèíîìèàëüíîé ðåãðåññèè ñòåïåíè s = 3, ïîäòâåðæäàþ-

ùèé çàìå÷àíèå Øàáàäîñà. Äàëåå ýòî óòâåðæäåíèå ïåðåíîñèòñÿ íà íåïðåðûâíûå ïëàíû.

Äëÿ ñëó÷àåâ s = 3, 4 ïîêàçàíî, ÷òî èçâåñòíàÿ òåîðåìà Ìàëþòîâà – Ôåäîðîâà î íåïðåðûâ-

íûõ Q-îïòèìàëüíûõ ïëàíàõ òàêæå íåâåðíà, õîòÿ è îñòàåòñÿ ñïðàâåäëèâîé äëÿ ñòåïåíåé

s = 1, 2. Èññëåäîâàíû ïëàíû Ìàëþòîâà – Ôåäîðîâà ñî ñïåêòðîì Ëåæàíäðà ñ òî÷êè çðåíèÿ

èõ áëèçîñòè ê Q-îïòèìàëüíûì. Íà ïðèìåðàõ ïîêàçàíî, ÷òî îíè äîñòàòî÷íî áëèçêè äëÿ ìà-

ëûõ ñòåïåíåé s ïîëèíîìèàëüíîé ðåãðåññèè. Íàéäåíî óíèâåðñàëüíîå âûðàæåíèå äëÿ Q-îï-

òèìàëüíîãî ðàñïðåäåëåíèÿ âåñîâ pi îïîðíûõ òî÷åê xi â ñëó÷àå ïðîèçâîëüíîãî ñïåêòðà. Â êà-

÷åñòâå ïðèìåðà ñ ïîìîùüþ ïîëó÷åííîãî âûðàæåíèÿ ïðîâåäåíî òàáóëèðîâàíèå ðàñïðåäå-

ëåíèÿ âåñîâ äëÿ ïëàíîâ Ìàëþòîâà – Ôåäîðîâà äëÿ s = 3, ..., 6. Îòìå÷åíà îáùíîñòü ïîëó-

÷åííîãî âûðàæåíèÿ äëÿ Q-îïòèìàëüíûõ âåñîâ ñ A-îïòèìàëüíûì ðàñïðåäåëåíèåì âåñîâ

(ðàñïðåäåëåíèå Ïóêåëüñõàéìà) ïðè òîé æå ïîñòàíîâêå çàäà÷è. Â çàêëþ÷åíèå äàíà êðàòêàÿ

ðåêîìåíäàöèÿ î ÷èñëåííîì ïîñòðîåíèè Q-îïòèìàëüíûõ ïëàíîâ. Îòìå÷åíî, ÷òî ïîìèìî

òðàäèöèîííûõ ÷èñëåííûõ ìåòîäîâ â äàííîì ñëó÷àå ìîãóò áûòü èñïîëüçîâàíû ïðîãðàì-

ìíûå ñèñòåìû ñèìâîëüíûõ âû÷èñëåíèé, èñïîëüçóþùèå ìåòîäû ðåçóëüòàíòîâ è èñêëþ÷å-

íèÿ. Ïðèâîäèìûå â ñòàòüå ïðèìåðû Q-îïòèìàëüíûõ ïëàíîâ ïîñòðîåíû ñ èñïîëüçîâàíèåì

èìåííî ýòèõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ïîëèíîìèàëüíàÿ ðåãðåññèÿ; êðèòåðèé Q-îïòèìàëüíîñòè; ïëàí ýêñïå-

ðèìåíòà; ïëàíû ýêñïåðèìåíòà Ìàëþòîâà – Ôåäîðîâà; èíòåðïîëÿöèîííûe ïîëèíîìû Ëàã-

ðàíæà; ñïåêòð ïëàíà; ìåòîä ðåçóëüòàíòîâ.
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The problem of constructing Q-optimal experimental designs for polynomial regression on the interval

[–1, 1] is considered. It is shown that well-known Malyutov – Fedorov designs using D-optimal designs

(so-called Legendre spectrum) are other than Q-optimal designs. This statement is a direct consequence of

Shabados remark which disproved the Erdõs hypothesis that the spectrum (support points) of saturated

D-optimal designs for polynomial regression on a segment appeared to be support points of saturated
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Q-optimal designs. We present a saturated exact Q-optimal design for polynomial regression with s = 3

which proves the Shabados notion and then extend this statement to approximate designs. It is shown

that when s = 3, 4 the Malyutov – Fedorov theorem on approximate Q-optimal design is also incorrect,

though it still stands for s = 1, 2. The Malyutov – Fedorov designs with Legendre spectrum are considered

from the standpoint of their proximity to Q-optimal designs. Case studies revealed that they are close

enough for small degrees s of polynomial regression. A universal expression for Q-optimal distribution of

the weights pi for support points xi for an arbitrary spectrum is derived. The expression is used to tabulate

the distribution of weights for Malyutov – Fedorov designs at s = 3, ..., 6. The general character of the ob-

tained expression is noted for Q-optimal weights with A-optimal weight distribution (Pukelsheim distri-

bution) for the same problem statement. In conclusion a brief recommendation on the numerical con-

struction of Q-optimal designs is given. It is noted that in this case in addition to conventional numerical

methods some software systems of symbolic computations using methods of resultants and elimination

theory can be successfully applied. The examples of Q-optimal designs considered in the paper are con-

structed using precisely these methods.

Keywords: polynomial regression; Q-optimality criterion; experimental design; Malyutov – Fedorov

experimental designs; Lagrangian interpolation polynomials; design spectrum; method of the resultants.

Ââåäåíèå

Ïðè ïîñòðîåíèè îïòèìàëüíûõ ïëàíîâ ýêñïå-

ðèìåíòà èñïîëüçóþò êàê àíàëèòè÷åñêèå [1 – 3],

òàê è ÷èñëåííûå ìåòîäû [4], ïðè ýòîì ïðèîðèòåò,

åñëè ýòî âîçìîæíî, îòäàþò àíàëèòè÷åñêèì ìåòî-

äàì. Òàêîå ÷àñòî èìååò ìåñòî â çàäà÷àõ íåëè-

íåéíîãî ïëàíèðîâàíèÿ (ñì. , íàïðèìåð, [5, 6]),

à òàêæå äëÿ îïðåäåëåííûõ êëàññîâ ëèíåéíî ïà-

ðàìåòðèçîâàííûõ ìîäåëåé. Ê ÷èñëó äàííûõ ìî-

äåëåé îòíîñèòñÿ, â ÷àñòíîñòè, êëàññ ïîëèíîìè-

àëüíûõ ìîäåëåé.

Çàäà÷à ïîñòðîåíèÿ îïòèìàëüíûõ ïëàíîâ äëÿ

ïîëèíîìèàëüíîé ðåãðåññèè íà îòðåçêå [–1, 1] â

íàñòîÿùåå âðåìÿ õîðîøî èçó÷åíà. Â ýòîì íàïðàâ-

ëåíèè ïîëó÷åíî ìíîãî àíàëèòè÷åñêèõ è ÷èñëåí-

íûõ ðåçóëüòàòîâ. Òåì íå ìåíåå íà íåêîòîðûå âî-

ïðîñû îòâåòû äî ñèõ ïîð íå ïîëó÷åíû.

Ðàáîòà ïîñâÿùåíà óòî÷íåíèþ íåêîòîðûõ òåî-

ðåòè÷åñêèõ ðåçóëüòàòîâ, êàñàþùèõñÿ Q-îïòè-

ìàëüíûõ ïëàíîâ, èç êîòîðûõ, â ÷àñòíîñòè, ñëå-

äóåò âîçìîæíîñòü ðàññìîòðåíèÿ ïëàíîâ òèïà

Ìàëþòîâà – Ôåäîðîâà ïðèìåíèòåëüíî ê A-êðè-

òåðèþ.

Ñóòü ðàññìàòðèâàåìîé ïðîáëåìû ñîñòîèò â

ñëåäóþùåì. Â ñåðèè ðàáîò [7 – 9] Ìàëþòîâ è Ôå-

äîðîâ ñôîðìóëèðîâàëè ðåçóëüòàò, ñîãëàñíî êîòî-

ðîìó ïëàíû ñî ñïåêòðîì D-îïòèìàëüíûõ ïëàíîâ

(ñïåêòð Ëåæàíäðà) è ñîîòâåòñòâóþùèì åìó ðàñ-

ïðåäåëåíèåì âåñîâ ÿâëÿþòñÿ Q-îïòèìàëüíûìè.

Îäíàêî îêàçàëîñü, ÷òî äëÿ ñòåïåíåé ïîëèíîìà

s � 3 äàííûé ðåçóëüòàò íåâåðåí. Ýòî ÿâëÿåòñÿ

ñëåäñòâèåì ñäåëàííîãî â 1966 ã. çàìå÷àíèÿ Øà-

áàäîñà [10] ê ãèïîòåçå Ýðäåøà [11], îïðîâåðãà-

þùèì åå.

Â ñâÿçè ñ ýòèì îáñòîÿòåëüñòâîì â ðàáîòå ïî-

ñòðîåíû òî÷íûå è íåïðåðûâíûå Q-îïòèìàëüíûå

ïëàíû äëÿ s = 3, 4 è ïðîâåäåíî èõ ñðàâíåíèå ñ

òî÷íûìè ïëàíàìè, ñîîòâåòñòâóþùèìè ãèïîòåçå

Ýðäåøà, è íåïðåðûâíûì ïëàíàì Ìàëþòîâà – Ôå-

äîðîâà. Ïîñêîëüêó äëÿ äàííûõ çíà÷åíèé s ðàçëè-

÷èå ìåæäó Q-îïòèìàëüíûìè è ïðèáëèæåííûìè

îMF -ïëàíàìè ñî ñïåêòðîì Ëåæàíäðà îêàçàëîñü

êðàéíå íåçíà÷èòåëüíûì, òî â ðàáîòå ïîñòðîåíû

ïëàíû îMF äëÿ ïîñëåäóþùèõ ñòåïåíåé s = 5, 6 â

ïðåäïîëîæåíèè, ÷òî è äëÿ ýòèõ ñòåïåíåé ðàçëè-

÷èå ìåæäó íèìè è Q-îïòèìàëüíûìè ïëàíàìè

õîòÿ è áóäåò âîçðàñòàòü, íî îñòàíåòñÿ â ðàçóìíûõ

ïðåäåëàõ.

Ïëàíû îMF èíòåðåñíû â òîì îòíîøåíèè, ÷òî

ñîãëàñíî íàéäåííîìó â ðàáîòå àíàëèòè÷åñêîìó

ñîîòíîøåíèþ äëÿ âåñîâ, èìåþùåìó áîëåå îáùèé

õàðàêòåð, ÷åì ðåçóëüòàò Ìàëþòîâà – Ôåäîðîâà,

âûðàæåíèÿ äëÿ âåñîâ òî÷åê ïëàíîâ îMF ìîãóò

áûòü ïðîòàáóëèðîâàíû äëÿ ëþáîãî ñïåêòðà. Ñî-

îòâåòñòâóþùåå àíàëèòè÷åñêîå âûðàæåíèå àíàëî-

ãè÷íî ðåçóëüòàòó Ìàëþòîâà – Ôåäîðîâà è ñâÿçà-

íî ñ ôóíäàìåíòàëüíûìè èíòåðïîëÿöèîííûìè

ïîëèíîìàìè Ëàãðàíæà.

Óíèâåðñàëüíîå âûðàæåíèå äëÿ âåñîâ îMF -

ïëàíîâ ñ ïðîèçâîëüíûì ñïåêòðîì îêàçàëîñü ñî-

âåðøåííî àíàëîãè÷íûì ðàñïðåäåëåíèþ âåñîâ

Ïóêåëüñõàéìà äëÿ A-îïòèìàëüíûõ ïëàíîâ ñ ïðî-

èçâîëüíûì ñïåêòðîì. Ðàñïðåäåëåíèå Ïóêåëüñ-

õàéìà îïðåäåëÿåòñÿ ãëàâíîé äèàãîíàëüþ ìàòðè-

öû (FFò)–1, ãäå F — ìàòðèöà ïëàíà, ÿâëÿþùàÿñÿ

â íàøåì ñëó÷àå ìàòðèöåé Âàíäåðìîíäà.

Ñòàòüÿ âêëþ÷àåò ïîñòàíîâêó çàäà÷è, íåîáõî-

äèìûå îáîçíà÷åíèÿ. Â íåé ïðèâåäåíû ðåçóëüòà-

òû èç òåîðèè èíòåðïîëÿöèè, ñôîðìóëèðîâàíà ãè-

ïîòåçà Ýðäåøà è ïðåäñòàâëåí îïðîâåðãàþùèé åå

ïðèìåð Øàáàäîñà. Ðàññìîòðåíû íåïðåðûâíûå

Q-îïòèìàëüíûå è ñâÿçàííûå ñ íèìè ïëàíû Ìà-

ëþòîâà – Ôåäîðîâà îMF. Ïðèâåäåíû òàáóëèðîâàí-

íûå çíà÷åíèÿ âåñîâ ïëàíîâ îMF è îïòèìàëüíûé

ïëàí äëÿ êâàäðàòè÷íîé ðåãðåññèè íà îòðåçêå ñ

îáëàñòüþ óñðåäíåíèÿ Z, îòëè÷íîé îò îáëàñòè ïëà-

íèðîâàíèÿ X = [–1, 1].

Îòìåòèì, ÷òî êðèòåðèé Q-îïòèìàëüíîñòè â

çàïàäíîé ëèòåðàòóðå íàçûâàåòñÿ I-êðèòåðèåì

[12, 13], íî ìû ñîõðàíÿåì çà íèì íàçâàíèå, áîëåå

ïðèâû÷íîå îòå÷åñòâåííîìó ÷èòàòåëþ [9, ñ. 153].
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Ïîñòàíîâêà çàäà÷è

Êàê êðèòåðèé âûáîðà èíòåðïîëÿöèîííîãî áà-

çèñà â çàäà÷àõ ÷èñëåííîãî àíàëèçà êðèòåðèé Q-

îïòèìàëüíîñòè ïîÿâëÿåòñÿ â ðàáîòå [11]. Ñ ðàçâè-

òèåì òåîðèè îïòèìàëüíîãî ïëàíèðîâàíèÿ ýêñïå-

ðèìåíòà îí ïîÿâëÿåòñÿ â íåé íàðÿäó ñ êðèòåðèåì

A-îïòèìàëüíîñòè êàê îäèí èç ìíîãèõ äðóãèõ ëè-

íåéíûõ êðèòåðèåâ ïëàíèðîâàíèÿ. Ïî åãî ïîâîäó

Â. Â. Ôåäîðîâ ïèøåò [9, ñ. 153]: «Åñëè ýêñïåðè-

ìåíòàòîðà èíòåðåñóåò îáùàÿ çàêîíîìåðíîñòü çà-

âèñèìîñòè èçó÷àåìîé âåëè÷èíû îò êîíòðîëèðó-

åìûõ ïåðåìåííûõ, ò.å. îí ìîæåò ïîæåðòâîâàòü

òî÷íîñòüþ îïèñàíèÿ â ìàëûõ îáëàñòÿõ ðàäè õîðî-

øåãî îïèñàíèÿ âî âñåé îáëàñòè, òî ðàçóìíî ïî-

òðåáîâàòü, ÷òîáû ìèíèìèçèðîâàëàñü âåëè÷èíà
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ãäå îáëàñòü Z íåîáÿçàòåëüíî ñîâïàäàåò ñ îáëà-

ñòüþ ïëàíèðîâàíèÿ X. Ïëàíèðîâàíèå ýêñïåðè-

ìåíòà çàêëþ÷àåòñÿ â îòûñêàíèè ïëàíà î*, ìèíè-

ìèçèðóþùåãî âåëè÷èíó

Q[D(î)] = d z z

Z

( , ) ,4 d
�

(1)

ãäå d(x, î) — äèñïåðñèÿ îöåíêè ôóíêöèè îòêëèêà

ç(x, è)». Äàëåå áóäåì ðàññìàòðèâàòü òîëüêî ñëó-

÷àé Z = X = [–1, 1]. Ââåäåì íåîáõîäèìûå îïðå-

äåëåíèÿ.

Ïóñòü çàäàíà ìîäåëü íàáëþäåíèé

y = ç(x, è) + e = f(x)ò
è + e, (2)

ãäå y 5 Rn — âåêòîð íàáëþäåíèé; ç(x, è) = f(x)òè —

ëèíåéíàÿ ïî ïàðàìåòðàì ôóíêöèÿ îòêëèêà;

è 5 Rm — âåêòîð îöåíèâàåìûõ ïàðàìåòðîâ; n �

� m; e = N(0, ó2In) — âåêòîð îøèáîê, èìåþùèõ

íîðìàëüíîå ðàñïðåäåëåíèå ñ íóëåâûì ñðåäíèì

E[e] = 0 è äèñïåðñèåé D[e] = ó2In. Äàëåå ïîëà-

ãàåì ó2 = 1, à â êà÷åñòâå ôóíêöèè îòêëèêà ðàñ-

ñìîòðèì ïîëèíîìèàëüíóþ ìîäåëü ðåãðåññèè ñòå-

ïåíè s:

ç(x, è) = 3
i

s i

i

s

x �

�

1

0

, x 5 X = [–1, 1]. (3)

Èç (3) ñëåäóåò, ÷òî m = s + 1 — êîëè÷åñòâî

îöåíèâàåìûõ ïàðàìåòðîâ. Ïîëîæèì n = m =

= s + 1 è ïóñòü

î = (supp î, p) = {( , ) },x p
i i i

n

�1
xi 5 supp î,

pi � 0, p
i

i

n

�

1 �

1

1 —

íàñûùåííûé ïëàí ýêñïåðèìåíòà, ãäå supp î =

= (x1, ..., xn) — ñïåêòð ïëàíà, óäîâëåòâîðÿþùèé

óñëîâèþ

–1 � x1 < x2 < ... < xn � 1, (4)

à p = (p1, ..., pn) — âåðîÿòíîñòíàÿ ìåðà, çàäàííàÿ

íà supp î.

Åñëè p1 = ... = pn = n–1, òî ñîîòâåòñòâóþùèé

ïëàí íàçûâàåòñÿ òî÷íûì, â ïðîòèâíîì ñëó÷àå —

íåïðåðûâíûì. Òðåáóåòñÿ íàéòè ïëàí î*, ìèíè-

ìèçèðóþùèé ôóíêöèîíàë (1), êîòîðûé îïðåäåëÿ-

åòñÿ ñëåäóþùèì îáðàçîì.

Îáîçíà÷èì f(x)ò = (1, x, ..., xs), P — äèàãîíàëü-

íóþ ìàòðèöó ñ ýëåìåíòàìè Pii = pi íà ãëàâíîé

äèàãîíàëè. Ïóñòü

F = [f(x1)
ò, ..., f(xn)ò] = x

i

j– 1
, i, j = 1, ..., n,

M(î) = FòPF — (5)

ìàòðèöà ïëàíèðîâàíèÿ, ñîñòàâëåííàÿ èç ñòðîê

f(xi)
ò, è èíôîðìàöèîííàÿ ìàòðèöà ïëàíà î ñîîò-

âåòñòâåííî. Â ñëó÷àå (5) îïðåäåëèòåëü W = |F|

ñâîäèòñÿ ê èçâåñòíîìó îïðåäåëèòåëþ Âàíäåðìîí-

äà [14, ñ. 13], êîòîðûé íå ðàâåí íóëþ â ñèëó (4).

Ïîñêîëüêó â äàííîì ñëó÷àå îöåíêà íàèìåíü-

øèõ êâàäðàòîâ

^
3 = M(î)–1FòPy = F–1y,

òî

D x f x D f x f x M f x[ ( ,
^

)] ( ) [
^

] ( ) ( ) ( ) ( )2 3 3 4� �
�ò ò 1 — (6)

äèñïåðñèÿ îöåíêè 2 3( ,
^

).x Ïîëàãàÿ D(î): = D[
^

]3 =

= M(î)–1, îïðåäåëÿåì ôóíêöèþ äèñïåðñèè

d(x, î) = f(x)òD(î)f(x) = f(x)òM(î)–1f(x),

x 5 X = [–1, 1], (7)

èãðàþùóþ îñíîâíóþ ðîëü â ïîñëåäóþùåì èçëî-

æåíèè. Ïëàí î*, ìèíèìèçèðóþùèé ôóíêöèîíàë

Q D d x x[ ( )] ( , ) ,4 4�

�

�
d

1

1

(8)

íàçûâàåòñÿ Q-îïòèìàëüíûì. Íàøà çàäà÷à — èñ-

ñëåäîâàòü ñòðóêòóðó Q-îïòèìàëüíûõ ïëàíîâ, îñ-

òàíîâèâøèñü, â ÷àñòíîñòè, íà ñâîéñòâàõ ïëàíîâ

Ìàëþòîâà – Ôåäîðîâà [8], êîòîðûå, êàê îêàçà-

ëîñü, íå ÿâëÿþòñÿ Q-îïòèìàëüíûìè â êëàññå íå-

ïðåðûâíûõ ïëàíîâ În äëÿ s � 3.
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Ñâÿçü ñ òåîðèåé èíòåðïîëÿöèè

Ïóñòü íà îòðåçêå [–1, 1] çàäàíû n = s + 1

ïðîèçâîëüíûõ òî÷åê (4). Ïîëîæèì ù(x) = c(x –

– x1)(x – x2)...(x – xn) (c 6 0) è ïóñòü

l
x

x x x
i

i

�

� �

7

7

( )

( )( )
, i = 1, ..., n, —

ôóíäàìåíòàëüíûå èíòåðïîëÿöèîííûå ìíîãî-

÷ëåíû Ëàãðàíæà, óäîâëåòâîðÿþùèå óñëîâèÿì

li(xj) = äij. Ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé (4),

êàê îòìå÷åíî âûøå, îáîçíà÷àåì În.

Ñóùåñòâóåò íåñêîëüêî çàäà÷ íàèëó÷øåé èí-

òåðïîëÿöèè, ñâÿçàííûõ ñ ïîñëåäîâàòåëüíîñòÿìè

(4) è ïîðîæäàåìûìè èìè ìíîãî÷ëåíàìè l =

= (l1, ..., ln)ò. Íàñ áóäóò èíòåðåñîâàòü äâå èç íèõ,

ïåðâàÿ èç êîòîðûõ èìååò îòíîøåíèå ê D-, à âòî-

ðàÿ — ê Q-îïòèìàëüíîìó ïëàíèðîâàíèþ ýêñ-

ïåðèìåíòà.

Çàäà÷à Ôåéåðà. Çàäà÷à ñîñòîèò â îòûñêàíèè

òàêîé ïîñëåäîâàòåëüíîñòè (x1, ..., xn) 5 În, äëÿ

êîòîðîé

max ( )
[ , ]x

i

i

n

l x
5 �

�

1
11

2

1

äîñòèãàåò ìèíèìóìà. Â 1932 ãîäó Ôåéåð äîêàçàë

[15], ÷òî ýòîò ìèíèìóì äîñòèãàåòñÿ íà ïîñëåäîâà-

òåëüíîñòè (x1, ..., xn) 5 În, ýëåìåíòû êîòîðîé ÿâ-

ëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà ( ) ( ),1 2
1� �

�
x P x

n
ãäå

Pn(x) — n-é ìíîãî÷ëåí Ëåæàíäðà, ïðè ýòîì

inf max ( ) .
[ , ]45 5 �

�

1 �

8n x
i

i

n

l x
11

2

1

1

Ýòî ñëåäóåò èç èìåþùåãî ìåñòî ñ òî÷íîñòüþ äî

êîíñòàíòû c > 0 ïðåäñòàâëåíèÿ

7( ) ( ) ( ) ( ),x P t t x P x
n

x

n� � � �
�

�

� 1

1

2 1d

P x
n x

xn n

n

n

n( )
!

( ) ,� �

1

2
12d

d
n � 1. (9)

Âûðàæåíèÿ äëÿ Pn(x) è �P xn ( ) ïðèâîäÿòñÿ â ðàç-

íûõ èñòî÷íèêàõ, â ÷àñòíîñòè [16, ñ. 271].

Â ñîâðåìåííîé ïîñòàíîâêå ðåøåíèå çàäà÷è

Ôåéåðà ýêâèâàëåíòíî çàäà÷å ïîñòðîåíèÿ íàñû-

ùåííûõ D-îïòèìàëüíûõ ïëàíîâ äëÿ ïîëèíîìè-

àëüíîé ðåãðåññèè ñòåïåíè s. Â ñâÿçè ñ ýòèì (äëÿ

êðàòêîñòè) ñïåêòð D-îïòèìàëüíûõ ïëàíîâ íàçî-

âåì ñïåêòðîì Ëåæàíäðà. Äëÿ s = 2, ..., 6 ýòè ñïåê-

òðû ïðåäñòàâëåíû â òàáë. 1.

Ãèïîòåçà Ýðäåøà. Â ðàáîòå [11] ïðè òåõ æå

óñëîâèÿõ, ÷òî è âûøå, áûëà ñôîðìóëèðîâàíà çà-

äà÷à îïðåäåëåíèÿ ïîñëåäîâàòåëüíîñòè (4), äëÿ

êîòîðîé âåëè÷èíà

Q x x l x xn i

i

n

( , . . . , ) ( ) ,
1

2

11

1

�

��

1�
d n = 2,3, ..., (10)

ìèíèìàëüíà.

Î÷åâèäíî, ÷òî â òåðìèíàõ ïëàíèðîâàíèÿ ýêñ-

ïåðèìåíòà ìû èìååì çàäà÷ó Q-îïòèìàëüíîãî

ïëàíèðîâàíèÿ [9, ñ. 153]. Ýðäåø ïðåäïîëîæèë,

÷òî åå ðåøåíèå äîñòèãàåòñÿ íà ñïåêòðå Ëåæàíä-

ðà. Îäíàêî â [10] ýòà ãèïîòåçà áûëà îïðîâåðãíóòà

äëÿ çíà÷åíèé s � 3.

Ïðèìåð 1. Ïóñòü s = 3. Äëÿ òî÷íîãî ïëàíà

î = {x1,4 = ±1, x2,3 = ±u} ñ pi = î(xi) = 1/4 ñîãëàñ-

íî (8) çàïèøåì

Q l x x
u u u

u
i

i

( ) ( )
( )

4 �

� � �

�
��

1�
4

16

105

35 28 23 2

1

2

1

4

1

1
6 4 2

2
d

2 2u
.

Îáîçíà÷èì a = 36 21 3
3

� . Ñòàíäàðòíîé îïòèìè-

çàöèåé ïî í = u2 ïîëó÷àåì, ÷òî îïòèìàëüíûå çíà-

÷åíèÿ u* è Q(î*) èìåþò âèä:

�* ,�

� �2 3 6

21

2a a

a
u* = 0,4307, Q(î*) = 6,8430.
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Òàáëèöà 1. Ñïåêòðû Ëåæàíäðà, èëè íóëè ïîëèíîìîâ ( ) ( ),x P xn
2 1� � s — ñòåïåíü ïîëèíîìà

Table 1. Legendre spectra (support points) or the roots of polynomials ( ) ( ),x P xn
2 1� � s – polynomial degree

s

Óçëû D-îïòèìàëüíûõ ïëàíîâ

x1,s + 1 x2,s x3,s – 1 x4,s – 2

2 ±1 0

3 ±1 *

1

5
= ±0,4472

4 ±1 *

21

7
= ±0,6546 0

5 ±1 *

�147 42 7

21
= 0,7650 *

�147 42 7

21
= ±0,2852

6 ±1 *

�495 66 15

33
= ±0,8302 *

�495 66 15

33
= ±0,4688 0



Â òî æå âðåìÿ äëÿ D-îïòèìàëüíîãî ñïåêòðà

î = {x1,4 = ±1, x2,3 = *1 5/ }, òîãäà

u = 0,4472, Q(î) = 48/7 = 6,8571.

Ïîñêîëüêó Q(î) > Q(î*), òî âûâîä Øàáàäîñà ïîä-

òâåðæäàåòñÿ [10]. Îòìåòèì, ÷òî ðàçëè÷èå ìåæäó

D- è Q-îïòèìàëüíûìè ïëàíàìè — î è î* — ñîîò-

âåòñòâåííî êðàéíå íåçíà÷èòåëüíî.

Íåïðåðûâíûå Q-îïòèìàëüíûå ïëàíû

Ãèïîòåçó Ýðäåøà ìîæíî ðàñïðîñòðàíèòü è íà

íåïðåðûâíûå ïëàíû. Âîçìîæíî, ðóêîâîäñòâóÿñü

åþ, àâòîðû ðàáîò [7 – 9, ñ. 155] ñôîðìóëèðîâàëè

òåîðåìó î íåïðåðûâíûõ Q-îïòèìàëüíûõ ïëàíàõ

äëÿ ïîëèíîìèàëüíîé ðåãðåññèè.

Òåîðåìà 1 [8]. Ïóñòü âûïîëíåíû ñëåäóþùèå

óñëîâèÿ:

1) ç(x, è) = 3
i

s i

i

s

x �

�

1

0

— ïîëèíîìèàëüíàÿ ðåã-

ðåññèÿ ñòåïåíè s � 1;

2) X = [–1, 1] — îáëàñòü ïëàíèðîâàíèÿ è óñ-

ðåäíåíèÿ ôóíêöèè äèñïåðñèè d(x, î).

Òîãäà èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

1) ñïåêòð supp î = (x1, ..., xn) íåïðåðûâíûõ

Q-îïòèìàëüíûõ ïëàíîâ ñîâïàäàåò ñ ìíîæåñòâîì

êîðíåé ïîëèíîìà ( ) ( ),1 2
� �x P xs

ãäå Ps(x) — s-é

ìíîãî÷ëåí Ëåæàíäðà;

2) âåñà òî÷åê xi 5 supp î Q-îïòèìàëüíûõ ïëà-

íîâ î îïðåäåëÿþòñÿ âûðàæåíèåì

p
P x

P x

i

s i

s j

j

s
�

�

�

�

�

1

| ( )|

| ( )|

,

1

1

1

1
i = 1, ..., s + 1. (11)

Íàçîâåì ïëàíû î ñî ñïåêòðîì Ëåæàíäðà è

ðàñïðåäåëåíèåì âåñîâ (11) ïëàíàìè Ìàëþòîâà –

Ôåäîðîâà è îáîçíà÷èì èõ îMF . Îêàçûâàåòñÿ, ÷òî

â îáùåì ñëó÷àå (äëÿ s � 3) òåîðåìà 1 íåâåðíà.

Êîíòðïðèìåð äëÿ s = 3 ïðèâåäåí â [16, ñ. 160].

Â êà÷åñòâå ïðèìåðà â òàáë. 2 ïðåäñòàâëåíû Q-îï-

òèìàëüíûå ïëàíû î* è ïëàíû Ìàëþòîâà – Ôåäî-

ðîâà îMF äëÿ s = 3, 4, ÷òî äàåò âîçìîæíîñòü ñðàâ-

íèòü èõ ìåæäó ñîáîé.

Ñðàâíèâàÿ ïëàíû î* è îMF ïðè s = 3, 4, çà-

êëþ÷àåì, ÷òî ðàçëè÷èå ìåæäó íèìè êðàéíå íå-

çíà÷èòåëüíî, õîòÿ ñ ðîñòîì s ðàçíîñòü Q(îMF) –

– Q(î*) íà÷èíàåò âîçðàñòàòü. Âîçíèêàåò âîïðîñ,

êàêèì íà ñàìîì äåëå ÿâëÿåòñÿ ñïåêòð Q-îïòè-

ìàëüíûõ ïëàíîâ? Ñóùåñòâóåò ëè äëÿ íåãî àíàëè-

òè÷åñêîå âûðàæåíèå? Îòâåò íà ýòîò âîïðîñ äî

ñèõ ïîð íå ïîëó÷åí.

Òåì íå ìåíåå îïðåäåëåííîå ïðîäâèæåíèå â

âîïðîñå ïîñòðîåíèÿ Q-îïòèìàëüíûõ ïëàíîâ äàåò

ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñ-

ëîâèÿ:

1) ç(x, è) = 3
i

s i

i

s

x �

�

1

0

— ïîëèíîìèàëüíàÿ ðåã-

ðåññèÿ ñòåïåíè s � 1;

2) X = [–1, 1] — îáëàñòü ïëàíèðîâàíèÿ è óñ-

ðåäíåíèÿ ôóíêöèè äèñïåðñèè d(x, î);

3) l = (l1, ..., ls + 1)
ò — ôóíäàìåíòàëüíûå èí-

òåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà.

Òîãäà ðàñïðåäåëåíèå âåñîâ p = (p1, ..., ps + 1)
ò

óçëîâ ïëàíà î, Q-îïòèìàëüíîå îòíîñèòåëüíî

ñïåêòðà supp î = (x1, ..., xs + 1), èìååò âèä

p
L

L

i

i

j

j

s
�

�

�

1

1

1
, L l x x

i i
�

�

�
2

1

1

( )d , i = 1, ..., s + 1. (12)

Äîêàçàòåëüñòâî. Ñîãëàñíî óñëîâèÿì 1) – 3)

èìååò ìåñòî ðàâåíñòâî [14, ñ. 334]

l(x) = (Fò)–1f(x),

ãäå f(x) = (1, x, ..., xs)
ò — âåêòîð, îïðåäåëÿåìûé

ñîãëàñíî (2), à ñàìî ðàâåíñòâî ñëåäóåò èç òîãî,

÷òî ñëåâà è ñïðàâà â íåì ñòîÿò ìíîãî÷ëåíû ñòåïå-

íè s, ñîâïàäàþùèå â s + 1 òî÷êàõ, ò.å. îíè òîæäå-
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Òàáëèöà 2. Q-îïòèìàëüíûå ïëàíû î* (ïåðâûå ñòðîêè) è ïëàíû Ìàëþòîâà – Ôåäîðîâà î
MF

(âòîðûå ñòðîêè), s — ñòåïåíü

ïîëèíîìà

Table 2. Q-optimal designs î* (the first row) and Malyutov – Fedorov designs îMF (the second row), s – polynomial degree

s

Óçëû è âåñà ïëàíîâ î* è î
MF

Q(î*), Q(î
MF

)

(x1,s + 1, p1,s + 1) (x2,s, p2,s) (x3,s – 1, p3,s – 1)

3

(±1, 0,1549) (±0,4366, 0,3451) 5,9796

*

�

�

�

�

�
�

�

�

�
�

1
5 1

8
01545, ,

* ��

�

�
�

�

�

�
�

1

5

5 5

8
,

24 8 5

8

�

= 5,9841

4

(±1, 0,1076) (±0,6436, 0,2501) (0, 0,2847) 7,7351

* �
�

�

�

�

�

�
1

3

28
01071, , *

�

�

�
�

�

�

�
�

3

7

1

4
,

0 2

7
0 2857

,
,�

�

�

�

�

�

�

3136

405
77433� ,



ñòâåííî ðàâíû. Ïîñêîëüêó M(î) = FòPF, òî îòñþ-

äà è ñîãëàñíî (7) ïîëó÷èì

d(x, î) = f(x)òM(î)–1f(x) = p l x
i i

i

s

�

�

�

1
1 2

1

1

( ). (13)

Ôóíêöèîíàë (8) ÿâëÿåòñÿ âûïóêëûì íà ìíî-

æåñòâå èíôîðìàöèîííûõ ìàòðèö. Ýòî îçíà÷àåò,

÷òî ïðè ôèêñèðîâàííîì ñïåêòðå îí èìååò åäèí-

ñòâåííûé ìèíèìóì ïî p. Ñòàíäàðòíîé îïòèìèçà-

öèåé ôóíêöèîíàëà (8) ïî p ñ èñïîëüçîâàíèåì (13)

ïðèõîäèì ê ðåçóëüòàòó (12), ÷òî è òðåáîâàëîñü

äîêàçàòü.

Âûðàæåíèÿ äëÿ Li ìîãóò áûòü ïðîòàáó-

ëèðîâàíû äëÿ ðàçëè÷íûõ ñïåêòðîâ. Â ÷àñòíîñòè,

ýòî äàåò âîçìîæíîñòü ïðîäîëæèòü òàáë. 2 ïðèìå-

íèòåëüíî ê ïëàíàì îMF (äëÿ ñïåêòðîâ Ëåæàíäðà)

äëÿ çíà÷åíèé s � 5. Â òàáë. 3 îíè ïðåäñòàâëåíû

äëÿ s = 2, ..., 6. Îòìåòèì, ÷òî â ñèëó ñèììåòðèè

âåñîâ p = (p1, ..., ps + 1) âûðàæåíèÿ äëÿ Li òàêæå

ñèììåòðè÷íû è ñâÿçàíû ñîîòíîøåíèÿìè:

Li = Ln + 1 – i, i = 1, ..., n – 1 – [n/2],

Ln – [n/2] = L[n/2] + 1, n = s + 1,

ãäå [a] — öåëàÿ ÷àñòü ÷èñëà a.

Ïðèìåð 2. Ïóñòü s = 2, X = Z = [–1, 1].

Ñïåêòð Ëåæàíäðà â ýòîì ñëó÷àå èìååò âèä

supp î = (– 1, 0, 1). Ñîãëàñíî (12) è òàáë. 3 äëÿ

n = 3 ïîëó÷àåì p = (1/4, 1/2, 1/4). Ñ èñïîëüçîâà-

íèåì òåîðåìû ýêâèâàëåíòíîñòè Êèôåðà – Âîëü-

ôîâèöà ëåãêî ïðîâåðÿåòñÿ, ÷òî ïëàí Ìàëþòî-

âà – Ôåäîðîâà îMF = {(±1, 1/4), (0, 1/2)} â äàííîì

ñëó÷àå ÿâëÿåòñÿ Q-îïòèìàëüíûì, ÷òî ñîãëàñóåòñÿ

ñ ïîëó÷åííûìè âûøå âûâîäàìè.

Ñ ïîìîùüþ ìåòîäà ðåçóëüòàíòîâ â [16, ñ. 159]

ïîñòðîåí Q-îïòèìàëüíûé ïëàí î* äëÿ îáëàñòè óñ-

ðåäíåíèÿ Z = [0, 2]. Ñïåêòð äëÿ íåãî îêàçàëñÿ

ñîâïàäàþùèì ñî ñïåêòðîì Ëåæàíäðà, à âîò ðàñ-

ïðåäåëåíèå âåñîâ p îêàçàëîñü èíûì:

p
1

10 46

27
01192�

�

� , , p
2

5 46 23

27
0 4041�

�

� , ,

p
3

40 4 46

27
0 4767�

�

� , .

Òàêèì îáðàçîì, çàìå÷àíèå Øàáàäîñà ìîæíî ðàñ-

ïðîñòðàíèòü è íà ñëó÷àé, êîãäà îáëàñòè ïëàíèðî-

âàíèÿ X è óñðåäíåíèÿ Z íå ñîâïàäàþò.

Â çàêëþ÷åíèå îòìåòèì, ÷òî òåîðåìà 2 âïîëíå

àíàëîãè÷íà ñèòóàöèè ñ A-îïòèìàëüíûìè ïëàíà-

ìè î, ìèíèìèçèðóþùèìè ñëåä äèñïåðñèîííîé

ìàòðèöû trD(î). Äëÿ äàííûõ ïëàíîâ òàêæå íåèç-

âåñòåí A-îïòèìàëüíûé ñïåêòð supp î, à ïðè ïðî-

èçâîëüíîì ñïåêòðå A-îïòèìàëüíîå ðàñïðåäåëå-

íèå âåñîâ p èìååò âèä [17]

p
B

B

i

i

j

j

s
�

�

�

1

1

1
, Bi = ( ) ,FF

ii

ò �1 i = 1, ..., s + 1.

Âåëè÷èíû Bi òàêæå ìîãóò áûòü ïðîòàáóëèðîâàíû

äëÿ êîíêðåòíûõ ñïåêòðîâ, âêëþ÷àÿ ñïåêòð Ëå-

æàíäðà.

Âû÷èñëèòåëüíûé àñïåêò

×èñëåííîå ïîñòðîåíèå ïëàíîâ ýêñïåðèìåíòà

äëÿ ïîëèíîìèàëüíîé ðåãðåññèè íà îòðåçêå äëÿ

ðàçëè÷íûõ êðèòåðèåâ îïòèìàëüíîñòè, âêëþ÷àÿ

Q-îïòèìàëüíîñòü, âîçìîæíî ñ ïîìîùüþ ïðî-

ãðàììíûõ ñèñòåì ñèìâîëüíûõ âû÷èñëåíèé òèïà

MAPLE. Ïðè ýòîì èñïîëüçóþòñÿ ðàçëè÷íûå

âàðèàíòû ìåòîäà ðåçóëüòàíòîâ è ìåòîäà èñêëþ-

÷åíèé.

Îáçîð ýòèõ ìåòîäîâ, âêëþ÷àÿ âû÷èñëåíèå áà-

çèñà Ãðåáíåðà [18] è ìåòîä Áåçó, ïðèâåäåí â

[19, 20]. Êðàòêîå îïèñàíèå ìåòîäà ðåçóëüòàíòîâ è
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Òàáëèöà 3. Âåñà p = (p1, ..., p
n
)ò òî÷åê ïëàíîâ î

MF
, âûðàæåííûå â êîîðäèíàòàõ L = (L1, ..., L

n
), n = s + 1

Table 3. The weights p = (p
1
, ..., pn)T of design support points îMF in the coordinates L = (L

1
, ..., Ln), n = s + 1

n

L = (L1, ..., L
n
)

L1 L2 L3 L4 L5 L6 L7

3
4

15

16

15

4

15

4
1

7

5

7

5

7

1

7

5
4

45

196

405

256

405

196

405

4

45

6
2

33

14 7

33

� 14 7

33

� 14 7

33

� 14 7

33

� 2

33

7
4
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744 42 15

2245

� 744 42 15

2245

� 1024

2245

744 42 15

2245

� 744 42 15

2245

� 4
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ïðèìåðû åãî èñïîëüçîâàíèÿ äëÿ ïîñòðîåíèÿ

îïòèìàëüíûõ ïëàíîâ äàíû â [16]. Â ÷àñòíîñòè,

Q-îïòèìàëüíûå ïëàíû î* äëÿ s = 3, 4 â òàáë. 2

ïîñòðîåíû ñ ïîìîùüþ ìåòîäà ðåçóëüòàíòîâ.

Îñíîâíûì íåäîñòàòêîì ìåòîäîâ ñèìâîëüíûõ

âû÷èñëåíèé ÿâëÿåòñÿ òî, ÷òî èõ ñëîæíîñòü è òðå-

áóåìûé îáúåì âû÷èñëåíèé ðåçêî âîçðàñòàþò ñ

ðîñòîì ðàçìåðíîñòè çàäà÷è. Ïîýòîìó îáû÷íî ïðè

èõ èñïîëüçîâàíèè ïðèõîäèòñÿ îãðàíè÷èâàòüñÿ

òðåìÿ-÷åòûðüìÿ ïåðåìåííûìè, êîòîðûìè ÿâëÿ-

þòñÿ òî÷êè ñïåêòðà ïëàíà è èõ âåñà.

Â ýòîì ñìûñëå ïîñòðîåíèå ïëàíîâ òèïà Ìà-

ëþòîâà – Ôåäîðîâà íå ïðåäñòàâëÿåò çàòðóäíå-

íèé, òàê êàê ñïåêòð ïëàíîâ çàäàí, à ðàñïðåäåëå-

íèå âåñîâ ëåãêî âû÷èñëÿåòñÿ. Ýòî äåëàåò ïëàíû

îMF óäîáíûìè â ïðèìåíåíèè áåç áîëüøîé ïîòåðè

ýôôåêòèâíîñòè ïëàíèðîâàíèÿ.

Çàêëþ÷åíèå

Â ðàáîòå îòìå÷åíà íåòî÷íîñòü â ôîðìóëèðîâ-

êå òåîðåìû Ìàëþòîâà – Ôåäîðîâà î íåïðåðûâ-

íûõ Q-îïòèìàëüíûõ ïëàíàõ, çàêëþ÷àþùàÿñÿ â

òîì, ÷òî îïèñûâàåìûå åþ ïëàíû ïîñòðîåíû íà

áàçå ñïåêòðà Ëåæàíäðà, êîòîðûé íà ñàìîì äåëå

ñïåêòðîì Q-îïòèìàëüíûõ ïëàíîâ â îáùåì ñëó÷àå

íå ÿâëÿåòñÿ. Óòâåðæäåíèå òåîðåìû ïåðåñòàåò

áûòü ñïðàâåäëèâûì äëÿ s � 3, ãäå s — ñòåïåíü ïî-

ëèíîìèàëüíîé ðåãðåññèè.

Ïîêàçàíî, ÷òî ïëàíû Ìàëþòîâà – Ôåäîðîâà

îMF ÿâëÿþòñÿ äîñòàòî÷íî ýôôåêòèâíûìè äëÿ ìà-

ëûõ çíà÷åíèé s, ÷òî äåëàåò èõ óäîáíûìè ïðè èñ-

ïîëüçîâàíèè íà ïðàêòèêå, òàê êàê èõ âû÷èñëåíèå

íå ïðåäñòàâëÿåò çàòðóäíåíèé.

Â ðàáîòå íàéäåíî óíèâåðñàëüíîå âûðàæåíèå

äëÿ Q-îïòèìàëüíîãî ðàñïðåäåëåíèÿ çàòðàò, íå

ñâÿçàííîå ñ âèäîì ñïåêòðà. ×àñòíûå ñëó÷àè ýòîãî

âûðàæåíèÿ ïðîòàáóëèðîâàíû äëÿ çíà÷åíèé s =

= 2, ..., 6. Îòìå÷åíà îáùíîñòü ýòîãî âûðàæåíèÿ

ñ ñîîòâåòñòâóþùèì ðåçóëüòàòîì Ïóêåëüñõàéìà

äëÿ A-îïòèìàëüíûõ ïëàíîâ.

Ìåòîäîì ðåçóëüòàíòîâ ïîñòðîåíî íåñêîëüêî

íåïðåðûâíûõ Q-îïòèìàëüíûõ ïëàíîâ è îòìå÷å-

íà òðóäíîñòü èõ ïîñòðîåíèÿ ìåòîäàìè ñèìâîëü-

íûõ âû÷èñëåíèé äëÿ áîëüøèõ çíà÷åíèé s.
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