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Òî÷íîñòü ñèñòåì èíòåðâàëüíûõ îöåíîê èçìåðÿåòñÿ îáû÷íî ïðè ïîìîùè äëèí èíòåðâàëîâ

ïðè çàäàííûõ âåðîÿòíîñòÿõ íàêðûòèÿ. Äîâåðèòåëüíûå èíòåðâàëû ÿâëÿþòñÿ èíòåðâàëàìè

ôèêñèðîâàííîé øèðèíû, åñëè äëèíà èíòåðâàëà äåòåðìèíèðîâàíà, ò.å. íå ñëó÷àéíà, è ñòðå-

ìèòñÿ ê íóëþ ïðè çàäàííîé âåðîÿòíîñòè íàêðûòèÿ. Ðàáîòà ïîñâÿùåíà äâóì âàæíûì íà-

ïðàâëåíèÿì ñòàòèñòè÷åñêîãî àíàëèçà — ïîñëåäîâàòåëüíîìó èíòåðâàëüíîìó îöåíèâàíèþ

äîâåðèòåëüíûìè èíòåðâàëàìè ôèêñèðîâàííîé øèðèíû è ïîñëåäîâàòåëüíîìó òî÷å÷íîìó

îöåíèâàíèþ ñ àñèìïòîòè÷åñêè ìèíèìàëüíûì ðèñêîì. Íà ïðèìåðå äâóõ ïðîñòûõ ñòàòèñòè-

÷åñêèõ ìîäåëåé èçëîæåíû îñíîâíûå àñèìïòîòè÷åñêèå çàäà÷è ïîñëåäîâàòåëüíîãî èíòåðâà-

ëüíîãî îöåíèâàíèÿ äîâåðèòåëüíûìè èíòåðâàëàìè ôèêñèðîâàííîé øèðèíû è òî÷å÷íîãî

îöåíèâàíèÿ. Ïðîâåäåí îáçîð äàííûõ ïî íåïàðàìåòðè÷åñêîìó ïîñëåäîâàòåëüíîìó îöåíèâà-

íèþ è èçëîæåíû íîâûå ðåçóëüòàòû, ïîëó÷åííûå àâòîðàìè â ýòîì íàïðàâëåíèè. Ïîñëåäî-

âàòåëüíûé àíàëèç õàðàêòåðèçóåòñÿ òåì, ÷òî ìîìåíò ïðåêðàùåíèÿ íàáëþäåíèé (ìîìåíò

îñòàíîâêè) ÿâëÿåòñÿ ñëó÷àéíûì è îïðåäåëÿåòñÿ â çàâèñèìîñòè îò çíà÷åíèé íàáëþäàåìûõ

äàííûõ è îò ïðèíÿòîé ìåðû îïòèìàëüíîñòè ïîñòðîåííîé ñòàòèñòè÷åñêîé îöåíêè. Ïîýòîìó

äëÿ ðåøåíèÿ àñèìïòîòè÷åñêèõ çàäà÷ ïîñëåäîâàòåëüíîãî îöåíèâàíèÿ èñïîëüçîâàíû ìåòî-

äû ñóììèðîâàíèÿ ñëó÷àéíûõ âåëè÷èí. Äëÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîé ñîñòîÿòåëüíî-

ñòè äîâåðèòåëüíûõ èíòåðâàëîâ ôèêñèðîâàííîé øèðèíû èñïîëüçîâàí ìåòîä, îñíîâàííûé

íà ïðèìåíåíèè ïðåäåëüíûõ òåîðåì äëÿ ñëó÷àéíî îñòàíîâëåííûõ ñëó÷àéíûõ ïðîöåññîâ.

Ïîëó÷åíû îáùèå óñëîâèÿ ñîñòîÿòåëüíîñòè è ýôôåêòèâíîñòè ïîñëåäîâàòåëüíîãî èíòåð-

âàëüíîãî îöåíèâàíèÿ øèðîêîãî êëàññà ôóíêöèîíàëîâ îò íåèçâåñòíîé ôóíêöèè ðàñïðå-

äåëåíèÿ è ýòè óñëîâèÿ ïðîâåðåíû ïðè ïîñëåäîâàòåëüíîì èíòåðâàëüíîì îöåíèâàíèè íåèç-

âåñòíîé ïëîòíîñòè âåðîÿòíîñòè àñèìïòîòè÷åñêè íåêîððåëèðîâàííîãî è ëèíåéíîãî ïðîöåñ-

ñîâ. Ïðèâåäåíû óñëîâèÿ ðåãóëÿðíîñòè, îáåñïå÷èâàþùèå ñâîéñòâî áûòü îöåíêîé ñ àñèìïòî-

òè÷åñêè ìèíèìàëüíûì ðèñêîì äëÿ äîñòàòî÷íî øèðîêèõ êëàññîâ îöåíîê è ôóíêöèé ïîòåðü,

è ýòè óñëîâèÿ ïðîâåðåíû ïðè ïîñëåäîâàòåëüíîì òî÷å÷íîì îöåíèâàíèè íåèçâåñòíîé ôóíê-

öèè ðàñïðåäåëåíèÿ.
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The accuracy of interval estimation systems is usually measured using interval lengths for given covering

probabilities. The confidence intervals are the intervals of a fixed width if the length of the interval is de-

termined, i.e., not random, and tends to zero for a given covering probability. We consider two important

directions of statistical analysis -sequential interval estimation with confidence intervals of fixed width

and sequential point estimation with asymptotically minimum risk. Two statistical models are used to de-

scribe the basis problems of sequential interval estimation by confidence intervals of a fixed width and

point estimation. A review of data on nonparametric sequential estimation is carried out and new original

results obtained by the authors are presented. Sequential analysis is characterized by the fact that the mo-

ment of termination of observations (stopping time) is random and is determined depending on the values
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of the observed data and on the adopted measure of optimality of the constructed statistical estimate.

Therefore, to solve the asymptotic problems of sequential estimation, the methods of summation of ran-

dom variables are used. To prove the asymptotic consistency of the confidence intervals of a fixed width,

we used a method based on application of limit theorems for randomly stopped random processes. General

conditions of the consistency and efficiency of sequential interval estimation of a wide class of functionals

of an unknown distribution function are obtained and verified by sequential interval estimation of an un-

known probability density of asymptotically uncorrelated and linear processes. Conditions of the regular-

ity are specified that provide the property of being an estimate with an asymptotically minimum risk for a

wide class of estimates and loss functions. Those conditions are verified by sequential point estimation of

an unknown distribution function.

Keywords: random variable; stopping time; confidence interval; fixed width; asymptotic consistency;

asymptotic efficiency; asymptotic minimality; loss function, risk function.

Ââåäåíèå

Â êëàññè÷åñêèõ ìåòîäàõ ìàòåìàòè÷åñêîé ñòà-

òèñòèêè ÷èñëî íàáëþäåíèé ïðåäïîëàãàåòñÿ äå-

òåðìèíèðîâàííûì. Ïîñëåäîâàòåëüíûé àíàëèç

õàðàêòåðèçóåòñÿ òåì, ÷òî ìîìåíò ïðåêðàùåíèÿ

íàáëþäåíèé (ìîìåíò îñòàíîâêè) ÿâëÿåòñÿ ñëó-

÷àéíûì è îïðåäåëÿåòñÿ â çàâèñèìîñòè îò çíà÷å-

íèé íàáëþäàåìûõ äàííûõ è îò ïðèíÿòîé ìåðû

îïòèìàëüíîñòè ïîñòðîåííîé ñòàòèñòè÷åñêîé

îöåíêè. Â äàííîé ðàáîòå íà ïðèìåðå äâóõ ïðî-

ñòûõ ñòàòèñòè÷åñêèõ ìîäåëåé èçëîæåíû îñíîâ-

íûå àñèìïòîòè÷åñêèå çàäà÷è ïîñëåäîâàòåëüíîãî

èíòåðâàëüíîãî è òî÷å÷íîãî îöåíèâàíèÿ.

Ïîñëåäîâàòåëüíîå èíòåðâàëüíîå îöåíèâà-

íèå. Ðàññìîòðèì íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ù, F, Ð) ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäè-

íàêîâî ðàñïðåäåëåííûõ (í.î.ð.) íîðìàëüíûõ N(è,

ó2) ñëó÷àéíûõ âåëè÷èí (ñë. âåë.). Èñïîëüçóÿ ýì-

ïèðè÷åñêîå ñðåäíåå
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ïîñòðîèì äëÿ íåèçâåñòíîãî ñðåäíåãî è èíòåð-

âàëüíóþ îöåíêó I(n) = [èn – å, èn + å], ãäå å > 0

ìàëîå ÷èñëî.

Ïóñòü 0 < ã < 1, a = Ô–1[(1 + ã)/2], Ô(x) —

ôóíêöèÿ ðàñïðåäåëåíèÿ (ô.ð.) ñòàíäàðòíîé íîð-

ìàëüíîé ñë. âåë. Òîãäà äëÿ n(å) = inf(n � 1:

n � a2ó2/å2)
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Ñëåäîâàòåëüíî, I(n(å)) ÿâëÿåòñÿ èíòåðâàëüíîé

îöåíêîé äëÿ è ñ äîâåðèòåëüíûì óðîâíåì ã.

Åñëè äèñïåðñèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ

ó2 íåèçâåñòíà, òî, êàê ïîêàçàíî â ðàáîòå [1], ïî

âûáîðêå ôèêñèðîâàííîãî íåñëó÷àéíîãî îáúåìà

íåâîçìîæíî ïîñòðîèòü äîâåðèòåëüíûé èíòåðâàë

ôèêñèðîâàííîé øèðèíû äëÿ ñðåäíåãî è. Â ýòîì

ñëó÷àå çàäà÷à èíòåðâàëüíîãî îöåíèâàíèÿ äî-

âåðèòåëüíûìè èíòåðâàëàìè ôèêñèðîâàííîé øè-

ðèíû ñâîäèòñÿ ê çàäà÷å âûáîðà ïðàâèëà èëè

ìîìåíòà îñòàíîâêè N(å) = inf(n � 1: n � a n
2 2
� /å2),

ãäå � n
2 — ñîñòîÿòåëüíàÿ îöåíêà äëÿ ó2.

Íèæå, â ï. I, ïðèâåäåì îáùèå óñëîâèÿ ñîñòîÿ-

òåëüíîñòè è ýôôåêòèâíîñòè ïîñëåäîâàòåëüíîãî

èíòåðâàëüíîãî îöåíèâàíèÿ øèðîêîãî êëàññà

ôóíêöèîíàëîâ îò íåèçâåñòíîé ôóíêöèè ðàñïðå-

äåëåíèÿ. Â ï. II è III ýòè îáùèå óñëîâèÿ ïðîâå-

ðèì ïðè ïîñëåäîâàòåëüíîì èíòåðâàëüíîì îöåíè-

âàíèè íåèçâåñòíîé ïëîòíîñòè âåðîÿòíîñòè àñèì-

ïòîòè÷åñêè íåêîððåëèðîâàííîãî è ëèíåéíîãî

ïðîöåññîâ.

Ïîñëåäîâàòåëüíîå òî÷å÷íîå îöåíèâàíèå.

Ðàññìîòðèì íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ù, F, Ð) ïîñëåäîâàòåëüíîñòü î1, î2, ..., în, .... í.î.ð.

ñë. âåë. ñî ñðåäíèì è è äèñïåðñèåé ó2. Íåèçâåñò-

íîå ñðåäíåå è îöåíèì ýìïèðè÷åñêèì
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Ïðåäïîëîæèì, ÷òî ïðè òî÷å÷íîì îöåíèâàíèè

è ñòàòèñòèêîé èn ôóíêöèÿ ïîòåðü ñîñòîèò èç

êâàäðàòè÷íîé îøèáêè è ñòîèìîñòè âûáîðêè, ò.å.

Ln = A(èn – è)2 + ån, ãäå A èçâåñòíàÿ âåñîâàÿ

ïîñòîÿííàÿ; å — ñòîèìîñòü åäèíèöû âûáîðêè.

Òîãäà ðèñê îöåíèâàíèÿ è ñòàòèñòèêîé èn ñîñòà-

âèò Rn(å) = E(Ln) = Aó2/n + ån.

Åñëè ó2 èçâåñòíà, òî ðèñê ìèíèìàëåí ïðè n =

= n0(å) = inf(n � 1: n � ó A � è
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ò.å. èn ÿâëÿåòñÿ îöåíêîé ìèíèìàëüíîãî ðèñêà

(ÎÌÐ) äëÿ è.

Åñëè ó2 íåèçâåñòíà, òî, êàê äîêàçàíî Ëåìà-

íîì [2], äëÿ ëþáîé îöåíêè èn ñðåäíåãî è íå ñóùå-

ñòâóåò âûáîðî÷íîé ïðîöåäóðû ñ ôèêñèðîâàííûì

íåñëó÷àéíûì îáúåìîì âûáîðêè, ìèíèìèçèðó-

þùåé ðèñêè îäíîâðåìåííî äëÿ âñåõ ó2. Â ýòîì

ñëó÷àå çàäà÷à ïëàíèðîâàíèÿ âûáîðî÷íîé ïðî-

öåäóðû ôàêòè÷åñêè ñâîäèòñÿ ê çàäà÷å âûáîðà

ïðàâèëà èëè ìîìåíòà îñòàíîâêè N(å) = inf(n � 1:
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n � ón A / ),� ãäå � n
2 — ñîñòîÿòåëüíàÿ îöåíêà

äëÿ ó2.

Åñëè â ýòîé âûáîðî÷íîé ïðîöåäóðå
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�
� = A(èN(å) – è)2 + åE(N(å)), òî èN(å) íà-

çûâàåòñÿ îöåíêîé ñ àñèìïòîòè÷åñêè ìèíèìàëü-

íûì ðèñêîì (ÎÀÌÐ) äëÿ è. Çàìåòèì, ÷òî àñèì-

ïòîòè÷åñêàÿ îïòèìàëüíîñòü îöåíêè èN(å) ðàññìàò-

ðèâàåòñÿ ïî îòíîøåíèþ ê åå íåïîñëåäîâàòåëüíî-

ìó àíàëîãó 0
�n

0
( ) , ñîîòâåòñòâóþùåìó îïòèìàëüíî-

ìó îáúåìó âûáîðêè n0(å).

Â ï. IV ïðèâåäåì óñëîâèÿ ðåãóëÿðíîñòè, îáåñ-

ïå÷èâàþùèå ñâîéñòâî ÎÀÌÐ äëÿ äîñòàòî÷íî øè-

ðîêèõ êëàññîâ îöåíîê èn è ôóíêöèé ïîòåðü Ln,

a â ï. V ýòè óñëîâèÿ ïðîâåðèì ïðè ïîñëåäîâà-

òåëüíîì òî÷å÷íîì îöåíèâàíèè íåèçâåñòíîé

ôóíêöèè ðàñïðåäåëåíèÿ.

I. Ïîñëåäîâàòåëüíîå èíòåðâàëüíîå

îöåíèâàíèå ôóíêöèîíàëà

îò íåèçâåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ

Íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ù, F, Ð) ðàñ-

ñìîòðèì ñë. âåë. î1, î2, ..., în ñ íåèçâåñòíîé ô.ð.

F � F, ãäå F ñåìåéñòâî ô.ð., óäîâëåòâîðÿþùèõ

îïðåäåëåííûì óñëîâèÿì ðåãóëÿðíîñòè. Äëÿ

îöåíêè ôóíêöèîíàëà è(F) îò ô.ð. F ðàññìîòðèì

ñòàòèñòèêó èn = èn(î1, î2, ..., în), äîïóñêàþùóþ
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îçíà÷àþò ñõîäèìîñòü ñë. âåë. ïî ðàñïðåäåëåíèþ è

âåðîÿòíîñòè ñîîòâåòñòâåííî.

Ïóñòü 0 < ã < 1, a = Ô–1[(1 + ã)/2]. Äëÿ

ëþáîãî å > 0 îïðåäåëèì èíòåðâàë I(nå) = [0
�

n
– å,

0 �
�

n 
 ] äëèíû 2å, ãäå

n n n
a F

�

��

�

� � �

�

�






�

�

�
�

�

�

�

�

�

�

�

�

�

�

inf 1

2 2

2

1

2

:
( )

. (1.2)

Òîãäà èç ó–1(F)ná(èn(F) – è(F))4 DN( , )0 1 ïðè

n 4 5 ñëåäóåò

P{è(F) � I(nå)} = P{|0
�

n
– è(F)| � å} =

= P F n F
F n

a
an� 0 0

� �

�

� �

�

�

	

	

	 �

 

!

#

$

%

&

�
1

1

( ) | ( )|
( )

� P{ó–1(F)n n�

�
0

�

| – è(F)| � a} 4 2Ô(a) – 1 = ã

ïðè å 4 0.

Ýòî ïîñëåäîâàòåëüíàÿ ïðîöåäóðà îáëàäàåò

òåì íåäîñòàòêîì, ÷òî nå çàâèñèò îò íåèçâåñòíîãî

ôóíêöèîíàëà ó2(F), ïîýòîìó åãî íåîáõîäèìî îöå-

íèòü. Ïóñòü V Vn n
2 2
� (î1, î2, ..., în) — ñîñòîÿòåëü-

íàÿ îöåíêà äëÿ ó2(F). Èñõîäÿ èç (1.2), îïðåäåëèì

ìîìåíò îñòàíîâêè Nå ñëåäóþùèì îáðàçîì:

N n n
a Vn

�

�

�

� � �

�

�







�

�

�

�

�

�










�

�

�

�

�

inf 1

2 2

2

1

2

; , å > 0. (1.3)

Òîãäà ïîñëåäîâàòåëüíûé äîâåðèòåëüíûé èíòåð-

âàë äëÿ è(F), îñíîâàííûé íà ìîìåíòå îñòàíîâêè

(1.3), èìååò âèä I(Nå) = [0
�

N
– å, 0

�
N

+ å], å > 0.

Ñëåäóÿ ðàáîòå [3], ââåäåì ñëåäóþùèå àñèì-

ïòîòè÷åñêèå êðèòåðèè.

Îïðåäåëåíèå 1.1. Äîâåðèòåëüíûé èíòåðâàë

ôèêñèðîâàííîé øèðèíû I(Nå) íàçûâàåòñÿ àñèì-

ïòîòè÷åñêè ñîñòîÿòåëüíûì, åñëè

lim { ( ) ( )}
�

�
0 3

4

� �

0

P F I N

äëÿ íåêîòîðîãî 0 < ã < 1 è âñåõ F � F.

Îïðåäåëåíèå 1.2. Ìîìåíò îñòàíîâêè (1.3) íà-

çûâàåòñÿ àñèìïòîòè÷åñêè ýôôåêòèâíûì, åñëè

I(Nå) àñèìïòîòè÷åñêè ñîñòîÿòåëåí è

lim
( )

.
�

�

�
4

�

0

1
E N

n

Äëÿ ìîìåíòà îñòàíîâêè (1.3) è äîâåðèòåëüíî-

ãî èíòåðâàëà ôèêñèðîâàííîé øèðèíû I(Nå) ñïðà-

âåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1.1. Ïóñòü Vn
2
4 ó2(F) ñ âåðîÿòíî-

ñòüþ 1 ïðè n 4 5, òîãäà:

1) äëÿ ëþáîãî å > 0, çíà÷åíèå P{Nå < 5} = 1;

2) Nå 4 5 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

3) lim ( ) ;
�

�

4

� 5

0

E N

4) Nå/nå 4 1 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0.

Ïóñòü ñèìâîë 4 J îçíà÷àåò ñëàáóþ ñõîäèìîñòü â

J-òîïîëîãèè Ñêîðîõîäà.

Òåîðåìà 1.2. Ïóñòü âûïîëíåíî óñëîâèå òåî-

ðåìû 1.1, à òàêæå

1) ná(Eèn – è(F)) 4 0 ïðè n 4 5;
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2) æå(t), t � [0, 1] 4 J W(t), t � [0, 1] ïðè

å 4 0, ãäå

æå(t) = ó–1(F)n Y Fn k

k

n t

�

�

�

�

1( , ),

[ ]

�

.

1

t � [0, 1] è W(t), t � [0, 1], — ñòàíäàðòíûé âèíå-

ðîâñêèé ïðîöåññ ñ EW(t) = 0, EW2(t) = t.

Òîãäà:

1) � 0 0
�

�

�

	
	 4

1 0 1( ) ( ( )) ( , )F N F DNN
ïðè

å 4 0;

2) lim ( ( ) ( ))
�

�
0

4

�

0

P F I N � ã.

Òåîðåìà 1.3. Åñëè äëÿ íåêîòîðîãî å0 > 0,

sup

01 0� ��

5

�

 

!

#

$

%

&

- 5.
� �

�

�

P
N

n
m

m

, òî lim
( )

.
�

�

�
4

�

0

1
E N

n

Çàìå÷àíèå 1.1. Åñëè âûïîëíåíû óñëîâèÿ

òåîðåì 1.2 è 1.3, òî ìîìåíò îñòàíîâêè (1.3) ÿâëÿ-

åòñÿ àñèìïòîòè÷åñêè ýôôåêòèâíûì.

Çàìå÷àíèå 1.2. Íà÷èíàÿ ñ ðàáîòû [3], ìíîãèå

àâòîðû â êîíêðåòíûõ ñòàòèñòè÷åñêèõ ìîäåëÿõ

äëÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîé ñîñòîÿòåëü-

íîñòè äîâåðèòåëüíûõ èíòåðâàëîâ ôèêñèðîâàí-

íîé øèðèíû ïðèìåíÿëè êëàññè÷åñêóþ òåîðåìó

Àíñêîìáà [4], êîòîðàÿ ïðåäïîëàãàëà âûïîëíåíèå

óñëîâèÿ «ðàâíîìåðíîé íåïðåðûâíîñòè ïî âåðîÿò-

íîñòè». Îáçîð ðàáîò â ýòîì íàïðàâëåíèè ïðèâå-

äåí â [5].

Äëÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîé ñîñòîÿ-

òåëüíîñòè äîâåðèòåëüíûõ èíòåðâàëîâ ôèêñèðî-

âàííîé øèðèíû â äàííîé ðàáîòå èñïîëüçîâàí

ïîäõîä, îñíîâàííûé íà ïðèìåíåíèè ïðåäåëüíûõ

òåîðåì äëÿ ñëîæíûõ ñëó÷àéíûõ ôóíêöèé èç [6],

êîòîðûå ðàññìîòðåíû òàêæå è â ðàáîòàõ [7 – 11].

II. Ïîñëåäîâàòåëüíîå èíòåðâàëüíîå

îöåíèâàíèå ïëîòíîñòè âåðîÿòíîñòè

àñèìïòîòè÷åñêè íåêîððåëèðîâàííîãî

ñëó÷àéíîãî ïðîöåññà

Ðàññìîòðèì íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ù, F, Ð) ñòðîãî ñòàöèîíàðíûé ñëó÷àéíûé ïðî-

öåññ în, n � Z = {..., –1, 0, 1, ...}. Äëÿ öåëûõ ÷èñåë

k < m ÷åðåç 6
k

m îáîçíà÷èì ó-àëãåáðó ñîáûòèé,

ïîðîæäåííûõ ñë. âåë. îk, ..., îm. Ïóñòü L
k

m2 ( )6 —

ãèëüáåðòîâî ïðîñòðàíñòâî 6
k

m-èçìåðèìûõ ôóíê-

öèé ñ êîíå÷íûìè âòîðûìè ìîìåíòàìè.

Îïðåäåëåíèå 2.1. Ñòàöèîíàðíûé ñëó÷àéíûé

ïðîöåññ în, n � Z íàçûâàåòñÿ àñèìïòîòè÷åñêè íå-

êîððåëèðîâàííûì, åñëè

c n
E gh

E g E h

( )
( )

( ) ( )

� sup
2 2

ïðè n 4 5,

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì g � L n2 ( )6
	5

è h �

� 6
5L n

2 ( ) (n � 1), äëÿ êîòîðûõ E(g) = E(h) = 0.

×åðåç f(x1, x2, ..., xk) îáîçíà÷èì ñîâìåñòíóþ

ïëîòíîñòü âåðîÿòíîñòè ñëó÷àéíîãî âåêòîðà (î0, î1,

..., îk – 1), êîòîðóþ áóäåì íàçûâàòü ïëîòíîñòüþ âå-

ðîÿòíîñòè k-ïîðÿäêà ñëó÷àéíîãî ïðîöåññà în,

n � Z. Ïðåäïîëîæèì, ÷òî ïëîòíîñòü âåðîÿòíîñòè

1-ãî ïîðÿäêà f(x), x � (–5, 5) íåèçâåñòíà. Äëÿ

îöåíêè f(x) ðàññìîòðèì ðåêóððåíòíóþ ÿäåðíóþ

îöåíêó

f x
n h i

K
x

h i
n

i

i

n

( )
( ) ( )

�

	�

�






�

�

�
�
�

�

.

1 1

1

1

�

	




	�

�




�

�

�
	

n

n
f x

nh n
K

x

h n
n

n1 1

1
( )

( ) ( )
.

1

(2.1)

Çäåñü h(n) = n–â, 0 < â < 1, K(x) — îãðàíè÷åííàÿ

ïëîòíîñòü âåðîÿòíîñòè òàêàÿ, ÷òî |x|K(x) 4 0

ïðè |x| 4 5. Ìîìåíòíûå è àñèìïòîòè÷åñêèå

ñâîéñòâà ýòîé îöåíêè äëÿ àñèìïòîòè÷åñêè íåêîð-

ðåëèðîâàííîãî ïðîöåññà èçó÷åíû â ðàáîòàõ

[12 – 14]. Îöåíêà (2.1) äîïóñêàåò ðàçëîæåíèå

f x f x Y K Zn n i

i

n

n( ) ( ) ( , ) ,� 
 


�

. 1

1

ãäå

Y K
nh i

K
x

h i
E

nh i
K

x

h i
n i

i i
( , )

( ) ( ) ( ) ( )
1

1 1

�

	�

�






�

�

�
�
	

	�1 1

�






�

�

�
�

�

�






�

�

�
�

,

1 � i � n è Zn = Efn(x) – f(x).

Òåîðåìà 2.1 [13]. Ïóñòü âûïîëíåíû ñëåäóþ-

ùèå óñëîâèÿ.

(A):

1) ñëó÷àéíûé ïðîöåññ în, n � Z èìååò îãðàíè-

÷åííûå ïëîòíîñòè âåðîÿòíîñòè äî òðåòüåãî ïî-

ðÿäêà âêëþ÷èòåëüíî;

2) f(x) 7 0, |f(x + h) – f(x)| � L|x|, x � R1, h �

� R1, L — ïîëîæèòåëüíàÿ ïîñòîÿííàÿ;

3) c(n) = O(n–2 – ä) ïðè n 4 5, ä > 0;

(B): | | ( ) ,u K u ud

	5

5

� - 5 k K u u� - 5

	5

5

�
2 ( ) ;d

(C): 1/3 < â < ä/3.

Òîãäà

� 1

+

	

	

�

. 4
1

1

2

1

0 1n Y K DNn

i

n

i
( , ) ( , )

è n(1 – â)/2Zn 4 0 ïðè n 4 5, ãäå �

+

2

1
�




k
f x( ).

Ïóñòü 0 < ã < 1, a = Ô–1[(1 + ã)/2]. Äëÿ ëþáî-

ãî å > 0 îïðåäåëèì èíòåðâàë I(nå) = [ ( )f xn
�

– å,

f xn
�

( ) + å] äëèíû 2å è

n n n
a

�

+�

�

� � �

�

�






�

�

�
�

�

�










�

�

�

�

�

	

inf 1

2 2

2

1

1

: . (2.2)
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Òîãäà èç òåîðåìû 2.1 ñëåäóåò

P{f(x) � I(nå)} = P{| ( )f xn
�

– f(x)| � å} =

� 	 �

 

!

"

#

"

$

%

"

&

"

�
	

	
	

	

P n f x f x
n

a
n�

� �

�

+

�

+

�

1

1

2

1

1

2

| ( ) ( )|

8 9

: ;� 	 � 4
	

	

P n f x f x an�
�

+

�

1 1 2
| ( ) ( )|

4 	 �2 1Ô( )a 3 ïðè å 4 0.

Ýòà ïîñëåäîâàòåëüíàÿ ïðîöåäóðà îáëàäàåò

òåì íåäîñòàòêîì, ÷òî nå çàâèñèò îò íåèçâåñòíîé

ïëîòíîñòè âåðîÿòíîñòè f(x) ÷åðåç ó2, ïîýòîìó âìå-

ñòî nå ðàññìîòðèì ìîìåíò îñòàíîâêè

N n n
a k

f xn�

+

� +

� � �




�

�







�

�

�

�

�

�










�

�

�

�

�

	

inf 1
1

2

2

1

1

:
( )

( ) , å > 0. (2.3)

Òîãäà ïîñëåäîâàòåëüíûé äîâåðèòåëüíûé èíòåð-

âàë äëÿ f(x), îñíîâàííûé íà ìîìåíòå îñòàíîâêè

(2.3), èìååò âèä I(Nå) = [ ( )f xN
�

– å, f xN
�

( ) + å],

å > 0.

Òåîðåìà 2.2 [14]. Åñëè âûïîëíåíî óñëîâèå (A)

è 0 < â < 1/2, òî fn(x) 4 f(x) ñ âåðîÿòíîñòüþ 1 ïðè

n 4 5 è äëÿ íåêîòîðîãî å0 > 0

sup

01 0� ��

5

�

 

!

#

$

%

&

- 5.
� �

�

�

P
N

n
m

m

.

Èç ýòîé òåîðåìû è èç òåîðåì 1.1 è 1.3 ïîëó÷à-

åì ñëåäóþùèå òåîðåìû.

Òåîðåìà 2.3. Åñëè âûïîëíåíî óñëîâèå (A) è

0 < â < 1/2, òî äëÿ nå èç (2.2) è ìîìåíòà îñòàíîâ-

êè (2.3) ñïðàâåäëèâû ñîîòíîøåíèÿ:

1) äëÿ ëþáîãî å > 0 P{Nå < 5} = 1;

2) Nå 4 5 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

3) lim ( ) ;
�

�

4

� 5

0

E N

4) Nå/nå 4 1 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

5) lim
( )

.
�

�

�
4

�

0

1
E N

n

Òåîðåìà 2.4. Åñëè âûïîëíåíû óñëîâèÿ (A),

(B) è (C), òî

æå(t), t � [0, 1] 4 J W(t), t � [0, 1] ïðè å 4 0,

ãäå ñëó÷àéíûé ïðîöåññ

< � 1
� �

+

�

( ) ( ) ( , ),

[ ]

t F n Y Kn i

i

n t

�
	

	

�

.
1

1

2

1

å

t � [0, 1] è W(t), t � [0, 1], — ñòàíäàðòíûé âèíå-

ðîâñêèé ïðîöåññ ñ EW(t) = 0, EW2(t) = t.

Èç òåîðåìû 1.2 ñëåäóåò åùå îäíà òåîðåìà.

Òåîðåìà 2.5. Ïóñòü âûïîëíåíû óñëîâèÿ (A),

(B) è (C). Òîãäà:

1) �
�

+

�

	

	

	 4
1

1

2 0 1N f x f x DNN( ( ) ( ) ( , ) ïðè

å 4 0;

2) lim ( ( ) ( ))
�

�

4

�

0

P f x I N � ã.

Ñëåäñòâèå 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ

(A), (B) è 1/3 < â < min(1/2, ä/3), òîãäà ìîìåíò

îñòàíîâêè (2.3) ÿâëÿåòñÿ àñèìïòîòè÷åñêè ñîñòîÿ-

òåëüíûì.

III. Ïîñëåäîâàòåëüíîå èíòåðâàëüíîå

îöåíèâàíèå ïëîòíîñòè âåðîÿòíîñòè

ëèíåéíîãî ñëó÷àéíîãî ïðîöåññà

Ðàññìîòðèì íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ù, F, Ð) ñòðîãî ñòàöèîíàðíûé ëèíåéíûé ñëó÷àé-

íûé ïðîöåññ

X g Yt n t n

n

n

�
	

�

.

0

, t � 1, (3.1)

ãäå Yt, t � Z = {..., –1, 0, 1, ...} — ïîñëåäîâàòåëü-

íîñòü í.î.ð. ñë. âåë. è {gn, n � 0} — ïîñëåäîâà-

òåëüíîñòü ÷èñåë òàêàÿ, ÷òî gn 4 0, n 4 5. Ñëó-

÷àéíûìè ïðîöåññàìè âèäà (3.1) îïèñûâàþòñÿ, íà-

ïðèìåð, ñõåìû àâòîðåãðåññèè è ñìåøàííîé àâòî-

ðåãðåññèè ñêîëüçÿùåãî ñðåäíåãî. ×åðåç f(x1, x2, ...,

xk) îáîçíà÷èì ñîâìåñòíóþ ïëîòíîñòü âåðîÿòíîñòè

ñëó÷àéíîãî âåêòîðà (X1, ..., Xk). Ïðåäïîëîæèì,

÷òî ìàðãèíàëüíàÿ ïëîòíîñòü âåðîÿòíîñòè f(x),

x � (–5, 5) íåèçâåñòíà. Äëÿ îöåíêè ïëîòíîñòè âå-

ðîÿòíîñòè f(x) ðàññìîòðèì ÿäåðíóþ îöåíêó

f x
n

K x X nn i

i

n

( ) (( ) ),� 	
	

�

.

1

1
1

+

+ (3.2)

ãäå K(x), x � (–5, 5) — íåîòðèöàòåëüíàÿ è îãðà-

íè÷åííàÿ ôóíêöèÿ, 0 < â < 1.

Îöåíêà (3.2) äîïóñêàåò ðàçëîæåíèå

f x f x Y K X Zn n i

i

n

n( ) ( ) ( , ) ,� 
 


�

.

1

ãäå

Y K X
n

K x X nn i i
( , ) (( ) )� 	 	

	

1

1 +

+

	 	

�

�




�

�

�
	

E
n

K x X n
i

1

1 +

+(( ) ) ,

1 � i � n è Zn = Efn(x) – f(x). Îáîçíà÷èì

k u e K y yiuy( ) ( ) ,�

	5

5

�
d k

k u

u
q

u q
�

	

4

lim
( )

| |0

1
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è ïóñòü ö(u) è ø(u) ÿâëÿþòñÿ õàðàêòåðèñòè÷åñêè-

ìè ôóíêöèÿìè ñë. âåë. Y1 è X1. Ââåäåì ñëåäóþ-

ùèå óñëîâèÿ:

(A):

K y y( ) ,d

	5

5

�
- 5 k K u u� - 5

	5

5

� 2
( ) ;d

lim| | ( ) ,
| |y

y K y
45

� 0 | ( ) ( )| ,K y h K y y c h
 	 -

	5

5

�
d

1

ãäå c1 êîíå÷íàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ;

(B):

| ( )| ,u u u= d

	5

5

�
- 5 kq < 5,

e u q u uiux	

	5

5

�

2

2

22

2

2

22
- 5| | ( )> d äëÿ íåêîòîðîãî q > 0;

(C): E(|Y1|
m) < 5 äëÿ íåêîòîðîãî m > 0 è

åñëè m � 1, òî E(Y1) = 0;

(D): i g i

i n

| |�

�

5

. = O(n–ã) äëÿ íåêîòîðîãî ã > 0,

ãäå á = m/2, åñëè m � 1 è á = 1/2, åñëè m > 1.

Òåîðåìà 3.1 [15]. Ïóñòü âûïîëíåíû óñëîâèÿ

(A), (B), (C), (D) è 1/(2q + 1) < â < 1. Òîãäà

�

+

	

	

�

. ? 4?
1

1

2

1

0 1n Y K X Nn i

i

n

D
( , ) ( , ) è n(1 – â)/2Zn 4 0

ïðè n 4 5, ãäå ó2 = kf(x).

Ïóñòü 0 < ã < 1, a = Ô–1((1 + ã)/2). Äëÿ ëþáîãî

å > 0 èíòåðâàë I(nå) = [ ( )f xn
�

– å, f xn
�

( ) + å] äëè-

íû 2å è nå îïðåäåëÿåòñÿ ôîðìóëîé (2.2).

Ðàññìîòðèì ìîìåíò îñòàíîâêè

N n n
a k

f xn�

+

�

� � �

�

�






�

�

�
�

�

�










�

�

�

�

�

	

inf 1

2

2

1

1

: ( ) , å > 0, (3.3)

à òàêæå ñîîòâåòñòâóþùèé ïîñëåäîâàòåëüíûé äî-

âåðèòåëüíûé èíòåðâàë äëÿ f(x), îñíîâàííûé íà

ìîìåíòå îñòàíîâêè (3.3) âèäà I(Nå) = [ ( )f xN
�

– å,

f xN
�

( ) + å], å > 0. Ââåäåì óñëîâèå

(E):

| ( ) ( )| ,K t aK at t
c b

a
	 �

	
	5

5

�
d

2

1
| | | ( )|u u us

	5

5

�
- 5= d

äëÿ 0 < b < a < 1 è s = 0, 1, 2, ãäå c2 — ïîëîæè-

òåëüíàÿ ïîñòîÿííàÿ.

Òåîðåìà 3.2 [16]. Åñëè âûïîëíåíû óñëîâèÿ

(A), (B), (C), (D), (E) è 1/(2q + 1) < â < 1/2, òî

fn(x) 4 f(x) ñ âåðîÿòíîñòüþ 1 ïðè n 4 5 è äëÿ íå-

êîòîðîãî å0 > 0

sup

01 0� ��

5

�

 

!

#

$

%

&

- 5.
� �

�

�

P
N

n
m

m

.

Èç ýòîé òåîðåìû è èç òåîðåì 1.1 è 1.3 èñõîäèò

ñëåäóþùàÿ.

Òåîðåìà 3.3. Åñëè âûïîëíåíû óñëîâèÿ (A),

(B), (C), (D), (E) è 1/(2q + 1) < â < 1/2, òî äëÿ ìî-

ìåíòà îñòàíîâêè (3.3) ñïðàâåäëèâû ñîîòíîøåíèÿ:

1) äëÿ ëþáîãî å > 0 P{Nå < 5} = 1;

2) Nå 4 5 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

3) lim ( ) ;
�

�

4

� 5

0

E N

4) Nå/nå 4 1 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0.

5) lim
( )

.
�

�

�
4

�

0

1
E N

n

Òåîðåìà 3.4. Åñëè âûïîëíåíû óñëîâèÿ (A),

(B), (C), (D) è 1/(2q + 1) < â < 1/2, òî

æå(t), t � [0, 1] 4 J W(t), t � [0, 1] ïðè å 4 0,

ãäå ñëó÷àéíûé ïðîöåññ

æå(t) = �
�

+

�

�

	

	

�

.
1

1

2

1

n Y K Xn i

i

n t

( , ),

[ ]

t � [0, 1] è W(t), t � [0, 1] — ñòàíäàðòíûé âèíå-

ðîâñêèé ïðîöåññ ñ EW(t) = 0, EW2(t) = t.

Èç òåîðåìû 1.2 âûòåêàåò ïðèâåäåííàÿ äàëåå.

Òåîðåìà 3.5. Ïóñòü âûïîëíåíû óñëîâèÿ (A),

(B), (C), (D) è 1/(2q + 1) < â < 1. Òîãäà

�
�

+

�

	

	

	 4
1

1

2 0 1N f x f x DN
N

( ( ) ( )) ( , )

ïðè å 4 0 è lim ( ( ) ( ))
�

�

4

�

0

P f x I N � ã.

Ñëåäñòâèå 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ

(A), (B) è 1/(2q + 1) < â < 1/2. Òîãäà ìîìåíò îñ-

òàíîâêè (3.3) ÿâëÿåòñÿ àñèìïòîòè÷åñêè ñîñòîÿ-

òåëüíûì.

IV. Ïîñëåäîâàòåëüíîå òî÷å÷íîå

îöåíèâàíèå ôóíêöèîíàëà

îò íåèçâåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ

Ïóñòü î1, î2, ..., în ñë. âåë. ñ íåèçâåñòíîé ô.ð.

F � F, ãäå F ñåìåéñòâî ô.ð., óäîâëåòâîðÿþùèõ

îïðåäåëåííûì óñëîâèÿì ðåãóëÿðíîñòè. Äëÿ

îöåíêè ôóíêöèîíàëà è(F) îò ô.ð. F(x) ðàññìîò-

ðèì ñòàòèñòèêó èn = èn(î1, î2, ..., în), îáîçíà÷èì

÷åðåç ö(y), y � 0, ïîëîæèòåëüíóþ âîçðàñòàþùóþ

ôóíêöèþ ñ ö(0) = 0, ÷åðåç án = án(F) = |èn –
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– è(F)| — àáñîëþòíóþ ïîãðåøíîñòü îöåíèâàíèÿ

è ÷åðåç å — ñòîèìîñòü åäèíèöû âûáîðêè.

Îïðåäåëåíèå 4.1. Âåëè÷èíà Ln = Ln(å, F) =

= ö(án) + ån íàçûâàåòñÿ ôóíêöèåé ïîòåðü îöå-

íèâàíèÿ è(F) ñòàòèñòèêîé èn = èn(î1, î2, ..., în).

Çàìå÷àíèå 4.1. Åñëè ö(y) = y, òî Ln — ëèíåé-

íàÿ ôóíêöèÿ ïîòåðü, à åñëè ö(y) = y2, òî Ln —

êâàäðàòè÷íàÿ ôóíêöèÿ ïîòåðü.

Ââåäåì óñëîâèå

(A): ân(F) = E(ö(án)) äëÿ âñåõ n � 1 ñóùåñòâó-

åò, óáûâàåò ïî n è lim ( )
n

n F
45

+ = 0.

Îïðåäåëåíèå 4.2. Âåëè÷èíà

Rn(å, F) = E(Ln(å, F)) = ân(F) + ån

íàçûâàåòñÿ ôóíêöèåé ðèñêà îöåíèâàíèÿ è(F)

ñòàòèñòèêîé èn = èn(î1, î2, ..., în).

Ïîñêîëüêó âåëè÷èíà ân(F) óáûâàåò, à ån âîç-

ðàñòàåò ïî n, òî ñóùåñòâóåò òàêîå îïòèìàëüíîå

çíà÷åíèå n0 = n0(å, F), ÷òî

R F R Fn
n n

n0
0

( , ) ( , ).� ��

�

inf (4.1)

Îïðåäåëåíèå 4.3. Åñëè äëÿ îöåíêè èn = èn(î1,

î2, ..., în) âûïîëíÿåòñÿ (4.1), òî ýòî íàçûâàåòñÿ

îöåíêîé ìèíèìàëüíîãî ðèñêà (ÎÌÐ).

Çäåñü ñëåäóåò îòìåòèòü, ÷òî îïòèìàëüíûé

îáúåì âûáîðêè n0 = n0(å, F) çàâèñèò îò íåèçâåñò-

íîé ô.ð. F(x) ÷åðåç ân(F), ñëåäîâàòåëüíî, êàê îò-

ìå÷åíî âî ââåäåíèè, òîëüêî âûáîðêà ñî ñëó÷àé-

íûì îáúåìîì â âèäå ìîìåíòà îñòàíîâêè ìîæåò

îáåñïå÷èòü âûïîëíåíèå (4.1), ò.å. ÎÌÐ èn ìîæåò

áûòü ïîñòðîåíà, êîãäà n — ñëó÷àéíûé ìîìåíò îñ-

òàíîâêè, ïðè÷åì ýòè ðåçóëüòàòû áóäóò àñèìïòî-

òè÷åñêèìè ïðè å 4 0.

Äëÿ íàõîæäåíèÿ ýòîãî ìîìåíòà îñòàíîâêè

ââåäåì óñëîâèå

(B): ñóùåñòâóþò òàêèå ïîñòîÿííûå 0 < m � 1

è 0 < â0(F) < 5, F � F, ÷òî nmân(F) 4 â0(F) ïðè

n 4 5.

Çàìå÷àíèå 4.2. Åñëè ö(y) = y, òî m = 1/2, à

åñëè ö(y) = y2, òî m = 1.

Èç óñëîâèÿ (B) ïîëó÷àåì ñîîòíîøåíèå Rn(å,

F) = ân(F) + ån � n–mâ0(F) + ån ïðè n 4 5, ãäå

ñèìâîë an � bn îçíà÷àåò

lim .
n

n

n

a

b45

�1

×åðåç Rn
* (å, F) = n–mâ0(F) + ån îáîçíà÷èì ôóíê-

öèþ ðèñêà, àñèìïòîòè÷åñêè ðàâíóþ ôóíêöèè

ðèñêà Rn(å, F).

Îïðåäåëåíèå 4.4. Åñëè äëÿ îöåíêè èn = èn(î1,

î2, ..., în) ñóùåñòâóåò òàêîå çíà÷åíèå n0 = n0(å, F),

÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå

R F R Fn
n

n0
1

* *( , ) min ( , ),� ��

�

òî Rn(å, F) íàçûâàåòñÿ àñèìïòîòè÷åñêè ìèíè-

ìàëüíîé ôóíêöèåé ðèñêà, à âåëè÷èíà n0 =

= n0(å, F) — àñèìïòîòè÷åñêè îïòèìàëüíûì îáúå-

ìîì âûáîðêè.

Ëåììà 4.1. Åñëè âûïîëíåíû óñëîâèÿ (A) è

(B), òî àñèìïòîòè÷åñêè îïòèìàëüíûé îáúåì

âûáîðêè

n n F n n
m F m

0 0

0

1

1

1� � � �

�

�






�

�

�
�

�

�










�

�

�

�

�




( , ) :
( )

�

+

�

inf

è ìèíèìàëüíîå çíà÷åíèå ôóíêöèè ðèñêà Rn
* (å,

F) = n–mâ0(F) + ån ñîñòàâèò Rn
0

* (å, F) = (åm(m +

+ m–m)â0(F))1/(1 + m).

Îïòèìàëüíûé îáúåì âûáîðêè n0 = n0(å, F) è

ìèíèìàëüíîå çíà÷åíèå ôóíêöèè ðèñêà Rn
0

* (å, F)

îáëàäàþò òåì íåäîñòàòêîì, ÷òî îíè îïðåäåëÿþòñÿ

ôóíêöèîíàëîì â0(F) îò íåèçâåñòíîé ô.ð. F, ïîýòî-

ìó íåîáõîäèìî îöåíèòü â0(F). Ïðåäïîëîæèì, ÷òî

ñóùåñòâóåò ñîñòîÿòåëüíàÿ ïîëîæèòåëüíàÿ îöåíêà

bn = b(î1, î2, ..., în) äëÿ â0(F), F � F, n � 1, òàêàÿ,

÷òî âûïîëíÿåòñÿ óñëîâèå (C): ñóùåñòâóþò ÷èñëî

á > m + ã è öåëîå n0 òàêèå, ÷òî äëÿ ëþáîãî ä > 0

è n � n0

P b F
c

n
n{| ( )| }

( , )
,	 � �




+ ,

� ,

�
0 1

ãäå 0 < c(á, ä) < 5 — ïîñòîÿííàÿ.

Èñõîäÿ èç âèäà àñèìïòîòè÷åñêè îïòèìàëü-

íîãî îáúåìà âûáîðêè n0 = n0(å, F), îïðåäåëèì

ìîìåíò îñòàíîâêè N(å) ñëåäóþùèì îáðàçîì:

N n n
m b nn

m

( ) :
( )

�

�

3

� � �


�

�






�

�

�
�

�

�










�

�

�

�

�

�

	



inf 1

1

1

� � �


�

�






�

�

�
�




	

inf n n
m b n

m n
1 1:

( )
.

3

�

(4.2)

Òåîðåìà 4.1. Åñëè âûïîëíåíû óñëîâèÿ (A),

(B) è (C), òî ñïðàâåäëèâû ñëåäóþùèå óòâåðæäå-

íèÿ:

1) äëÿ ëþáîãî å > 0 P{Nå < 5} = 1;

2) Nå 4 5 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

3) lim ( )
�

�

40

E N = 5;

4)
N

n F

( )

( , )

�

�0

4 1 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0.

Òåîðåìà 4.2. Åñëè âûïîëíåíû óñëîâèÿ (A),

(B), (C) è äëÿ íåêîòîðîãî å0 > 0 ðÿä

sup

0 01 0� ��

5

�

 

!

#

$

%

&

.
� �

�

�

P
N

n F
m

m

( )

( , )

ñõîäèòñÿ, òîãäà lim
( ( ))

( , )
.

�

�

�4

�

0
0

1
E N

n F
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Ðàññìîòðèì ïîñëåäîâàòåëüíóþ òî÷å÷íóþ

îöåíêó èN(å) = èN(å)(î1, î2, ..., èN(å)), îñíîâàííóþ íà

ïðàâèëå îñòàíîâêè (4.2) ñ ôóíêöèåé ðèñêà

R FN ( )
* ( , )

�
� = E(ö(áN(å))) + åN(å).

Îïðåäåëåíèå 4.5. Åñëè

lim
( , )

( , )

( )

*

�

�
�

�4

�

0
0

1
R F

R F

N

n

äëÿ ëþáîãî F � F, (4.3)

òî èN(å) íàçûâàåòñÿ îöåíêîé ñ àñèìïòîòè÷åñêè ìè-

íèìàëüíûì ðèñêîì (ÎÀÌÐ) äëÿ è(F).

Ââåäåì óñëîâèÿ ðåãóëÿðíîñòè:

(D): äëÿ ëþáûõ t1, t2 � R1 ñóùåñòâóåò ïîñòîÿí-

íàÿ c, íå çàâèñÿùàÿ îò t1 è t2 òàêàÿ, ÷òî ôóíêöèÿ

ö(y), y � 0 óäîâëåòâîðÿåò ö(|t1 – t2|) � c|t1 – t2|
2m;

(E): äëÿ r > 4 ñóùåñòâóþò ïîñòîÿííàÿ cr < 5

è öåëîå ÷èñëî n0 òàêèå, ÷òî

: ;E n Fn
r( | ( )|)0 0	 � cr äëÿ n � n0;

(F): ñóùåñòâóåò òàêîå n0, ÷òî

8 9lim max | |
:| |� ,

0 0

4 	 �

	

 

!

#

$

%

&

�

0

2

0E n
k k n n

k n

m

äëÿ n � n0.

Òåîðåìà 4.3. Ïóñòü âûïîëíåíû óñëîâèÿ (A),

(B), (C), (D), (E), (F). Òîãäà âûïîëíÿåòñÿ (4.3) è

èN(å) ÿâëÿåòñÿ ÎÀÌÐ äëÿ è(F).

Òåîðåìà 4.4. Ïóñòü ïîñëåäîâàòåëüíîñòü îöå-

íîê {bn} óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

(G):

n
b

F
DN a

n

+
0

21 0
( )

( , )	

�

�







�

�

�

�
4

ïðè n 4 5 äëÿ íåêîòîðîãî êîíå÷íîãî a, çàâèñÿ-

ùåãî îò F(x);

(H):

lim lim max | |
:| |, ,

�

4 45 	 �

	 �

 

!

#

$

%

&

�

0

0
n k k n n

k nP n b b

äëÿ ëþáîãî ë > 0.

Òîãäà

N n F

n F
DN

a

m

( ) ( , )

( , )
,

� �

�

	

4




�

�






�

�

�
�

0

0

2

0
1

ïðè n 4 5 äëÿ ã � 1/2 èç (4.2).

V. Ïîñëåäîâàòåëüíîå òî÷å÷íîå

îöåíèâàíèå íåèçâåñòíîé ôóíêöèè

ðàñïðåäåëåíèÿ

Â ýòîì ïóíêòå ïðîâåðèì âûïîëíåíèå óñëîâèé

ðåãóëÿðíîñòè, (A), (B) è (C) â ÷àñòíîì ñëó÷àå, êî-

ãäà ôóíêöèîíàë è(F) îò íåèçâåñòíîãî ðàñïðåäå-

ëåíèÿ F ðàâåí ñàìîé ô.ð., ò.å. è(F) = F(x). Ïóñòü

î1, î2, ..., în — íåçàâèñèìûå ñë. âåë. ñ íåèçâåñòíîé

ô.ð. F(x), x � R1. Îöåíèì åå ýìïèðè÷åñêîé ô.ð.

F x
n

I xn i
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ãäå I(A) èíäèêàòîð ñîáûòèÿ A. Â êà÷åñòâå ôóíê-

öèè ïîòåðü îöåíèâàíèÿ íåèçâåñòíîé ô.ð. F(x) ýì-

ïèðè÷åñêîé ô.ð. Fn(x) ïðèìåì êâàäðàòè÷íóþ

ôóíêöèþ

Ln = Ln(å, F) = (Fn(x) – F(x))2 + ån.

Ôóíêöèÿ ðèñêà îöåíèâàíèÿ íåèçâåñòíîé

ô.ð. F(x) ñòàòèñòèêîé Fn(x) ðàâíà Rn(å, F) =

= M(Ln(å, F) = M(Fn(x) – F(x))2 + ån. Ïîñêîëüêó

ö(y) = y2,

án = |Fn(x) – F(x)| è + n F
F x F x

n
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F x F x1 = F(x)(1 – F(x)) = â0(F)

è óñëîâèÿ (A) è (B) âûïîëíÿþòñÿ ïðè m = 1.

Ìèíèìàëüíîå çíà÷åíèå ôóíêöèè ðèñêà

Rn(å, F) =
F x F x

n

( )( ( ))1 	

+ ån

äîñòèãàåòñÿ ïðè n, ðàâíîì

n0 = n0(å, F) =
F x F x( )( ( ))1 	
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� � �
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inf n n
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1
:

( )( ( ))
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�

è ñîñòàâëÿåò

R F R F F x F xn
n

n0
1

2 1( , ) min ( , ) ( )( ( )).� � �� � 	

�

Ôóíêöèÿ Rn
0

(å, F) — ìèíèìàëüíàÿ ôóíêöèÿ

ðèñêà, à n0 = n0(å, F) — îïòèìàëüíûé îáúåì âû-

áîðêè. Ïîñêîëüêó îáà îíè çàâèñÿò îò íåèçâåñòíî-

ãî â0(F) = F(x)(1 – F(x)), òî íåîáõîäèìî îöåíèòü

â0(F). Â êà÷åñòâå îöåíêè â0(F) = F(x)(1 – F(x))

ðàññìîòðèì ñòàòèñòèêó bn = Fn(x)(1 – Fn(x)) è ïî-

êàæåì âûïîëíåíèå óñëîâèÿ (C). Ïîñêîëüêó

|bn – â0(F)| = |Fn(x)(1 – Fn(x)) – F(x)(1 – F(x))| =

= |(Fn(x) – F(x)) – (Fn
2 (x) – F2(x))| =

= |(Fn(x) – F(x))(1 – Fn(x) – F(x)) �
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ò.å. óñëîâèå (C) âûïîëíÿåòñÿ.

Èñõîäÿ èç âèäà îïòèìàëüíîãî îáúåìà âûáîð-

êè n0 = n0(å, F), ìîìåíò îñòàíîâêè N(å) ââåäåì

ñëåäóþùèì îáðàçîì:

N
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�

Ñâîéñòâà ýòîãî ìîìåíòà îñòàíîâêè ïðèâåäå-

íû â ñëåäóþùåé òåîðåìå.

Òåîðåìà 5.1. Ñïðàâåäëèâû ñëåäóþùèå óòâåð-

æäåíèÿ:

1) äëÿ ëþáîãî å > 0 P{Nå < 5} = 1;

2) Nå 4 5 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

3) lim ( )
�

�

40

E N = 5;

4)
N

n F

( )

( , )

�

�0

4 1 ñ âåðîÿòíîñòüþ 1 ïðè å 4 0;

5) lim
( ( ))

( , )
.

�

�

�4

�

0
0

1
E N

n F

Çàêëþ÷åíèå

Ïðè ïîñëåäîâàòåëüíîì òî÷å÷íîì îöåíèâà-

íèè, êîãäà ôóíêöèÿ ïîòåðü èìååò äîñòàòî÷íî îá-

ùèé âèä, âìåñòî îöåíîê ìèíèìàëüíîãî ðèñêà íå-

îáõîäèìî ðàññìîòðåòü îöåíêè ñ àñèìïòîòè÷åñêè

ìèíèìàëüíûì ðèñêîì, ïîñòðîåííûå ïî âûáîðêàì

ñëó÷àéíîãî îáúåìà. Ïðåäåëüíûå òåîðåìû äëÿ

ñëó÷àéíî îñòàíîâëåííûõ ñëó÷àéíûõ ïðîöåññîâ

ýôôåêòèâíû äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêèõ

çàäà÷ ïîñëåäîâàòåëüíîãî îöåíèâàíèÿ.

Â ïîñëåäîâàòåëüíîì îöåíèâàíèè äîâåðèòåëü-

íûìè èíòåðâàëàìè ôèêñèðîâàííîé øèðèíû ïðè

îäèíàêîâîì äîâåðèòåëüíîì óðîâíå øèðèíà äîâå-

ðèòåëüíîãî èíòåðâàëà áóäåò íàìíîãî êîðî÷å, ÷åì

ïðè îáû÷íîì íåïîñëåäîâàòåëüíîì îöåíèâàíèè,

÷òî èìååò ñóùåñòâåííóþ ðîëü â ïðèêëàäíûõ ïðè-

ìåíåíèÿõ.
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