80 «3aBoackasa maGoparopuna. [luarnocruka marepuanos». 2023. Tom 89. Ne 3

MaTreMaTHYIECKHE METOAbI HMCCJZIENOBAHMNA

Mathematical methods of investigation

DOI: https://doi.org/10.26896/1028-6861-2023-89-3-80-86

THE STRESS-STRAIN CURVE MODEL IN THE FORM OF AN EXTREMAL
OF A NON-INTEGRABLE LINEAR VARIATION FORM

© Natalia Ya. Golovina

Tyumen Industrial University, 38, Volodarskogo ul., Tyumen, 625000, Russia; e-mail: golovinanj@tyuiu.ru

Received August 25, 2022, Revised September 27, 2022. Accepted October 28, 2022,

The article develops an idea that the stress-strain curve for an arbitrary material is the
extremum of some functional. However, for irreversible processes, the using of the principle of
stationarity of some functional is incorrect, because due to the dissipation of the deformation
process, the possible work of internal forces is non-integrable. Therefore, it is proposed to use
the generalized variational principle of L. I. Sedov for modeling the stress-strain curve of
elastoplastic materials. A concept of sequential inclusion of certain deformation mechanisms
on different segment of the stress-strain curve is proposed. According to this concept, each sec-
tion of the stress-strain curve must correspond either to the stationary value of the correspond-
ing functional, or to the stationary value of the non-integrated form of variations of the corre-
sponding stress derivatives. The combination of naturally obtained spectra of boundary condi-
tions at the ends of each segment leads to a variation-consistent formulation of the system of
boundary and contact conditions of solutions of different differential equations on each seg-
ment of stress-strain curve. As a result, it is possible to construct a differentiable stress-strain
curve over the entire area of the stress-strain curve definition. The resulting solution, in con-
trast to the Ramberg — Osgood empirical law, has a strictly liner segment. The obtained mathe-
matical model was tested on experimental data of materials for various industrial purposes.
The achieved accuracy of the mathematical model is sufficient for engineering applications.

Keywords: Ramberg — Osgood law; empirical stress-strain curves; stress-strain curve as a so-
lution of the ordinary differential equation of the fourth order; stress-strain curves as an ex-
treme of functional; processing of experimental data.

its use, both in modeling the properties of materi-
als and in the design of structures from them.
First, the modulus of the tangent to the stress-
strain curve corresponding to the Ramberg -

Introduction

Several empirical models have formulated in
the literature that describe the stress-strain curve.
One of the most popular models is the Ramberg —

Osgood model [1]. This model is popular among sci-
entists involved in modeling the properties of ma-
terials [2-21] and among engineers who solve
problems of structural design of plastic materials
[22 - 29].

There are two approaches to modeling the
properties of elastoplastic materials. The first ap-
proach is the compilation of universal curves de-
fined by one formula in the entire range of strains
[1,4-9, 30].

The second approach is to formulate the
stress-strain curve as a multilink spline with two
[10 — 18], three [19 — 21], or four [15] segments.

The Ramberg — Osgood law corresponds to the
first approach.

It was shown [11] that the empirical Ramberg —
Osgood law has two significant drawbacks limiting

Osgood law for an engineering curve cannot take
on a value of zero at the point of ultimate strength.
Therefore, this law is incompatible with the condi-
tion of theoretical strength. Secondly, according to
the Ramberg — Osgood law, the tangent module is a
monotonically decreasing function, and therefore
the stress-strain curve has no linear segment.

1. In [11] an alternative empirical model was
proposed, which is not defined on the segment
0<e <1, but on the segment &, <e*<1. On the
segment 0 < e* <& postulated strictly linear law:

# =\ M
{E:?,* —(E; —1)[81 _iej €, Sg*< 1.
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Here o* = o/o,, £* = ¢/e, and ,*; 0,*) — are
the coordinates of the point of ultimate strength of
the material on the stress-strain curve. This alter-
native empirical model is equivalent to the stress-
strain curve must be divided into two fundamen-
tally different segments, separated by a character-
istic point for each material — point, which is
called “proportionality limit” and has coordinates
(e;; o,). The first segment of the stress-strain
curve — strictly linear. The constant modulus of
elasticity E] =¢./c, and the parametern =
=(1-¢;)/(1~¢./c,) can be determined through
the coordinates of a point called the “proportional
limit.”

2. Developing this idea, it was assumed in [17]
that a solution of some ordinary fourth-order dif-
ferential equation can be used on a nonlinear seg-
ment, since the stress itself and its derivative (the
tangent modulus to the stress-strain curve) must
be specified at the ends of the nonlinear segment:

£20™"" + 42'0"" + (2-n)o™" = 0. 2)

The solution of (2) gives:

o* (e = 1Co +Clj* +sz:”2 +c§sn*”3 ’*Ogi* <er ()
Co+Ci€ +Cye " +cege C,e,<g <1
The boundary conditions (4) — (5) are:
G*(O)ZO . G*(ge*)zce*,OSe*Ssz, (4)
c '0)=E, |6 '(,)=E,

{G (€,) =0, {G w=1 . <e*<1, (5)

* * * 2 * ’86
o 'e,)=E, [c'1)=0

Satisfying the boundary conditions and substitut-
ing in (3) one can obtain the stress-strain curve.

3. The next step in stress-strain curve mathe-
matic modelling is the idea, that there is some
functional exist, the stationarity value of which
will give not only a kinetic equation for stress, but
a variation-coordinated spectrum of boundary con-
ditions on each segment of stress-strain curve. In
[29] it has been shown, that on different segments
desired functional has a different number of sum-
mands defining different “deformation mecha-
nisms.” As the result, each new “deformation
mechanism” change the structure or order of dif-
ferential equation on the current segment. For
nonlinear-elastic materials, such functional has the
form:

1% e 1% .
U==|A,c*c*de" += |[A,,c2c* c*" +
2.([ 11 2.[ 22

'Se

+2A,8"c* ¥ + Aj;0% % ]de”. (6)

The summand Ae*?0*’0*”, which is included
on the second segment of the stress-strain curve
and continues to act up to failure, defines the “sec-
ond stress-derived square” mechanism.

The summand 2A,,e*0*"0*" defines a “bilinear
on the second and first stress-derived” mechanism,
which includes on the second segment of the
stress-strain curve simultaneously with the “qua-
dratic” one and continues to act further.

The summand A;,0%'0* defines the only defor-
mation mechanism acting on the first segment and
corresponding to the linear Hook’s law equation. It
does not “turn off” and continues to operate on the
second segment. Naturally, the parameter value
A, defining this mechanism must have the same
value throughout the segments of stress-strain
curve on which this mechanism act. The require-
ment of stationarity of functional (6) gives

U = 0. (7

Unlike the previous approach, on different seg-
ments of stress-strain curve the curve defined by
different kinetic equations. Really, on segment of
linearity the kinetic equality is

o*" = 0. (8)
On segment of nonlinearity the kinetic equality is
e*2g™"" + 4e*o*" + (2 -n)o*” = 0. (9)

Here n — physical parameter, reflecting mechani-
cal properties of the material and connecting with
parameters Ay, Agq, Aqq. The variation principle (7)
gives a consistent system of boundary conditions
and conjugation conditions for solutions of kinetic
equations (8) and (9).

4. However, for irreversible processes, the us-
ing of the stationarity principle of some functional
is not correct, because, due to the dissipation of the
deformation process, the possible work of internal
forces is non-integrable. The non-linear segment
should divided into two segments.

On the first segment there is no dissipation and
the deformation processes reversible, but nonlin-
ear. In the second section, the dissipation process
starts and deformations become irreversible and
nonlinear. Both parts separated by specific point of
material (¢,.*;6,*). This point will called the “re-
versibility limit.” Really, before this point stress-
strain curve describes reversible process of deform-
ing. If process of deforming pass through this
point, it becomes irreversible. That is, the process
of dissipation is “turned on” behind the “reversibil-
ity limit” point (¢,*;0,*), and some sort of dissipa-
tion process start to act.

This article dedicated to the realization of this
idea.
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Formulation of dissipative model
as principle of stationarity
of non-integrated linear variation form

In [22], a generalization of the L. I. Sedov vari-
ation equation for modeling irreversible processes
was proposed. The essence of generalization is that
Sedov’s variation equation represented as the sum
of variation of the functional of the reversible part
plus the set of dissipation channels. The simplest of
non-integrated linear variation form called the
“dissipation channel.” Its arguments formed by
one of the bilinear terms in the functional of the re-
versible part. In the present case of the reversible
part of the functional, there is only a single dissipa-
tion channel can be:

olUy = j B, e*(6*'8c¥—-c*8c™ )de*.  (10)
Behind the point (¢};5 ), the variation princi-
ple of stationarity of functional (7) becomes incor-
rect and replaced by the variation principle of
stationarity of the non-integrated variation form:

U +oU,, =0. (11)

This variation principle can simulate stress-
strain curve of elastoplastic materials. We follow
the concept of sequential inclusion of various defor-
mation mechanisms on different segments of the
stress-strain curve. According to this theory, the
stress-strain curve will divided into three seg-
ments: linear reversible segment 0 <e* <g, non-
linear reversible segment &, <e*<g, and nonlin-
ear irreversible segment e, <e*<e..

Constructing stress-strain curve
as a conjunction problem
for three solutions

Linear reversible segment 0 <e* <g,. Modeling
the stress-strain curve with the simplest quadratic
functional, we obtain a linear strain model:

U =%IA116*'G*'d8 *, (12)
0

Here A;; — a physical parameter reflecting the
mechanical properties of the first deformation
mechanism.

The stationarity condition of (12) gives the
kinetic equation of the stress-strain curve as well
as the natural boundary conditions:

SU = j A, 0%3c™de™* = j -A 0" 86 *de* +
0 0

#

% =0, (13)

+A;0%3c*

Kinetic equation, follows from (13):
o*" = 0. (14)
The solution to kinetic equation (14) is as follows:
ot = & ¥, (15)

According to (13), assuming that stresses are
set at the ends of the segment (stresses variations
are zero), we obtain:

c*(0)=0 Cy =0
F * * L (16)

c*(e,) =0, Gy =E;
Here E, =6, /¢, — dimensionless Young’s modu-

* * . . . .
lus; e,,0, — dimensionless coordinates of a point
of proportionality limit on a stress-strain curve.
Linear Hooke’s law on a stress-strain curve on
* .
segment 0 < e* <g_ as a result received:

o* = E, e*. amn

Nonlinear reversible segment &, <g*<g,. As
already noted in the introduction, on a nonlinear
segment, the differential equation must be a
fourth-order equation. Accordingly, an additional
component containing the square of the second
stress derivative should appear in the functional.
We will treat the appearance/disappearance of the
additional deformation mechanism in the func-
tional as “on/off.”

When passing through the proportional limit
point, on the second section of the stress-strain
curve, the simultaneous activation of two new de-
formation mechanisms postulated, and the func-
tional becomes:

o
1%
U:§J‘[Azze*2 c*o*+2A,e* ™ 0¥+

'Se

+ A o¥ ¥ lde*. (18)

The deformation mechanism, determined by
physical parameter A,,0*"0*", which is start to act
on the second segment of the stress-strain curve
and continues to act further, is defined by the “sec-
ond stress-derived square.”

The deformation mechanism, determined by
physical parameter A, 0*'0", defines a “bilinear
on the second and first stress-derived” deformation
mechanism, which start to act on the second seg-
ment simultaneously with the “quadratic” one and
continues to act further.

The only deformation mechanism acting on the
first segment and corresponding to the linear
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Hook’s law equation, does not “turn off” and con-
tinues to act on the second segment. Otherwise,
the functional (18) would not positively defined,
and the corresponding solution would not be the
only one. Naturally, the parameter A, value, defin-
ing this mechanism, must have the same value
throughout the segments of stress-strain curve on
which this mechanism act.

The variation equation on the second segment
of the stress-strain curve is:

8U = [[Age?c"" + 4Apec"" +

'Se

+(2A, + Ay — A )o"180de +

+(Age?0” + Ay e0')00"

& _ 2 _rrr ”
iy [Agye“c"" +2A,,60" +

+(A,, — Ay )o'Bo

=0, (19)
Kinetic equation:
8*20*”” + de*o*'" + (2 _ I])O*” =0. (20)

Material parameter

(21)

The solving of kinetic equation (20), taking into
account (21), is as follows:

0%(e*) = ¢g + c18% + cye™2 +cge* . (22)

According to (19), assuming that stresses are
set at the ends of the segment (stresses variations
are zero) and tangent modulus are set in addition
(stresses derivative variations are zero), we obtain:

the boundary conditions for solution on
nonlinearity reversible segment when e* = ¢,

(23)

*ng—1 £

* * #ng *ng *
6*(g,)=cy +Cci€, +Cye, +Cge, =0,
sr * _ *ng-1
6*¥(e,) =cy +Ccqnge,  +cCgnge,  =E;;
the boundary conditions for solution on non-
. . . *
linearity reversible segment when ¢* = ¢,

%« N * *ng #ng __#
c*(g,)=cy +Cci&, +Cye, +Cge,. =0, 24)
*r £ *ng-1 *ng—1 #*
0¥ (e, ) =cy +Cqnge, +cegnge,  =E..

Nonlinear irreversible segment €, <e* <g,. As
already noted in the introduction, that on a nonlin-
ear interval two segments must exist. The first, de-
scribed above, defines the deformation process
throughout is reversible. The second should take
into account irreversible deformation processes,
which determines the plasticity property. This
means, that when crossing the reversibility limit

point, a new, dissipative deformation mechanism
(10), turned on. At the same time, all previous
mechanisms also continue to act. A generalization
of the L. I. Sedov variation equation becomes as
(11). Taking in account the structures (10) and
(19), the stationarity requirement of this non-inte-
grated variation form (11) yields the following vari-
ation equation:

SU +8U5; = [[Age*? 6% +(4A5 ~2By) Je* o' +

87‘

+@Ay + Ay — Ay —3By )™ 86 *de* +

+[Age*? 6*" +(Ay — By Je* ¥ 150" |% -

—[Age*2 6*" +2(Ay, — By )e*c* +

+(Agy Ay —321)0*’]66*@ =0. (25)

Together with the already introduced parame-
ter (21), we introduce a new physical parameter of
the material

E = le/Azz. (26)
Kinetic equation, follows from (25):
2% + (4 - 28)e*0™" + (2 -1 -380* = 0. (27)

The solving of kinetic equation (27), taking into
account (21) and (26), is follow:

0*(e*) = ap + a18* + ag ™™ +a,e*s. (28)

According to (25), assuming that stresses are
set at the ends of the segment (stresses variations
are zero) and tangent modulus are set in addition
(stresses derivative variations are zero), we obtain:

the boundary conditions for solution on non-
linearity irreversible segment when e* = ¢,

(29)

ro?

* * *n *n *

{G*(sr)=(lo +age, a8t +a48," =0,

skr (N *ng—1 *ng—1 _ p*,
o (e,) =a, +ayn,e, +agnge, =E

the boundary conditions for solution on non-
linearity irreversible segment when e* =g, = 1

{G*(1)=a0+a1+a2+a3=02 (30)

¥ () =ay +ayn, +agns =E,.

Ten parameters Cy; Cy; cg; €15 Ca; Cs; Qg; Q3 Ag; A3
are determined from the solution of the problem of
conjugation of the stress-strain curve at the con-
tact points (16), (23), (24), (29) and (30). Thereaf-
ter, the stress-strain curve can plotted from known
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Fig. 1. Theoretical stress-strain curve and experimental

data for 30CrMnSiNi2A armor steel (16532 CSN): 8; =

= 0.14199, o, = 0.79231; ¢, = 0.20081, o, = 0.91154; E; =
= 5.60; S = 0.0048

physical parameters or determine these parame-
ters using a sample of experimental points

Cy+Ce*for0<e*<e)
* *
C*=qcy +C1e* +c8™™2 +ege*s fore, <e*<e.  (31)

* *n *n * * *
@y +ae*+ae™™ +aque*s fore, <g*<g .

Tangent modulus:

E*=c%=

C, for0<e*<e)
=4q¢q +02n28*nr1 +03n38*n371 forg: 38*38: (32)

. - * *
ay +ayne* ™l taznge*s Tl fore) <e*<el.

Formally, physical parameters, determining
mechanical properties of elastoplastic material, are
coordinates of three characteristic points of stress-

. & 2 * %, s * 4 *
strain curve (e,;0,),(,%0,%), (&, €.), as well as
parameters, characterizing acting deformation
mechaniSmS A22, A213 All’ B21:

C; =0, ,0,)
¢; =c¢;(e,,6,,6,,00,Er E, ,ny(n),ngy(n) (33)
a’i :a'i(gj':cj:E::E::n4(§:n):n’5(éan))‘

However, in the model under consideration,
due to the normalization, the absolute values of the
coordinates of the ultimate strength point (¢}; o)
are not included in the curve equation. In addition,
between four parameters A,y Ay, Ajj, By, only
two their linear combinations &, n are included in
the curve equation.

® A selection of 469 experimental points
——Theoretical curve

Normalized stress o*
o
=5

0.2 ® Proportional limit point
0.1 © Reversibility limit point
0.0
0 0.2 04 0.6 0.8 1

Normalized deformation *

Fig. 2. Theoretical stress-strain curve and experimental
data for 40Cr2Ni2MA armor steel (4340 ASTM): &
= 0.65885, o = 0.82437; ¢ = 0.76546, o" = 0.92473; E|

= 1.25; § = 0.0033

As a result, the constructed theoretical curve
(31) is an eight-parameter curve:

C; =C;e,0,)
¢ :ci(gz’czagiaciaE::E::n) (34)
@, =a,} 00, E} B} n,).

Special attention should paid to the parameter
E; that is most likely to be associated with other
physical parameters, by analogy with E, =c, /s, .
Moreover, it may be possible to formulate three ad-
ditional restrictions, either local or integral, that
allow as to express physical parameters through
the coordinates of the curve’s feature points. As a
result, the number of physical parameters will de-
termined solely by the number of characteristic
points on the curve and the values of the tangent
moduli at these points.

Thus, the result obtained suggests that, in gen-
eral, all properties of elastoplastic materials deter-
mined by the geometry of the stress-strain curve.
The proof of this hypothesis will be the subject of
further research.

Methodology for processing
experimental data

There is used a Gradient Descent Method to
processing the experimental data, based on a nu-
merical search for the minimum sum of the qua-
dratic deviations theoretical stress-strain curve as
a function of seven parameters on a finite number
of sample data points [12, 14, 17].

The analysis of the predictive power of the con-
sidered theoretical model carried out on materials
from four groups, two materials from each group.
Armor steels were chosen 30CrMnSiN2A (16532
CSN) and 40Cr2Ni2MA (4340 ASTM); aerospace
alloys D16A (2024 USA) and BT6 (6Al-4V Gradeb);
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o A selection of 469 experimental points

Normalized stress o*
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Fig. 3. Theoretical stress-strain curve and experimental
data for aluminum alloy D16 (AA2024 USA/ANSI H35.2):
g, = 0.01706, o, = 0.57955; ¢, = 0.12580, o, = 0.79545;
E; =28.00; S = 0.0105

e A selection of 158 experimental points

Normalized stress o*

——Theoretical curve

@ Proportional limit point

© Reversibility limit point
0 0.2 0.4 0.6 0.8 1
Normalized deformation *

Fig. 4. Theoretical stress-strain curve and experimental
data for VT6 titanium alloy (Ti-6A1-4V USA/AMS): 8; =
= 0.21592, o, = 0.72725; ¢, = 0.27963, o = 0.88397; E, =

= 3.40; § = 0.0123

*
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= 03 ® A selection of 537 experimental points
Z 0.2 ~——Theoretical curve
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0.1 O Reversibility limit point
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Fig. 5. Theoretical stress-strain curve and experimental
data for pipeline steel 08X18H10 (304 USA/ASTM): 8; =
= 0.01676, 5. = 0.35336; £ = 0.06890, o". = 0.45583; E} =
= 18.00; S = 0.0124

® A selection of 470 experimental points

Normalized stress o*

——Theoretical curve

@ Proportional limit point

© Reversibility limit point

0 0.2 0.4 0.6 0.8 1
Normalized deformation e*

Fig. 6. Theoretical stress-strain curve and experimental
data for pipeline steel 20XTP (1.5526 DIN): &, = 0.02553,
ol =0.76033; " = 0.11489, o" = 0.92975; E} = 24.00; S =
= 0.0089

e A selection of 412 experimental points
——Theoretical curve

Normalized stress o*

@ Proportional limit point
© Reversibility limit point

0 0.2 04 0.6 0.8 1
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Fig. 7. Theoretical strain curve and experimental data for
steel for general engineering St3sp (A414 GradeA): 8;
= 0.09269, 5" = 0.53903; ¢". = 0.17784, 5. = 0.73209; E{
= 5.70; S = 0.0086

® A selection of 582 experimental points

Normalized stress o*

——Theoretical curve
@ Proportional limit point
© Reversibility limit point
0 0.2 0.4 0.6 0.8 1,
Normalized deformation *

Fig. 8. Theoretical strain curve and experimental data for
steel for general engineering 35 (A682 Grade 1035
USA/ASTM): 8;, = 0.06750, o, = 0.46288; &, = 0.21000,
o, = 0.68996; E; = 7.30; S = 0.0278



86 «3aBoackasa maGoparopusa. luarnocruxka marepuaios». 2023. Tom 89. Ne 3

pipeline steels 08X18H10 (304 ASTM) and 20XGR
(1.5526 DIN); steels for general engineering St3sp
(A414 Grade A) and steel 35 (1035 ASTM).

Theoretical stress-strain curves construct in
accordance with (31) after determining the physi-
cal parameters of materials (Figs. 1 — 8).

CONCLUSION

The article develops the idea that stress-strain
curve is an extreme of some functional. According
to the concept of activation of different deforma-
tion mechanisms on different sections of stress-
strain curve, each segment of stress-strain curve
must correspond to its functional. The naturally
obtained spectrum of conjunction problems for
these functionals leads to a variation-consistent
formulation of the system of boundary and con-
junction conditions of solutions to different differ-
ential equations on each segment of the stress-
strain curve. This approach extends to dissipative
deformation processes. In accordance with the gen-
eralization of L. I. Sedov, the variation of the func-
tional on the nonlinear irreversible segment com-
plemented by a non-integrable linear variation
form that determines the dissipation process. The
principle of stationarity of the functional replaced
by a more general stationarity principle of non-in-
tegrable linear variation form. For verification,
curves constructed for two types of armor steel,
two aviation alloys, two pipe steels and two types of
steel for general mechanical engineering. The stan-
dard deviation of the theoretical curve for samples
of armor steels did not exceed 0.5 %, for aerospace
alloys it turned out to be about 1 %, for pipe steels
a little less than 1 %, for machine-building steel
without a hardening zone less 1 %, and for ma-
chine-building steel — less than 3 %. The achieved
accuracy of the mathematical model sufficient for
engineering applications.

REFERENCES

1. Ramberg W., Osgood W. R. Description of stress-strain curves
by three parameters. National Advisory Committee For Aero-
nautics / Technical Note N 902. Washington, DC, 1943.

2. Mendelson A. Plasticity: Theory, and Application. — Malabar:
Krieger, 1968. — 183 p. [in Russian].

3. Papirno R. Goodness-of-Fit of the Ramberg — Osgood Analytic
Stress-Strain Curve to Tensile Test Data / J. Testing Eval. 1982.
Vol. 6. N 10. P 263 — 268. DOI: 10.1520/JTE10264J

4. Hollomon J. H. Tensile deformation / Trans. AIME. 1945.
Vol. 162. P. 268 — 290.

5. Ludwigson D. C. Modified stress — strain relation for FCC
metals and alloys / Metall Trans. 1971. Vol. 2. N 10.
P 2825 — 2828.

6. Ludwik P. Elemente der technologischen Mechanik. — Berlin:
Springer, 1909. — 57 p. [in Russian].

7. Swift H. W. Plastic instability under plane stress / J. Mech.
Phys. Solids. 1952. Vol. . N 1. P 1 -18.

8. Voce E. The relationship between stress and strain for homoge-
neous deformation / J. Inst. Metals. 1948. N 74. P 537 — 562.

9. Gao H. S. Modeling Stress Strain Curves for Nonlinear Analy-
sis / Materials Science Forum 2009. P 575 - 578, 539 — 544.
DOI: 10.4028/www.scientific.net/msf.575-578.539

10. Rasmussen K. Full-range stress-strain curves for stainless
steel alloys / J. Constr. Steel Res. 2003. Vol. 59. N 1. P 47 - 61.
DOI: 10.1016/S0143-974X(02)00018-4

11. Belov P. A,, Golovina N. Ya. Generalization of the Ramberg —
Osgood Model for Elastoplastic Materials / J. Mater. Eng. Per-
form. 2019. Vol. 28. N 12. P 7342 — 7346.

DOI: 10.1007/s11665-019-04422-3

12. Belov P A., Golovina N. Ya. Stress-strain curve as an
extremal of some functional / Science and Business: Develop-
ment Ways. 2019. Vol. 10. N 100. P, 44 - 52.

13. Abdella K. Inversion of a full-range stress — strain relation
for stainless steel alloys / Int. J. Non-Lin. Mech. 2006. N 41.
P 456 - 463.

14. Golovina N. Ya. Comparative analysis of fatique models of
plastic materials / XII All-Russian Congress on Fundamental
Problems of Theoretical and Applied Mechanics Collected
Works. 2019. Vol. 4. P 611 - 613.

15. Gardner L., Yun X., Fieber A., Macorini L. Steel Design by
Advanced Analysis: Material Modeling and Strain Limits /
Engineering. 2019. N 5. P. 243 — 249.

16. Golovina N. Ya., Krivosheeva 8. Y. Research in area of lon-
gevity of sylphon scraies / IOP Conference Series: Earth and
Environmental Science. Current Problems and Solutions. 2018.
Vol. 12. N 3. P. 012043.

17. Golovina N. Ya. The nonlinear stress-strain curve model as a
solution of the fourth order differential equation / Int. J. Press.
Vess. Piping. 2021. N 189. P. 104258.

DOI: 10.1016/.ijpvp.2020.104258

18. Golovina N. Ya. Modeling the Stress-Strain Curve of Elas-
tic-Plastic Materials / Solid State Phenomena. 2021. N 316.
P 936 - 941.

19. Quach W. M. Three-Stage Full-Range Stress-Strain Model for
Stainless Steels / J. Struct. Eng. 2008. N 134. P 1518 — 1527.

20. Hertele S., De Waele W,, Denys R. A generic stress — strain
model for metallic materials with two-stage strain hardening
behavior / Int. J. Non-Lin. Mech. 2011. Vol.46. N 3.
P 519 - 531.

21. LiT.,, Zheng dJ., Chen Z. Description of full-range strain hard-
ening behavior of steels / Springer Plus. 2016. N 5. P 1316.
DOI: 10.1186/s40064-016-2998-3

22. Belov P, A., Gorshkov A. G, Lurie S. A. Variational model of
nonholonomic 4D media / Rigid Body Mech. 2006. N 6. P. 29 —
46.

23. Belov P A., Lurie S. A. Variation model of non-holonomic
media / Mech. Composite Mater. Designs. 2001. Vol. 7. N 2.
P 266 - 276.

24. Golovina N. Ya. PhD thesis, Tyumen State Oil and Gas Uni-
versity, 2002. https://perma.cc/53VQ-2L2H (accessed 2021-03-
22).

25. Walport F., Gardner L., Real E., et al. Effects of material
nonlinearity on the global analysis and stability of stainless
steel frames / J. Constr. Steel Res. 2019. N 152. P 173 — 182.
DOI: 10.1016/j.jcsr.2018.04.019

26. Arrayago L., Real E., Gardner L. Description of stress-strain
curves for stainless steel alloys / Materials and Design. 2015.
N 87. P 540 — 552. DOI: 10.1016/j.matdes.2015.08.001

27. Mirambell E., Real E. On the calculation of deflections in
structural stainless steel beams: an experimental and numeri-
cal investigation / J. Constr. Steel Res. 2000. N 54. P 109 — 133.

28. Yun X., Gardner L. The continuous strength method for the
design of cold-formed steel non-slender tubular cross-sections /
Engineering Structures. 2018. N 175. P 549 -564. DOI:
10.1016/j.engstruct.2018.08.070

29. Golovina N. Ya. Stress-Strain Curve as Extremal of Some
Functional / J. Mater. Eng. Perform. 2021. Vol. 30. N 6.
P 4641 - 4650. DOI: 10.1007/s11665-021-05768-3

30. Golovina N. Ya., Belov P. A. Analysis of empirical models of
deformation curves of elastoplastic materials (review). Part 1/
Math. Model. Comput. Meth. 2022. N 1. P. 63 - 96.


http://www.scientific.net/msf.575-578.539
https://perma.cc/53VQ-2L2H

