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Ïðèìåíåíèå ðåãðåññèîííîãî àíàëèçà â äèíàìè÷åñêèõ çàäà÷àõ îöåíèâàíèÿ ñèñòåì òðåáóåò

îò àëãîðèòìà âûñîêîãî áûñòðîäåéñòâèÿ îïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëè. Òàêæå èñõîäíûå

äàííûå ìîãóò èìåòü ñòîõàñòè÷åñêóþ íåîäíîðîäíîñòü. Ïîýòîìó íàðÿäó ñ áûñòðîäåéñòâèåì

íåîáõîäèìî, ÷òîáû îöåíêè ïàðàìåòðîâ ìîäåëè áûëè óñòîé÷èâûìè ê ðàçëè÷íûì àíîìàëè-

ÿì â äàííûõ. Îäíàêî óñòîé÷èâûå ìåòîäû îöåíèâàíèÿ, âêëþ÷àÿ ìåòîä íàèìåíüøèõ ìîäó-

ëåé, çíà÷èòåëüíî óñòóïàþò ïàðàìåòðè÷åñêèì ìåòîäàì. Öåëü ðàáîòû — îïèñàíèå âû÷èñëè-

òåëüíî ýôôåêòèâíîãî àëãîðèòìà ðåàëèçàöèè ìåòîäà íàèìåíüøèõ ìîäóëåé äëÿ äèíàìè÷å-

ñêîãî îöåíèâàíèÿ ðåãðåññèîííûõ ìîäåëåé è èññëåäîâàíèå åãî âîçìîæíîñòåé äëÿ ðåøåíèÿ

ïðàêòè÷åñêèõ çàäà÷. Ýòîò àëãîðèòì îñíîâàí íà ñïóñêå ïî óçëîâûì ïðÿìûì. Ïðè ýòîì âìåñ-

òî çíà÷åíèé öåëåâîé ôóíêöèè ðàññìàòðèâàþò åå ïðîèçâîäíóþ ïî íàïðàâëåíèþ ñïóñêà.

Âû÷èñëèòåëüíàÿ òðóäîåìêîñòü àëãîðèòìà ñíèæåíà òàêæå çà ñ÷åò èñïîëüçîâàíèÿ â êà÷åñòâå

íà÷àëüíîé òî÷êè ðåøåíèÿ çàäà÷è íà ïðåäûäóùåì øàãå è ýôôåêòèâíîãî îáíîâëåíèÿ íà-

áëþäåíèé â òåêóùåé âûáîðêå äàííûõ. Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ôàêòè÷åñêîãî áû-

ñòðîäåéñòâèÿ ïðåäëîæåííîãî äèíàìè÷åñêîãî âàðèàíòà àëãîðèòìà ãðàäèåíòíîãî ñïóñêà ïî

óçëîâûì ïðÿìûì ñî ñòàòè÷åñêèì âàðèàíòîì, à òàêæå ñ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.

Ïîêàçàíî, ÷òî äèíàìè÷åñêèé âàðèàíò àëãîðèòìà ãðàäèåíòíîãî ñïóñêà ïî óçëîâûì ïðÿìûì

ïîçâîëèë äëÿ ðàñïðîñòðàíåííûõ ïðàêòè÷åñêèõ ñèòóàöèé ïðèáëèçèòüñÿ ïî áûñòðîäåé-

ñòâèþ ê ìåòîäó íàèìåíüøèõ êâàäðàòîâ. Ýòî ïîçâîëÿåò èñïîëüçîâàòü ïðåäëîæåííûé âàðè-

àíò àëãîðèòìà ãðàäèåíòíîãî ñïóñêà ïî óçëîâûì ïðÿìûì íà ïðàêòèêå â äèíàìè÷åñêèõ çàäà-

÷àõ îöåíèâàíèÿ øèðîêîãî êëàññà ñèñòåì.
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The use of regression analysis in dynamic problems of system estimation requires a high-speed algorithm

of model parameter determination. Moreover, the original data may have stochastic heterogeneity which

entails the necessity of the estimates of model parameters be resistant to various data anomalies. How-

ever, stable estimation methods, including the least absolute deviations method, are significantly inferior

to the parametric ones. The goal of the study is to describe a computationally efficient algorithm for imple-
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menting the method of least absolute deviations for dynamic estimation of regression models and to study

its capabilities for solving practical problems. This algorithm is based on descending along nodal lines. In

this case, instead of the values of the objective function, its derivative in the direction of descent is consid-

ered. The computational complexity of the algorithm is also reduced due to the use of the solution of the

problem at the previous step as a starting point and efficient updating of observations in the current data

sample. The external performance of the proposed dynamic version of the algorithm of gradient descent

along nodal lines has been compared with the static version and with the least squares method. It is shown

that the dynamic version of the algorithm of gradient descent along the nodal lines make it possible to

bring the speed close to that of the least squares method for common practical situations and to use the

proposed version in dynamic estimation problems for a wide class of systems.

Keywords: least absolute deviations method; linear regression; dynamics; algorithm; nodal straight line;

computational efficiency.

Ââåäåíèå

Íàèáîëåå ÷àñòî ïðè îöåíèâàíèè ïàðàìåòðîâ

á1, ..., ám ðåãðåññèîííûõ ìîäåëåé

Y = á1 + á2X2 + á3X3 + ... + ámXm + å (1)

èñïîëüçóþò îäèí èç áàçîâûõ ìàòåìàòè÷åñêèõ ìå-

òîäîâ, îñíîâàííûõ íà ìèíèìèçàöèè ñóììû êâàä-

ðàòîâ îòêëîíåíèé [1 – 3]; çäåñü Y — çàâèñèìàÿ

ïåðåìåííàÿ; Xk — íåçàâèñèìûå ïåðåìåííûå;

á — âåêòîð íåèçâåñòíûõ ïàðàìåòðîâ; å — ñëó÷àé-

íàÿ êîìïîíåíòà.

Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) îòëè÷à-

åòñÿ ïðîñòîòîé ðåàëèçàöèè è áûñòðîäåéñòâèåì,

îäíàêî åãî ðàáîòà òðåáóåò âûïîëíåíèÿ ðÿäà

ïðåäïîñûëîê [4], íàðóøåíèå êîòîðûõ ïðèâîäèò ê

çíà÷èòåëüíûì îòêëîíåíèÿì îöåíîê ïàðàìåòðîâ

ìîäåëè îò èñòèííûõ çíà÷åíèé. Â ýòîì ñëó÷àå ÷àñ-

òî ïðèìåíÿþò óñòîé÷èâûå ìåòîäû, îñíîâàííûå

íà ìèíèìèçàöèè ñóììû ìîäóëåé îòêëîíåíèé

[5 – 7]. Çàäà÷à îöåíèâàíèÿ ïàðàìåòðîâ ëèíåéíîé

ðåãðåññèîííîé ìîäåëè ìåòîäîì íàèìåíüøèõ ìî-

äóëåé (ÌÍÌ) èìååò ñëåäóþùèé âèä:
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a — âåêòîð îöåíîê íåèçâåñòíûõ ïàðàìåòðîâ.

Â íàñòîÿùåå âðåìÿ ïðåäëîæåí ðÿä àëãîðèò-

ìîâ äëÿ ðåøåíèÿ çàäà÷è (2) [8 – 13]. Îäíàêî îíè

ñóùåñòâåííî óñòóïàþò â áûñòðîäåéñòâèè ÌÍÊ,

÷òî îãðàíè÷èâàåò èõ ïðèìåíåíèå â äèíàìè÷åñêèõ

çàäà÷àõ îöåíèâàíèÿ ðåãðåññèîííûõ çàâèñèìî-

ñòåé. Ìîæíî îòìåòèòü äâå ñòàòüè, â êîòîðûõ ðàñ-

ñìàòðèâàëàñü äàííàÿ çàäà÷à.

Â [14] ïðåäëîæåí ïîäõîä ê ðåøåíèþ çàäà÷è

äèíàìè÷åñêîãî îöåíèâàíèÿ êîýôôèöèåíòîâ ðåã-

ðåññèè — ìåòîä âåñîâîé è âðåìåííîé ðåêóðñèé,

ñî÷åòàþùèé â ñåáå èäåè âàðèàöèîííî-âçâåøåí-

íûõ êâàäðàòè÷åñêèõ ïðèáëèæåíèé è ñãëàæèâà-

þùåãî ôèëüòðà Êàëìàíà. Îäíàêî îí íîñèò ïðè-

áëèæåííûé õàðàêòåð è äëÿ ïðèåìëåìîé òî÷íîñòè

ÿâëÿåòñÿ âû÷èñëèòåëüíî òðóäîåìêèì.

Äðóãîé ïîäõîä [15] — èñïîëüçîâàíèå â äèíà-

ìèêå ãðàäèåíòíîãî ñïóñêà ïî óçëîâûì ïðÿìûì.

Íà ïåðâîì øàãå ðàññìàòðèâàåòñÿ íà÷àëüíàÿ âû-

áîðêà äàííûõ V(1) = (xi, yi), i = 1, ..., n. Äëÿ ýòîé

âûáîðêè ðåøàåòñÿ çàäà÷à (2) è íàõîäèòñÿ ðåøå-

íèå a(1).

Íà âòîðîì øàãå âìåñòî ïåðâîãî íàáëþäåíèÿ

(x1, y1) â âûáîðêó âêëþ÷àåì íîâîå íàáëþäåíèå

(xn + 1, yn + 1) è äëÿ âûáîðêè V(2) = (xi, yi), i = 2, ...,

n + 1 ñíîâà îïðåäåëÿåì ÌÍÌ-ïàðàìåòðû a(2)

óðàâíåíèÿ ðåãðåññèè (1) è ò.ä. Â ðåçóëüòàòå ïîëó-

÷àåì ïîñëåäîâàòåëüíîñòü ðåøåíèé a(1), a(2), ...,

ìîíèòîðèíã êîòîðûõ ïîçâîëÿåò êîíòðîëèðîâàòü

ñîñòîÿíèå èññëåäóåìîé ñèñòåìû.

Îäíàêî â äàííîì àëãîðèòìå íå áûëè èññëåäî-

âàíû âîçìîæíîñòè àëãîðèòìà äëÿ ðåøåíèÿ ïðàê-

òè÷åñêèõ çàäà÷ äèíàìè÷åñêîãî ðåãðåññèîííîãî

îöåíèâàíèÿ, à òàêæå âîïðîñû ýôôåêòèâíîãî îá-

íîâëåíèÿ íàáëþäåíèé â òåêóùåé âûáîðêå äàí-

íûõ. Êðîìå òîãî, êàê îêàçàëîñü, åãî âû÷èñëèòåëü-

íîå áûñòðîäåéñòâèå ìîæåò áûòü óâåëè÷åíî.

Öåëü ñòàòüè — îïèñàíèå áîëåå áûñòðîãî àëãî-

ðèòìà ðåàëèçàöèè ÌÍÌ íà îñíîâå ñïóñêà ïî óç-

ëîâûì ïðÿìûì äëÿ äèíàìè÷åñêîãî îöåíèâàíèÿ

ðåãðåññèîííûõ ìîäåëåé è èññëåäîâàíèå åãî âîç-

ìîæíîñòåé äëÿ ðåøåíèÿ ïðàêòè÷åñêèõ çàäà÷.

Ìåòîäû ðåàëèçàöèè

Äëÿ ðåøåíèÿ çàäà÷è (2) ââåäåì ìíîæåñòâî

ãèïåðïëîñêîñòåé Ù: {Ù1, Ù2, ..., Ùn}, ãäå êàæäàÿ

ãèïåðïëîñêîñòü áóäåò ÿâëÿòüñÿ íàáëþäåíèåì,

ïðåäñòàâëåííûì óðàâíåíèåì âèäà

yi – 'a, xi( = 0, (i = 1, 2, ..., n). (3)

Ïåðåñå÷åíèå (m – 1) íåçàâèñèìûõ ãèïåðïëîñêî-

ñòåé (3) íàçîâåì óçëîâîé ïðÿìîé

l
k k im( ,..., )

: ,
1 1�

)
�

i & {k1, ..., km – 1},

kl & {1, 2, ..., n}. (4)
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Â òàêîì ñëó÷àå óçëîâîé òî÷êîé áóäåì ñ÷èòàòü

ïåðåñå÷åíèå m ãèïåðïëîñêîñòåé (3) èëè ãèïåð-

ïëîñêîñòè è óçëîâîé ïðÿìîé (4):

u �

&

) s

s M

�

, M = {k1, ..., km},

k1 < k2 < ... < km, kl & {1, 2, ..., n}. (5)

Îáîçíà÷èì U êàê ìíîæåñòâî âñåõ óçëîâûõ òî÷åê

(5).

Àëãîðèòì ïîèñêà ìèíèìóìà îñíîâàí íà âû-

ïóêëîñòè öåëåâîé ôóíêöèè (2). Ýôôåêòèâíûé

ìåòîä ðåøåíèÿ çàäà÷è — ñïóñê ïî óçëîâûì ïðÿ-

ìûì [13]. Âñëåäñòâèå êîíå÷íîñòè âûáîðêè, à çíà-

÷èò, êîíå÷íîñòè ÷èñëà ãèïåðïëîñêîñòåé, ðåøåíèå

çàäà÷è (2) áóäåò äîñòèãíóòî çà êîíå÷íîå ÷èñëî

èòåðàöèé [16]. Â êà÷åñòâå ïåðâîãî ïðèáëèæåíèÿ

áåðåì íåêîòîðóþ ñëó÷àéíóþ óçëîâóþ òî÷êó u(0),

â ïîñëåäóþùåì âûñòóïàþùóþ â êà÷åñòâå âðå-

ìåííîãî «ìèíèìóìà» ôóíêöèè. Îíà ïðåäñòàâëÿ-

åò ñîáîé ïåðåñå÷åíèå m ãèïåðïëîñêîñòåé, êîýô-

ôèöèåíòû êîòîðûõ íàõîäÿòñÿ ïóòåì ðåøåíèÿ

ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(ÑËÀÓ): yi – 'u(0), xi( = 0, (i = 1, 2, ..., m). Äàëåå,

èñêëþ÷èâ îäíî íàáëþäåíèå, ïîëó÷àåì óçëîâóþ

ïðÿìóþ l k k
m

( ,..., ) ,
1 1�

íà êîòîðîé áóäåì èñêàòü òî÷êó ñ

ìåíüøèì çíà÷åíèåì öåëåâîé ôóíêöèè. Ðàñøè-

ðåííàÿ ìàòðèöà ÑËÀÓ, ñîîòâåòñòâóþùàÿ óçëî-

âîé ïðÿìîé, áóäåò âûãëÿäåòü ñëåäóþùèì îáðà-

çîì:
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Ïðè ïîìîùè ïîäîáíîãî ïðåîáðàçîâàíèÿ ìîæíî çíà÷èòåëüíî ñîêðàòèòü âû÷èñëèòåëüíûå çàòðàòû íà

íàõîæäåíèå óçëîâûõ òî÷åê íà ïðÿìîé çà ñ÷åò îòñóòñòâèÿ íåîáõîäèìîñòè ïîâòîðÿòü îäíîîáðàçíûå âû-

÷èñëåíèÿ. Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ êàæäîé ïîñëåäóþùåé òî÷êè îñòàíåòñÿ äîáàâèòü óðàâíåíèå,

ñîîòâåòñòâóþùåå m-é ãèïåðïëîñêîñòè, è ïðîèçâåñòè îñòàòî÷íûå ïðåîáðàçîâàíèÿ:

A u
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1

ãäå k1 < k2 < ... < km – 1, i & {1, 2, ..., n}, i * {k1,

k2, ..., km – 1}.

Äàëåå, âàðüèðóÿ íîìåð i â ïðåîáðàçîâàííîé

ðàñøèðåííîé ìàòðèöå, íàõîäèì îñòàâøèåñÿ

(n – m) ëåæàùèå íà íåé óçëîâûå òî÷êè è óïîðÿ-

äî÷èâàåì èõ ïî íàïðàâëåíèþ ïðÿìîé â ñîîòâåò-

ñòâèè ñ ïîñëåäíèì êîýôôèöèåíòîì. Ïîñëå ýòîãî

íåîáõîäèìî íàéòè òî÷êó, â êîòîðîé öåëåâàÿ

«Çàâîäcêàÿ ëàáîpàòîpèÿ. Äèàãíîcòèêà ìàòåpèàëîâ». 2023. Òîì 89. ¹ 5 73



ôóíêöèÿ (2) ïðèìåò íàèìåíüøåå çíà÷åíèå íà

âñåé óçëîâîé ïðÿìîé, è àíàëîãè÷íûì îáðàçîì

ïðîâåðèòü îñòàâøèåñÿ ïðèëåæàùèå ê àíàëèçè-

ðóåìîé òî÷êå óçëîâûå ïðÿìûå. Ëèíåéíîñòü âû-

ðàæåíèé ïîä çíàêîì ìîäóëÿ â (2) ïðèâîäèò ê äî-

ñòàòî÷íî ïðîñòîìó âèäó ïðîèçâîäíîé ôóíêöèè

Q(a) ïî íàïðàâëåíèþ óçëîâîé ïðÿìîé. Âû÷èñëÿ-

åì â óçëîâîé òî÷êå u(0) çíà÷åíèå ïðîèçâîäíîé ïî

íàïðàâëåíèþ óçëîâîé ïðÿìîé l k k
m

( ,..., ) .
1 1�

Â ñèëó

âûïóêëîñòè öåëåâîé ôóíêöèè (2) äâèãàåìñÿ â

ñòîðîíó óáûâàíèÿ ïðîèçâîäíîé. Â ðåçóëüòàòå

äîñòèãíåì óçëîâîé òî÷êè, â êîòîðîé ïðîèçâîäíàÿ

íå ñóùåñòâóåò, èìåííî â íåé è áóäåò íàõîäèòüñÿ

ìèíèìóì òåêóùåé óçëîâîé ïðÿìîé. Ïîýòîìó íà-

õîäèì ïðîèçâîäíóþ â î÷åðåäíîé óçëîâîé òî÷êå

u(*) = ( , ,..., )
(*) (*) (*)u u um1 2

ñ äâóõ ñòîðîí. Êàæäàÿ èç

ïðîèçâîäíûõ ðàâíà ñóììå ñëàãàåìûõ ïî ÷èñëó

íàáëþäåíèé:
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ãäå l( ,..., )k k
m1 1�

= (c1, c2, ..., cm) — íàïðàâëÿþùèé

âåêòîð óçëîâîé ïðÿìîé l k k
m

( ,..., )
1 1�

.

Åñëè çíàê ïðîèçâîäíîé ïî íàïðàâëåíèþ ñëå-

âà
+

+
�

�

Q

k k
m

( )(*)

( ,..., ) (*)

u

l
u1 1

è ñïðàâà
+

+
�

�

Q

k k
m

( )(*)

( ,..., ) (*)

u

l
u1 1

ìåíÿåò

çíàê ñ îòðèöàòåëüíîãî íà ïîëîæèòåëüíûé, òî ýòó

òî÷êó ìîæíî ñ÷èòàòü òî÷êîé ðàçðûâà è îíà ÿâëÿ-

åòñÿ òåì ìåñòîì, ãäå öåëåâàÿ ôóíêöèÿ ïðèìåò

ñâîå ìèíèìàëüíîå çíà÷åíèå íà âñåé óçëîâîé ïðÿ-

ìîé. Ôèêñèðóåì íîâûé «ìèíèìóì» ôóíêöèè âìå-

ñòî u(0) è ïðîäîëæàåì ñïóñê. Ñïóñê ïðîèçâîäèì

äî òåõ ïîð, ïîêà íå áóäåò íàéäåíà òî÷êà, èç êîòî-

ðîé äàëüíåéøèé ñïóñê íåâîçìîæåí. Ýòà òî÷êà è

áóäåò ñ÷èòàòüñÿ òî÷íûì ðåøåíèåì çàäà÷è (2). Íà

ðèñ. 1 ïîêàçàí ïðèíöèï ïîèñêà ðåøåíèÿ ïðè ïî-

ìîùè àëãîðèòìà ïîêîîðäèíàòíîãî ñïóñêà.

Ðàññìîòðèì äèíàìè÷åñêóþ ðåàëèçàöèþ àëãî-

ðèòìà. Ïóñòü ìû íàøëè ðåøåíèå çàäà÷è a(*) ïî

íà÷àëüíîé âûáîðêå äàííûõ (Xi, yi) = (xi1, ..., xim,

yi). Ðåøåíèå a(*) ÿâëÿåòñÿ ïåðåñå÷åíèåì m ãèïåð-

ïëîñêîñòåé (îáîçíà÷èì èõ êàê ìíîæåñòâî Ù*), îá-

ðàçîâàííûõ m íàáëþäåíèÿìè (îáîçíà÷èì èõ êàê

ìíîæåñòâî Z*).

Äèíàìè÷åñêèé àíàëèç äàííûõ ïðåäïîëàãàåò

ïîñòîÿííîå äîáàâëåíèå íîâûõ íàáëþäåíèé, ÷òî

ïðèâîäèò ê áåñêîíòðîëüíîìó ðîñòó èññëåäóåìîé

âûáîðêè. ×òîáû èçáåæàòü ýòîãî, îãðàíè÷èì âû-

áîðêó ÷èñëîì íàáëþäåíèé n, ðàññìîòðåííûõ â

ïåðâîé ñòàòè÷åñêîé èòåðàöèè àëãîðèòìà, è çàìå-

íèì îäíî èç «ñòàðûõ» íàáëþäåíèé íà «íîâîå».

Îáîçíà÷èì ñòàðîå è íîâîå íàáëþäåíèÿ êàê

(X*, y*) è (X1, y1) ñîîòâåòñòâåííî.

Â òàáë. 1 ïðèâåäåíû ñïîñîáû çàìåíû íàáëþ-

äåíèÿ, êîòîðûå èññëåäîâàíû â ïðîöåññå ðàáîòû.

Ñïîñîáû çàìåíû, ñîîòâåòñòâóþùèå ñòîëáöàì, õà-

ðàêòåðèçóþòñÿ âîçìîæíîñòüþ çàìåíû íàáëþäå-

íèé, ôîðìèðîâàâøèõ ðåøåíèå íà ïðåäûäóùåé

èòåðàöèè àëãîðèòìà. Òàêèì îáðàçîì, ïðè ïîïûò-

êå çàìåíèòü ïîäîáíîå íàáëþäåíèå âûáèðàåì

ëèáî ñëåäóþùåå ñëó÷àéíîå íàáëþäåíèå, ëèáî

ñëåäóþùåå íàáëþäåíèå ñîãëàñíî èõ ïîðÿäêîâîìó

íîìåðó. Ïîðÿäêîâûé íîìåð ïðèñâàèâàåòñÿ êàæ-

äîìó íàáëþäåíèþ ñîãëàñíî ïîðÿäêó åãî ïîïàäà-

íèÿ â âûáîðêó â ïðîöåññå ãåíåðàöèè èëè ñ÷èòû-

âàíèÿ èç ôàéëà.

Ïðåäïîëîæèì, ÷òî âûáðàí ñïîñîá çàìåíû èç

ïåðâîãî ñòîëáöà, áåç âîçìîæíîñòè çàìåíû íàáëþ-

äåíèÿ èç Z*. Òàêèì îáðàçîì, ðåøåíèå, ïîëó÷åí-

íîå ïðè ïðîâåäåíèè ïðåäûäóùåé èòåðàöèè àëãî-
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Ðèñ. 1. Ïðèíöèï ïîèñêà ðåøåíèÿ ïóòåì ñïóñêà ïî óçëî-

âûì ïðÿìûì

Fig. 1. The principle of finding a solution by descending

along the nodal straight lines

Òàáëèöà 1. Ñïîñîáû çàìåíû «ñòàðîãî» íàáëþäåíèÿ íà íîâîå â äèíàìè÷åñêîé ðåàëèçàöèè àëãîðèòìà

Table 1. Methods for replacing the “old” observation with a new one in the dynamic implementation of the algorithm

Ïîäâûáîðêè Çàìåíà íàáëþäåíèÿ èç Z* íåâîçìîæíà Âîçìîæíà çàìåíà íàáëþäåíèÿ èç Z*

Ñëó÷àéíûé âûáîð íàáëþäåíèÿ D11 D12

Âûáîð ñîãëàñíî ïîðÿäêîâîìó íîìåðó D21 D22



ðèòìà, íå áûëî çàìåíåíî. Ñ÷èòàåì åãî íà÷àëüíîé

òî÷êîé (ïðèñâàèâàåì a(0) = a(*)) è ïðîäîëæàåì

ñïóñê ê íîâîìó ðåøåíèþ. Â èíîì ñëó÷àå ïðè âû-

áîðå ñïîñîáà ñ âîçìîæíîñòüþ çàìåíû íàáëþäå-

íèÿ èç ìíîæåñòâà Z* ïîëó÷àåì óçëîâóþ ïðÿìóþ

l
k k

m
( , )* * ,

1 1
�

�

ñôîðìèðîâàííóþ ïåðåñå÷åíèåì îñòàâ-

øèõñÿ (m – 1) ãèïåðïëîñêîñòåé èç ìíîæåñòâà Ù*.

Ïåðåñå÷åíèå ïîëó÷åííîé óçëîâîé ïðÿìîé è ãè-

ïåðïëîñêîñòè Ù1, ñôîðìèðîâàííîé íîâûì íàáëþ-

äåíèåì (X1, y1), ïîëàãàåì íà÷àëüíîé òî÷êîé

a(0) = l
k k

m
( ,..., )* *

1 1�

� Ù1 è ïðîâîäèì ïîèñê ðåøåíèÿ

ïðè ïîìîùè àëãîðèòìà ãðàäèåíòíîãî ñïóñêà.

Ðàññìîòðèì êîíêðåòíûé ïðèìåð (ðèñ. 2) ïðè

m = 2 è n = 4. Íà ïåðâîé èòåðàöèè àëãîðèòìà

íà÷àëüíóþ óçëîâóþ òî÷êó âûáèðàåì ñëó÷àéíûì

îáðàçîì, ïóñòü ýòî áóäåò òî÷êà, ñîîòâåòñòâóþùàÿ

ïåðåñå÷åíèþ óçëîâûõ ïðÿìûõ 2 è 3. Ïðè ïîèñêå

òî÷êè äëÿ ïåðåõîäà ðàññìàòðèâàåì âñå ïðèëåãà-

þùèå óçëîâûå ïðÿìûå, íà êîòîðûõ âû÷èñëÿåì

çíà÷åíèÿ öåëåâîé ôóíêöèè. Ïîñëå íàõîæäåíèÿ

òî÷êè ñ ìèíèìàëüíûì äëÿ âñåõ ïðèëåãàþùèõ

ïðÿìûõ çíà÷åíèåì öåëåâîé ôóíêöèè ïðîâîäèì

ïåðåõîä; â äàííîì ñëó÷àå òàêîé òî÷êîé áóäåò ïå-

ðåñå÷åíèå ïðÿìûõ 2 è 4. Ïî òîìó æå ïðèíöèïó

ïðîâîäèì ñïóñê ê ðåøåíèþ òåêóùåé ðåãðåññèîí-

íîé çàäà÷è — â òî÷êó ïåðåñå÷åíèÿ ïðÿìûõ 1 è 4.

Ïóñòü âûáðàí ñïîñîá çàìåíû Di1 (ðèñ. 3, à). Â

ýòîì ñëó÷àå íåâîçìîæíî ïðîâåñòè çàìåíó íàáëþ-

äåíèé, ñîîòâåòñòâóþùèõ ïðÿìûì 1 è 4, òàê êàê

îíè ôîðìèðóþò ðåøåíèå íà ïðåäûäóùåé èòåðà-

öèè. Òîãäà ïðîâåäåì çàìåíó «ñòàðîãî» íàáëþäå-

íèÿ 2, íà íîâîå 5*. Òàêèì îáðàçîì, ñîõðàíèâ ïðå-

äûäóùåå ðåøåíèå è îáîçíà÷èâ åãî êàê íà÷àëü-

íóþ òî÷êó, ñïóñêàåìñÿ â íîâûé ìèíèìóì â òî÷êå

1, 5*.

Èíà÷å áûë âûáðàí ñïîñîá Di2 (ðèñ. 3, á), ïðè

êîòîðîì âîçìîæíà çàìåíà ëþáîãî íàáëþäåíèÿ èç

àíàëèçèðóåìîé âûáîðêè. Ïðîâåäåì çàìåíó íà-

áëþäåíèÿ èç Z* ïîä íîìåðîì 1 íà 6*, òîãäà íîâîé

íà÷àëüíîé òî÷êîé áóäåò ìåñòî ïåðåñå÷åíèÿ îñòàâ-

øåéñÿ è íîâîé ïðÿìûõ 4, 6*. Ñïóñêàÿñü èç ýòîé

òî÷êè, äîñòèãàåì ìèíèìóìà äëÿ òåêóùåé âûáîð-

êè â òî÷êå 2, 6*.

Íåîáõîäèìî îïðåäåëèòü, êàêîé èç îïèñàííûõ

ðàíåå ñïîñîáîâ çàìåíû ÿâëÿåòñÿ áîëåå âûãîäíûì

ïðè ñðàâíåíèè èõ âû÷èñëèòåëüíîé ñëîæíîñòè.

Õàðàêòåðíûé ïîêàçàòåëü â äàííîì ñëó÷àå — ÷èñ-

ëî îñóùåñòâëåííûõ ïåðåõîäîâ ïî óçëîâûì ïðÿ-

ìûì äî äîñòèæåíèÿ ðåøåíèÿ çàäà÷è íà êàæäîé

èç èòåðàöèé. Â ïåðâóþ î÷åðåäü íåîáõîäèìî îïðå-

äåëèòü, ñóùåñòâóåò ëè êàêàÿ-ëèáî çíà÷èìàÿ ðàç-

íèöà ìåæäó ÷èñëîì ïåðåõîäîâ, à åñëè îíà îòñóò-
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1 2 3 4

Ðèñ. 2. Ïåðâàÿ èòåðàöèÿ ïîèñêà ðåøåíèÿ (m = 2, n = 4)

Fig. 2. First iteration of finding a solution (m = 2, n = 4)

( , ) ( , )1 4 1 5*� ( , ) ( , )4 6* 2 6*�

1 2 33 44

à á

5* 6*

Ðèñ. 3. Ñïîñîáû çàìåíû íàáëþäåíèÿ: à — íå ó÷àñòâîâàâøåãî â ôîðìèðîâàíèè ðåøåíèÿ; á — ôîðìèðîâàâøåãî ðåøåíèå

íà ïðåäûäóùåé èòåðàöèè

Fig. 3. Ways to replace an observation an observation: a — not participating in the formation of the solution; b — forming the

solution at the previous iteration



ñòâóåò, âûáîð ñëåäóåò äåëàòü â çàâèñèìîñòè îò

ñëîæíîñòè ðåàëèçàöèè ñïîñîáà çàìåíû.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èññëåäóåì

÷èñëî ïåðåõîäîâ íà îäíîðîäíîñòü ïðè ïîìîùè

êðèòåðèÿ Ñòüþäåíòà äëÿ äâóõ íåçàâèñèìûõ âû-

áîðîê. Äåéñòâèòåëüíî, ïîëó÷åííûå âûáîðêè äëÿ

÷åòûðåõ ñïîñîáîâ çàìåíû íàáëþäåíèÿ ìîæíî

ñ÷èòàòü íåçàâèñèìûìè, òàê êàê íàáîðû ïîêàçàòå-

ëåé â ãðóïïàõ ôîðìèðóþòñÿ âíå çàâèñèìîñòè îò

ýòîãî ïðîöåññà â äðóãèõ ãðóïïàõ, ò.å. ÷èñëî ïåðå-

õîäîâ ìåæäó óçëîâûìè ïðÿìûìè äëÿ îäíîãî ñïî-

ñîáà íèêàêèì îáðàçîì íå âëèÿåò íà ÷èñëî ïåðåõî-

äîâ äëÿ äðóãîãî. Âîñïîëüçóåìñÿ ìåòîäîì Ìîíòå-

Êàðëî [18] è ïðîâåäåì ãåíåðàöèþ 10 000 íàáëþ-

äåíèé, âûäåëèâ 300 èç íèõ äëÿ ïðîâåäåíèÿ ïåð-

âîé ñòàòè÷åñêîé èòåðàöèè. Âîçüìåì ñðåäíèå äëÿ

êàæäûõ 100 èñïûòàíèé îñòàâøèõñÿ äèíàìè÷å-

ñêèõ èòåðàöèé, òåì ñàìûì ïîëó÷èâ 97 íîðìàëè-

çîâàííûõ íàáëþäåíèé ïðè m = 2, 3, ..., 8 äëÿ êà-

æäîé âûáîðêè. Ïîñêîëüêó ìû èññëåäóåì óñòîé÷è-

âûé ê âûáðîñàì ìåòîä, òî íåîáõîäèìî ïðîâåðèòü

åãî â óñëîâèÿõ ñòîõàñòè÷åñêîé íåîäíîðîäíîñòè

äàííûõ. Äëÿ ãåíåðàöèè çàãðÿçíåííîé âûáîðêè

èñïîëüçóåì ìîäåëü Òüþêè – Õüþáåðà [19, 20]

F
ã
(x) = (1 – ã)F(x) + ãfFH(x), (6)

ãäå F(x) — ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíûõ

îøèáîê, îáëàäàþùàÿ íåîáõîäèìûìè «õîðîøè-

ìè» ïðèçíàêàìè; FH(x) — ôóíêöèÿ ðàñïðåäåëå-

íèÿ çàñîðåíèé; ã — âåðîÿòíîñòü çàñîðåíèÿ.

Ïðîâåäåì ãåíåðàöèþ îäíîé «÷èñòîé» âûáîð-

êè (ã = 0) è òðåõ âûáîðîê ñ ïñåâäîñëó÷àéíûìè

çàãðÿçíåíèÿìè, îáëàäàþùèìè ðàçëè÷íûìè ñâîé-

ñòâàìè, âçÿâ â êà÷åñòâå F(x) ðàñïðåäåëåíèå Ãàóñ-

ñà, à â êà÷åñòâå çàñîðåíèé èñïîëüçóåì ðàñïðåäå-

ëåíèÿ ñî ñëåäóþùèìè ïëîòíîñòÿìè âåðîÿòíîñòè:
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x a
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aH = 0, ãH = 1, ã = 0,1.

Òàêèì îáðàçîì, ðàññìîòðåâ íåñêîëüêî âàðè-

àíòîâ ãåíåðàöèè äàííûõ, ìîæíî îïðåäåëèòü íàè-

áîëåå âûãîäíûé ñïîñîá çàìåíû íàáëþäåíèé äëÿ

ïðîâåäåíèÿ àíàëèçà â äèíàìèêå âíå çàâèñèìîñòè

îò âèäà ðàñïðåäåëåíèÿ âûáîðêè.

Îáñóæäåíèå ðåçóëüòàòîâ

Â òàáë. 2 ïðèâåäåíû ñðåäíèå çíà÷åíèÿ t-ñòà-

òèñòèêè Ñòüþäåíòà ïðè m = 2, 3, ..., 7, äëÿ ÷åòû-

ðåõ ñïîñîáîâ çàìåíû íàáëþäåíèé D è ÷åòûðåõ

âàðèàíòîâ ãåíåðàöèè äàííûõ. Âèäíî, ÷òî íàèáî-

ëåå îòëè÷àþùèìèñÿ ñïîñîáàìè çàìåíû ÿâëÿþòñÿ

D11 è D12. Ýòî ìîæíî îáúÿñíèòü ñëó÷àéíûì õà-

ðàêòåðîì âûáîðà íàáëþäåíèÿ èç âûáîðêè, âñëåä-

ñòâèå êîòîðîãî âîçìîæíà çàìåíà «õîðîøåãî» íà-

áëþäåíèÿ, ãèïåðïëîñêîñòü êîòîðîãî íàõîäèòñÿ

âáëèçè îò ðåøåíèÿ â ïðåäûäóùåé èòåðàöèè, íà

«ïëîõîå», à òàêæå îáðàòíàÿ ñèòóàöèÿ âî âòîðîì

ñðàâíèâàåìîì ñïîñîáå. Ïîäîáíîå îòêëîíåíèå

óñóãóáëÿåòñÿ â óñëîâèÿõ çàãðÿçíåííîé âûáîðêè.

Îäíàêî âñå ðàñ÷åòíûå çíà÷åíèÿ t-ñòàòèñòèêè
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Òàáëèöà 2. Ñðåäíèå çíà÷åíèÿ t-ñòàòèñòèêè äëÿ íåçàâèñèìûõ âûáîðîê ïðè m = 2, 3, ..., 7

Table 2. Average values of t-statistics for independent samples at m = 2, 3, ..., 7

D
ij

m = 2 m = 3 m = 4

D11 D12 D21 D22 D11 D12 D21 D22 D11 D12 D21 D22

D11 0,00 0,55 0,69 0,82 0,00 1,09 0,97 0,96 0,00 1,36 0,83 1,04

D12 0,55 0,00 0,23 0,39 1,09 0,00 1,47 1,14 1,36 0,00 0,78 1,06

D21 0,69 0,23 0,00 0,60 0,97 1,47 0,00 0,51 0,83 0,78 0,00 0,44

D22 0,82 0,39 0,60 0,00 0,96 1,14 0,51 0,00 1,04 1,06 0,44 0,00

D
ij

m = 5 m = 6 m = 7

D11 D12 D21 D22 D11 D12 D21 D22 D11 D12 D21 D22

D11 0,00 1,33 0,39 1,20 0,00 1,04 0,84 0,86 0,00 1,56 0,67 1,31

D12 1,33 0,00 1,07 0,62 1,04 0,00 0,72 0,92 1,56 0,00 1,80 0,90

D21 0,39 1,07 0,00 0,93 0,84 0,72 0,00 1,06 0,67 1,80 0,00 1,28

D22 1,20 0,62 0,93 0,00 0,86 0,92 1,06 0,00 1,31 0,90 1,28 0,00



îêàçàëèñü ìåíüøå êðèòè÷åñêîãî têð = 1,97 ïðè

(n1 + n2 – 2) = 192 ñòåïåíÿõ ñâîáîäû è óðîâíå

çíà÷èìîñòè p = 0,05.

Ðàññìîòðèì áîëåå ïîäðîáíî êàæäûé îòäåëü-

íûé ñëó÷àé ïóòåì âûðàæåíèÿ ïðîöåíòà ÷èñëà

ðàç, êîãäà t-ñòàòèñòèêà ïðåâûøàåò êðèòè÷åñêîå

çíà÷åíèå têð, ãäå äëÿ ñðàâíåíèÿ îäíîé ïàðû ñïî-

ñîáîâ çàìåíû ïðè m = 2, 3, ..., 8 è ÷åòûðåõ âàðè-

àíòîâ ãåíåðàöèè ïîëó÷àåì 28 èçìåðåíèé.

Êàê âèäíî èç òàáë. 3, òåíäåíöèÿ ñîõðàíèëàñü

è íàèáîëåå ñèëüíûå ðàçëè÷èÿ íàáëþäàþòñÿ â

ñïîñîáàõ çàìåíû íàáëþäåíèÿ ñî ñëó÷àéíûì âû-

áîðîì. Òàêæå î÷åâèäíî, ÷òî ïðè âûáîðå ñàìîãî

«ñòàðîãî» íàáëþäåíèÿ äëÿ çàìåíû (D2i) ÷èñëî ïå-

ðåõîäîâ íå áóäåò ñèëüíî îòëè÷àòüñÿ, âíå çàâè-

ñèìîñòè îò òîãî, ÿâëÿåòñÿ îíî ÷àñòüþ ðåøåíèÿ íà

ïðåäûäóùåé èòåðàöèè èëè íåò. Ýòî ñâÿçàíî ñ

òåì, ÷òî âåðîÿòíîñòü ïîëó÷åíèÿ ðåøåíèÿ â óçëî-

âîé òî÷êå, ñôîðìèðîâàííîé ïåðâûì ñîãëàñíî

ïîðÿäêîâîìó íîìåðó âûáîðêè íàáëþäåíèåì,

ìàëà è óìåíüøàåòñÿ ñ ðîñòîì n. Äàííîå ðàññóæ-

äåíèå ïîäòâåðæäàåòñÿ ïîëó÷åííûì â òàáë. 3 ðå-

çóëüòàòîì, ñîãëàñíî êîòîðîìó D2i àáñîëþòíî

îäíîðîäíû.

Ñîãëàñíî ïîëó÷åííûì â òàáë. 2 è 3 ðåçóëüòà-

òàì, ìåæäó èññëåäóåìûìè ñïîñîáàìè çàìåíû

«ñòàðûõ» íàáëþäåíèé âî âðåìÿ ïðîâåäåíèÿ äèíà-

ìè÷åñêîãî àíàëèçà äàííûõ îòñóòñòâóþò ñóùåñò-

âåííûå ðàçëè÷èÿ. Íàèáîëüøåå îòêëîíåíèå ìîæ-

íî íàáëþäàòü äëÿ D1i, êîòîðîå â êîíå÷íîì ñ÷åòå

íå áóäåò îêàçûâàòü çíà÷èìîãî âîçäåéñòâèÿ êàê

íà âðåìÿ ïîèñêà ðåøåíèÿ, òàê è íà îáùóþ âû÷èñ-

ëèòåëüíóþ ñëîæíîñòü. Ýòî ñâÿçàíî ñ òåì, ÷òî íå-

ñìîòðÿ íà âûèãðûø, äîñòèãàåìûé D11 çà ñ÷åò ãà-

ðàíòèðîâàííîãî áëèçêîãî ðàñïîëîæåíèÿ ê íîâî-

ìó ðåøåíèþ, ðàçíèöà ìåæäó íèìè íèâåëèðóåòñÿ

âû÷èñëåíèÿìè äëÿ ïðîâåðêè ïðèíàäëåæíîñòè

íàáëþäåíèÿ ìíîæåñòâó Z* è âûáîðà î÷åðåäíîãî

íàáëþäåíèÿ, åñëè îíî â íåì ñîäåðæàëîñü. Â ñâÿçè

ñ ýòèì áóäåì ñ÷èòàòü ìíîæåñòâà, ñîäåðæàùèå

÷èñëî ïåðåõîäîâ ìåæäó óçëîâûìè ïðÿìûìè, äëÿ

ðàññìàòðèâàåìûõ ñïîñîáîâ çàìåíû ïðèìåðíî

îäíîðîäíûìè.

Îäíàêî äàííûé âûâîä, íåñìîòðÿ íà ìèíè-

ìàëüíûå ðàçëè÷èÿ ìåæäó Dij, íå ïîçâîëÿåò îäíî-

çíà÷íî îïðåäåëèòü îïòèìàëüíûé ñïîñîá çàìåíû,

ïîñêîëüêó îäíîðîäíîñòü ìåæäó ñðàâíèâàåìûìè

âûáîðêàìè íå àáñîëþòíà. Âîñïîëüçóåìñÿ ìåòî-

äîì Ìîíòå-Êàðëî è ñãåíåðèðóåì çàãðÿçíåííûå

è ÷èñòóþ âûáîðêè ñ 10 000 íàáëþäåíèé ïðè

m = 2, 3, ..., 9. Ïîñêîëüêó ïðè ðàçëè÷íûõ n áóäóò

íàáëþäàòüñÿ ñõîæèå ñîîòíîøåíèÿ ðåçóëüòàòîâ,

ðàññìîòðèì ñðåäíåå âðåìÿ, çàòðà÷åííîå íà îäíó

èòåðàöèþ, ïðè n = 200. Âû÷èñëåíèÿ ïðîâîäèì

íà íîóòáóêå ìàðêè Dell G5 5587 ñ 6-ÿäåðíûì ïðî-

öåññîðîì Intel Core i7-8750H, ñ òàêòîâîé ÷àñòî-

òîé äî 2,2 ÃÃö (ãèãàãåðö); ïðîãðàììà ðåàëèçîâà-

íà â ñðåäå ïðîãðàììèðîâàíèÿ Microsoft Visual

C++.

Ðàçíèöà â ñðåäíåì âðåìåíè îáðàáîòêè îäíîé

èòåðàöèè (òàáë. 4) äåéñòâèòåëüíî íåáîëüøàÿ è

ñîñòàâëÿåò ñîòûå èëè äåñÿòûå äîëè ìèëëèñåêóí-

äû, íî äàæå òàêàÿ ðàçíèöà ìîæåò îêàçàòüñÿ ñó-

ùåñòâåííîé ïðè ñòðåìèòåëüíîì ðîñòå ðàçìåðà

àíàëèçèðóåìîé âûáîðêè. Î÷åâèäíî, ÷òî ñîõðàíå-

íèå ðåøåíèÿ íà ïðåäûäóùåé èòåðàöèè àëãîðèò-

ìà ãàðàíòèðóåò áîëåå áûñòðûé ñïóñê ê íîâîìó

ðåøåíèþ è, êàê ïîêàçàëî èññëåäîâàíèå, ýòîò âû-

èãðûø áóäåò ñèëüíåå, ÷åì ïðîèãðûø âñëåäñòâèå

íåîáõîäèìîñòè ïðîâåðêè íàáëþäåíèÿ íà ïðèíàä-

ëåæíîñòü ìíîæåñòâó Z*. Íàèìåíüøåå ñðåäíåå

âðåìÿ ïðè îáðàáîòêå îäíîé èòåðàöèè àëãîðèòìà

ïðè ðàçëè÷íûõ m ñòàáèëüíî ïðèíàäëåæàëî ñïî-

ñîáó D11, ïîýòîìó â äàëüíåéøèõ ðàñ÷åòàõ èñïîëü-

çîâàëè èìåííî åãî.

Â [15] ïîêàçàíî, ÷òî âûèãðûø âî âðåìåíè

îöåíèâàíèÿ ïàðàìåòðîâ ðåãðåññèîííûõ ìîäåëåé

ó äèíàìè÷åñêîé ðåàëèçàöèè îòíîñèòåëüíî ñòàòè-

÷åñêîé äîñòèãàåòñÿ çà ñ÷åò áîëåå áëèçêîãî ðàñïî-

ëîæåíèÿ ïåðâîãî ïðèáëèæåíèÿ àëãîðèòìà ñïóñêà
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Òàáëèöà 3. Ïðîöåíòíîå âûðàæåíèå ïðåâûøåíèÿ êðèòè-

÷åñêîãî çíà÷åíèÿ t-ñòàòèñòèêîé

Table 3. Percentage of exceeding the critical value by t-sta-

tistic

D11 D12 D21 D22

D11 0,00 0,18 0,07 0,11

D12 0,18 0,00 0,11 0,04

D21 0,07 0,11 0,00 0,00

D22 0,11 0,04 0,00 0,00

Òàáëèöà 4. Ñðåäíåå âðåìÿ (ìñ) îáðàáîòêè îäíîé èòåðàöèè äèíàìè÷åñêîé ðåàëèçàöèè àëãîðèòìà ñïóñêà ïðè n = 200

Table 4. Average processing time of one iteration of the dynamic implementation of the descent algorithm for n = 200 in

msec

D

m

2 3 4 5 6 7 8 9

D11 1,99 4,13 7,27 11,35 16,41 22,64 30,76 40,03

D12 2,04 4,18 7,33 11,72 16,94 23,36 31,58 42,03

D21 2,03 4,18 7,35 11,44 16,50 22,96 31,02 40,66

D22 2,04 4,26 7,48 11,71 16,97 23,53 31,94 41,32



ê èñêîìîìó ðåøåíèþ. Ñðàâíèì âðåìÿ, çàòðà÷åí-

íîå àëãîðèòìàìè íà ïîèñê ðåøåíèÿ, ïðè ýòîì â

êà÷åñòâå ýòàëîííîãî áóäåì ñ÷èòàòü âðåìÿ, ïîòðà-

÷åííîå ÌÍÊ íà òå æå îïåðàöèè. Èñïîëüçóåì ðà-

íåå ñãåíåðèðîâàííûå âûáîðêè è âû÷èñëèì ñðåä-

íåå âðåìÿ, çàòðà÷åííîå àëãîðèòìàìè íà èõ îáðà-

áîòêó ïðè n = 50, 100, ..., 300.

Êàê âèäíî èç ðèñ. 4, ðîñò çàòðà÷åííîãî âðåìå-

íè ïðè äèíàìè÷åñêîé ðåàëèçàöèè áîëåå ñãëàæåí-

íûé, ÷åì ïðè ñòàòè÷åñêîé. Â áîëåå ÿâíîì âèäå

äàííàÿ òåíäåíöèÿ îòðàæåíà â òàáë. 5, â êîòîðîé

ïðèâåäåí âûèãðûø äèíàìè÷åñêîé ðåàëèçàöèè

àëãîðèòìà îòíîñèòåëüíî ñòàòè÷åñêîé â ïðîöåíò-

íîì ñîîòíîøåíèè.

Â òàáë. 6 ïîêàçàíî, âî ñêîëüêî ðàç â ñðåäíåì

âðåìÿ âû÷èñëåíèé ñòàòè÷åñêîãî âàðèàíòà àëãî-

ðèòìà áîëüøå âðåìåíè âû÷èñëåíèé äèíàìè÷å-

ñêîãî âàðèàíòà àëãîðèòìà, à òàêæå âðåìÿ âû÷èñ-

ëåíèé äèíàìè÷åñêîãî âàðèàíòà àëãîðèòìà áîëü-

øå âðåìåíè âû÷èñëåíèé ñ ïîìîùüþ ÌÍÊ. Èñõî-

äÿ èç ïîëó÷åííûõ äàííûõ, ìîæíî ïîäòâåðäèòü

òåçèñ î áîëåå ñãëàæåííîì õàðàêòåðå ãðàôèêîâ â

äèíàìèêå, ÷òî ãîâîðèò î ñíèæåíèè âëèÿíèÿ ðîñòà

÷èñëà êîýôôèöèåíòîâ m è ÷èñëà íàáëþäåíèé n.

Ñëåäóåò îòìåòèòü, ÷òî íàèáîëüøèé âûèãðûø

äîñòèãàåòñÿ ñ ðîñòîì n è m, íî óâåëè÷åíèå âûèã-

ðûøà ïîñòåïåííî çàìåäëÿåòñÿ.

Ñîãëàñíî ïîëó÷åííûì ðåçóëüòàòàì (ñì.

òàáë. 6), íàáëþäàåòñÿ ñèëüíàÿ çàâèñèìîñòü âðå-

ìåíè àíàëèçà îò m è ñëàáàÿ — îò n. Â ðåçóëüòàòå

â ðàìêàõ îäíîãî ñòîëáöà ìû âèäèì êàê óâåëè÷å-

íèå îòíîøåíèÿ âðåìåíè, òàê è åãî íåçíà÷èòåëü-

íîå óìåíüøåíèå. Ñíèæåíèå ïîêàçàòåëÿ ìîæåò

ñâèäåòåëüñòâîâàòü î ïðèáëèæåíèè ê ïðåäåëó âû-

èãðûøà â ðàìêàõ ñòîëáöà, ñîîòâåòñòâóþùåãî

÷èñëó êîýôôèöèåíòîâ m.

Âûèãðûø âî âðåìåíè ïîèñêà ðåøåíèÿ ïðè

ïîìîùè àëãîðèòìà ãðàäèåíòíîãî ñïóñêà â äè-

íàìèêå îòíîñèòåëüíî ñòàòèêè ñîñòàâëÿåò

(lg n)0,66m0,47 ñ êîýôôèöèåíòîì äåòåðìèíàöèè
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Ðèñ. 4. Ñðåäíåå âðåìÿ (â ñåêóíäàõ), çàòðà÷åííîå àëãîðèòìîì ãðàäèåíòíîãî ñïóñêà íà îáðàáîòêó äàííûõ ïðè m = 2, 3, ...,

9 è n = 50, 100, ..., 300 äëÿ åãî ñòàòè÷åñêîé è äèíàìè÷åñêîé ðåàëèçàöèè

Fig. 4. Average time (in sec) spent by the gradient descent algorithm for data processing at m = 2, 3, ..., 9 and n = 50, 100, ...,

300 for its static and dynamic implementation

Òàáëèöà 5. Âûèãðûø (â ïðîöåíòíîì îòíîøåíèè) ñðåäíåãî âðåìåíè ïîèñêà ðåøåíèÿ äèíàìè÷åñêîé ðåàëèçàöèè àëãî-

ðèòìà ñïóñêà îòíîñèòåëüíî ñòàòè÷åñêîé ïðè m = 2, 3, ..., 9 è n = 100, 200, 300

Table 5. Gain (in terms of percentage) in the average time of searching for a solution of the dynamic implementation of the

descent algorithm relative to the static one at m = 2, 3, ..., 9 and n = 100, 200, 300

n

m

2 3 4 5 6 7 8 9

100 43 59 66 67 70 72 74 76

200 46 62 68 71 76 77 79 80

300 49 64 69 74 77 80 81 82



ôóíêöèè çàâèñèìîñòè R2 = 0,872. Ñòåïåíè ïðè

êîýôôèöèåíòàõ ìîæíî èíòåðïðåòèðîâàòü ñëå-

äóþùèì îáðàçîì — ÷åì ìåíüøåå çíà÷åíèå îíè

ïðèíèìàþò, òåì áëèæå äðóã ê äðóãó ñðàâíèâàå-

ìûå ïîêàçàòåëè. Àíàëîãè÷íîå ñîîòíîøåíèå äè-

íàìè÷åñêîãî àíàëèçà ê ÌÍÊ îêàçàëîñü ðàâíûì

(lg n)0,97m0,96 ñ R2 = 0,868. Ñëåäîâàòåëüíî, èñõîäÿ

èç îòíîøåíèÿ çíà÷åíèÿ ñòåïåíåé ìîæåì ñäåëàòü

âûâîä î ñðåäíåì âûèãðûøå âðåìåíè àíàëèçà âû-

áîðêè äèíàìèêè îòíîñèòåëüíî ñòàòèêè ïðèìåðíî

íà 36,6 % èëè î ïðèáëèæåíèè íà îäíó òðåòü êî

âðåìåíè âû÷èñëåíèÿ ÌÍÊ îòíîñèòåëüíî èñõîä-

íîãî âðåìåíè ïðè ñòàòè÷åñêîé ðåàëèçàöèè.

Îòìåòèì, ÷òî äëÿ âåðîÿòíîñòíî-ñòàòèñòè÷å-

ñêèõ ìîäåëåé ëèíåéíîé ðåãðåññèè (1) âàæíî, ÿâ-

ëÿþòñÿ ëè íåçàâèñèìûå ïåðåìåííûå äåòåðìèíè-

ðîâàííûìè èëè ñëó÷àéíûìè. Ñâîéñòâà îöåíîê

çàâèñÿò îò âûáîðà ìåæäó ýòèìè äâóìÿ âàðèàíòà-

ìè, êàê ïîêàçàíî, íàïðèìåð, â [21]. Â ðàáîòå

ïðåäñòàâëåíû àëãîðèòìû ïîëó÷åíèÿ îöåíîê, èõ

âåðîÿòíîñòíî-ñòàòèñòè÷åñêèå ñâîéñòâà íå ðàñ-

ñìàòðèâàëèñü. Äëÿ ýôôåêòèâíîãî ïðèìåíåíèÿ

ìåòîäîâ îöåíèâàíèÿ òàêèå ñâîéñòâà â äàëüíåé-

øåì äîëæíû áûòü èçó÷åíû, íàïðèìåð, — ïîëó÷å-

íû äîâåðèòåëüíûå èíòåðâàëû äëÿ îöåíîê.

Çàêëþ÷åíèå

Îïèñàí àëãîðèòì ðåàëèçàöèè ÌÍÌ íà îñíî-

âå ãðàäèåíòíîãî ñïóñêà ïî óçëîâûì ïðÿìûì äëÿ

äèíàìè÷åñêèõ çàäà÷ îöåíèâàíèÿ ðåãðåññèîííûõ

ìîäåëåé. Àíàëèç ðàçëè÷íûõ âàðèàíòîâ çàìåíû

«ñòàðîãî» íàáëþäåíèÿ íà íîâîå ïîêàçàë îòñóòñò-

âèå ðàçëè÷èé â âû÷èñëèòåëüíîé ñëîæíîñòè. Ýòî

ïîçâîëÿåò ïðè âûáîðå íàèëó÷øåãî âàðèàíòà îðè-

åíòèðîâàòüñÿ íà îñîáåííîñòè èñïîëüçóåìîé ñðå-

äû ïðîãðàììèðîâàíèÿ.

Ïîñêîëüêó âû÷èñëèòåëüíàÿ ñëîæíîñòü â âèäå

êà÷åñòâåííîé îöåíêè ÷èñëà îïåðàöèé äàåò ëèøü

ãðóáóþ îöåíêó âû÷èñëèòåëüíûõ çàòðàò, âûïîë-

íåí ñðàâíèòåëüíûé àíàëèç ôàêòè÷åñêîãî âðåìå-

íè âû÷èñëåíèé äèíàìè÷åñêîãî âàðèàíòà àëãî-

ðèòìà è ñòàòè÷åñêîãî, à òàêæå àëãîðèòìà, ðåàëè-

çóþùåãî ÌÍÊ. Èññëåäîâàíèÿ ïîêàçàëè, ÷òî äè-

íàìè÷åñêèé âàðèàíò àëãîðèòìà ãðàäèåíòíîãî

ñïóñêà ïî óçëîâûì ïðÿìûì â ñðåäíåì â

(lg n)0,66m0,47 ðàç âûèãðûâàåò ïî áûñòðîäåéñòâèþ

ïî ñðàâíåíèþ ñî ñòàòè÷åñêèì âàðèàíòîì. Äëÿ

ðàñïðîñòðàíåííûõ ïðàêòè÷åñêèõ ñèòóàöèé äèíà-

ìè÷åñêèé âàðèàíò àëãîðèòìà ãðàäèåíòíîãî ñïóñ-

êà ïî óçëîâûì ïðÿìûì ïðèáëèæåí ïî áûñòðîäåé-

ñòâèþ ê ÌÍÊ, íàïðèìåð, ïðè n � 100 è m � 5 îí

ïðîèãðûâàåò ïî áûñòðîäåéñòâèþ íå áîëåå ÷åì â 6

ðàç. Ýòî ïîçâîëÿåò èñïîëüçîâàòü ïðåäëîæåííûé

àëãîðèòì ãðàäèåíòíîãî ñïóñêà ïî óçëîâûì ïðÿ-

ìûì íà ïðàêòèêå â äèíàìè÷åñêèõ çàäà÷àõ îöåíè-

âàíèÿ øèðîêîãî êëàññà ñèñòåì.

Ôèíàíñèðîâàíèå

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæ-

êå ãðàíòà ÐÔÔÈ, ïðîåêò ¹ 20-41-660008 ð_à.
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Òàáëèöà 6. Îòíîøåíèÿ ñðåäíåãî âðåìåíè àíàëèçà ñòàòè÷åñêîé è äèíàìè÷åñêîé ðåàëèçàöèè, à òàêæå äèíàìè÷åñêîé ðåà-

ëèçàöèè è ÌÍÊ: m = 2, 3, ..., 9 è n = 50, 100, ..., 300

Table 6. Ratios of the average analysis time: a — static to dynamic implementations; b — dynamic to least squares m = 2, 3,

..., 9 and n = 50, 100, ..., 300

Ñòàòèêà/Äèíàìèêà Äèíàìèêà/ÌÍÊ

n

m

n

m

2 3 4 5 2 3 4 5

50 1,66 2,25 2,73 2,72 50 1,46 2,69 3,72 4,90

100 1,75 2,44 2,91 3,08 100 1,63 3,27 4,87 6,10

150 1,76 2,53 3,04 3,46 150 2,11 3,65 5,74 7,71

200 1,84 2,64 3,17 3,71 200 2,58 4,16 6,30 8,92

250 1,83 2,59 3,27 3,82 250 3,81 4,84 7,48 9,95

300 1,95 2,74 3,21 3,85 300 3,49 5,66 8,68 11,28

n

m

n

m

6 7 8 9 6 7 8 9

50 2,81 2,91 3,24 3,00 50 6,31 7,60 9,27 9,49

100 3,34 3,54 3,90 4,17 100 8,21 10,23 11,80 14,46

150 3,59 3,94 4,63 4,69 150 8,68 12,58 13,59 17,42

200 4,11 4,26 4,83 4,90 200 9,72 14,72 17,74 21,22

250 4,21 4,60 5,27 5,68 250 12,29 15,53 17,48 22,59

300 4,36 5,07 5,39 5,67 300 13,94 16,11 21,25 25,12
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A Message from the Directors of the BIPM and the BIML

World Metrology Day — 20 May 2023

Measurements supporting the global food system

Food is a major concern for every one of us. Pro-

viding access to safe and affordable food remains one of

the major challenges for governments worldwide. This

is also the goal of farmers and food producers who trade

products through distributors and retailers to consum-

ers at international, national and local levels. In 2021,

this trade was worth 22 trillion USD and accounted for

approximately 20% of all global trade.

To trade internationally and to access markets

for high-value products, producers must be able to

show that they meet food standards. Additionally,

governments need to ensure safety and fair trade

especially in local markets for food. All of this is

supported by reliable measurements of the quan-

tity and quality of the primary and processed food

products involved.

Our focus for World Metrology Day in 2023 is

on the many measurement challenges that must be

addressed to make the global food system work.

For example:

— the quantity of food bought and sold is mea-

sured according to its mass or volume. These mea-

surements range from the large volumes of grain

and wheat traded internationally down to rapid on-

line weighing measurements to ensure pre-pack-

aged goods are labelled correctly;

— the effective storage and packaging of food

depends on the accurate control of the temperature

and humidity of its storage environment;

— the quality and authenticity of food is deter-

mined by measuring its chemical composition. This

requires measurements to ensure that it contains

the stated levels of vitamins through to measure-

ments of its isotopic composition to validate the or-

igin of high-value foods such as honey or wine; and

— the safety of food is ensured by careful mea-

surement to detect the presence of chemical con-

tamination such as pesticide residues and heavy

metals or biological contamination such as myco-

toxins.

It is now recognised that the depletion of natu-

ral resources and the impact of climate change pose

major challenges to the global food system such

that the goal of a world with zero hunger and uni-

versal access to clean water was included amongst

the Sustainable Development Goals set by the

United Nations.

We again look forward to celebrating World

Metrology Day with our stakeholders around the

world.

Martin Milton

Director of the BIPM

Anthony Donnellan

Director of the BIML


