
DOI: https://doi.org/10.26896/1028-6861-2023-89-10-63-73

ÓÒÎ×ÍÅÍÍÛÉ ÊÐÈÒÅÐÈÉ ÐÀÑÑËÎÅÍÈß

ÏÐÈ ÈÇÃÈÁÅ ÊÎÌÏÎÇÈÒÍÎÉ ÁÀËÊÈ

� Àëåêñàíäð Íèêîëàåâè÷ Ïîëèëîâ, Äàíèëà Äåíèñîâè÷ Âëàñîâ,

Íèêîëàé Àëåêñååâè÷ Òàòóñü*

Èíñòèòóò ìàøèíîâåäåíèÿ èì. À. À. Áëàãîíðàâîâà ÐÀÍ, Ðîññèÿ, 101000, Ìîñêâà, Ìàëûé Õàðèòîíüåâñêèé ïåðåóëîê, ä. 4;

*e-mail: nikalet@mail.ru

Ñòàòüÿ ïîñòóïèëà 11 ÿíâàðÿ 2023 ã. Ïîñòóïèëà ïîñëå äîðàáîòêè 17 ôåâðàëÿ 2023 ã.

Ïðèíÿòà ê ïóáëèêàöèè 30 ìàðòà 2023 ã.

Â ïîëèìåðíûõ âîëîêíèñòûõ êîìïîçèòàõ ìåæñëîéíàÿ ïðî÷íîñòü îïðåäåëÿåòñÿ ãëàâíûì îá-

ðàçîì ïðî÷íîñòüþ ìàòðèöû, êîòîðàÿ çíà÷èòåëüíî íèæå ïðî÷íîñòè âîëîêîí. Ïî ýòîé ïðè-

÷èíå àíàëèç ðàçðóøåíèÿ ðàññëîåíèåì ÷ðåçâû÷àéíî âàæåí äëÿ îöåíêè ðàáîòîñïîñîáíîñòè

êîìïîçèòíûõ ýëåìåíòîâ êîíñòðóêöèé. Ïðè ïðîåêòèðîâàíèè îòâåòñòâåííûõ êîíñòðóêöèé

íåîáõîäèìî çíàòü çíà÷åíèå ïðåäåëà ïðî÷íîñòè íà ìåæñëîéíûé ñäâèã, ïîýòîìó ñòàíäàðòè-

çîâàí ìåòîä èçãèáà êîðîòêîé áàëêè. Â òåîðèè èçãèáà òðàäèöèîííî ïðåäïîëàãàåòñÿ íåçàâè-

ñèìîñòü êàñàòåëüíûõ íàïðÿæåíèé è ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè îò äëèíû è øèðèíû

áàëêè. Îäíàêî â áîëüøèíñòâå ýêñïåðèìåíòàëüíûõ ðàáîò ïîäòâåðæäàåòñÿ îáðàòíîå — ãåî-

ìåòðèÿ îáðàçöà âëèÿåò íà çíà÷åíèå êðèòè÷åñêèõ íàïðÿæåíèé. Àâòîðàìè ïðåäëîæåí

ëèíåéíûé êðèòåðèé ðàçðóøåíèÿ, ïîçâîëÿþùèé îáúÿñíèòü è êîëè÷åñòâåííî îïèñàòü çà-

âèñèìîñòü ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè îò ãåîìåòðèè îáðàçöà. Èññëåäîâàíî âëèÿíèå

íåîäíîðîäíîñòè ìåæñëîéíûõ êàñàòåëüíûõ íàïðÿæåíèé ïî øèðèíå áàëêè íà êðèòè÷åñêèå

íàïðÿæåíèÿ. Íà îñíîâàíèè ñòðîãîãî ðåøåíèÿ çàäà÷è èçãèáà ïîêàçàíî, ÷òî ó÷åò óòî÷íåí-

íîãî ðàñïðåäåëåíèÿ êàñàòåëüíûõ íàïðÿæåíèé äàåò íåçíà÷èòåëüíóþ ïîïðàâêó ê îïðåäåëÿ-

åìîìó çíà÷åíèþ ìåæñëîéíîé ïðî÷íîñòè, ÷òî ïîçâîëÿåò èñïîëüçîâàòü ïðè ðàñ÷åòàõ ïðî-

ñòåéøåå ïàðàáîëè÷åñêîå ðàñïðåäåëåíèå ïî âûñîòå. Ðåçóëüòàòû àíàëèçà ïîäòâåðæäàþòñÿ

èñïûòàíèÿìè íà òðåõòî÷å÷íûé èçãèá êîðîòêèõ êîìïîçèòíûõ áàëîê ðàçëè÷íîé øèðèíû.

Ïðåäñòàâëåí àíàëèç ðåçóëüòàòîâ óñòàëîñòíûõ èñïûòàíèé êîðîòêèõ áàëîê èç óãëåïëàñòèêà.

Ñ ïîìîùüþ ïðåäëîæåííîãî ëèíåéíîãî êðèòåðèÿ ðàçðóøåíèÿ óñòàíîâëåíà ñâÿçü êðèâûõ

óñòàëîñòè ïîëèìåðíûõ âîëîêíèñòûõ êîìïîçèòîâ ïðè ðàñòÿæåíèè ñ êðèâûìè óñòàëîñòè, ïî-

ëó÷åííûìè ïðè öèêëè÷åñêîì òðåõòî÷å÷íîì èçãèáå êîðîòêèõ áàëîê. Äàíû îöåíêè ìàñøòàá-

íîãî ýôôåêòà ïðî÷íîñòè íà îñíîâå ýíåðãåòè÷åñêîãî êðèòåðèÿ ðàññëîåíèÿ ñ ó÷åòîì è áåç

ó÷åòà óòî÷íåííîãî ðàñïðåäåëåíèÿ ìåæñëîéíûõ êàñàòåëüíûõ íàïðÿæåíèé.
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The interlayer strength in polymer fiber composites is characterized mostly by the strength of the matrix,

which is much lower than fiber strength. For this reason, the analysis of fracture occurred through

delamination is extremely important for assessing the operability of composite structural elements. When

designing critical structures, it is necessary to know the interlayer shear strength, for which the method of

bending a short beam has been standardized. The shear stresses and the interlayer shear strength in

bending theory are traditionally assumed to be independent of the length and width of the beam. How-

ever, a large number of experimental studies prove the opposite fact that the geometry of the specimen af-

fects the value of critical stresses. The linear fracture criterion proposed by the authors allows explanation

and quantitatively description of the interlayer shear strength dependence on the geometry of the speci-

men. The influence of the heterogeneity of interlayer shear stresses across the beam on the critical

stresses is analyzed. A strict solution of the bending problem showed that taking into account the specified

shear stress distribution gives an insignificant correction to the determined value of the interlayer

strength, which makes it possible to use a simplest parabolic distribution in height. The results of the
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analysis are confirmed in three-point bending tests of short composite beams of different widths. The re-

sults of fatigue tests of short beams made of carbon fiber reinforced plastic are analyzed. The relationship

between tensile fatigue curves of polymer fiber composites and the fatigue curves obtained in cyclic

three-point bending test of short beams has been revealed using the proposed linear fracture criterion.

The estimation of the strength scale effect on the basis of the energy criterion of delamination with and

without taking into account the refined distribution of interlayer shear stresses is presented.

Keywords: polymer layered composite; carbon fiber reinforced plastic; glass fiber reinforced plastic; short

beam bending; shear stress distribution; interlayer shear strength; delamination; fatigue; scale effect of

the strength.

Ââåäåíèå

Ðàññëîåíèå — íàèáîëåå ðàñïðîñòðàíåííûé

òèï äåôåêòà è âèä ðàçðóøåíèÿ ïîëèìåðíûõ

ñëîèñòûõ êîìïîçèòîâ òèïà ñòåêëî- è óãëåïëàñòè-

êîâ [1, 2]. Ëþáîå ðàçðóøåíèå êîìïîçèòíûõ ïàíå-

ëåé íà÷èíàåòñÿ ñ ðàññëîåíèÿ èëè ñîïðîâîæäàåòñÿ

èì. Êàñàòåëüíûå íàïðÿæåíèÿ ïðè èçãèáå íåîáõî-

äèìî áûëî ó÷èòûâàòü äëÿ äåðåâÿííûõ áàëîê, äëÿ

ìåòàëëîâ ýòè íàïðÿæåíèÿ íå èãðàþò íèêàêîé

ðîëè. Îäíàêî ñ ïîÿâëåíèåì ïîëèìåðíûõ âîëîê-

íèñòûõ êîìïîçèòîâ [3, 4], ó êîòîðûõ ìåæñëîéíàÿ

ñäâèãîâàÿ ïðî÷íîñòü [5 – 8] íàìíîãî íèæå ïðî÷-

íîñòè âäîëü âîëîêîí, âíîâü âîçíèê èíòåðåñ ê àíà-

ëèçó ðàñïðåäåëåíèÿ êàñàòåëüíûõ íàïðÿæåíèé

[9 – 12]. Ñòàíäàðòèçîâàí ïðîñòåéøèé ìåòîä èñ-

ïûòàíèÿ íà èçãèá êîðîòêîé áàëêè [13, 14] â öå-

ëÿõ îïðåäåëåíèÿ ìåæñëîéíîé ñäâèãîâîé ïðî÷íî-

ñòè ÷åðåç ìàêñèìàëüíîå êàñàòåëüíîå íàïðÿæå-

íèå, ðàññ÷èòàííîå ïî ôîðìóëå Æóðàâñêîãî. Âî-

ïðåêè ïðèíÿòîé òåîðèè îêàçàëîñü, ÷òî ìåæñëîé-

íàÿ ïðî÷íîñòü çàâèñèò îò äëèíû è øèðèíû

îáðàçöà. Èñõîäÿ èç ýëåìåíòàðíîé òåîðèè èçãèáà,

èñïîëüçóåìîé â ñòàíäàðòàõ, îáúÿñíèòü ýòî íå

ïðåäñòàâëÿåòñÿ âîçìîæíûì.

Öåëü äàííîé ðàáîòû — îáîñíîâàíèå ïðèìå-

íèìîñòè êðèòåðèÿ ïðî÷íîñòè, ó÷èòûâàþùåãî

âëèÿíèå íå òîëüêî êàñàòåëüíûõ, íî è íîðìàëü-

íûõ íàïðÿæåíèé, à òàêæå ïîçâîëÿþùåãî êîëè-

÷åñòâåííî îïèñàòü âëèÿíèå ãåîìåòðèè îáðàçöà íà

êðèòè÷åñêîå íàïðÿæåíèå, îïðåäåëÿþùåå ìåæ-

ñëîéíóþ ñäâèãîâóþ ïðî÷íîñòü. Êðèòåðèé ðàçâèò

íà ñëó÷àé öèêëè÷åñêîãî íàãðóæåíèÿ, è íà îñíîâå

ýíåðãåòè÷åñêîãî êðèòåðèÿ êîëè÷åñòâåííî îöåíåí

ìàñøòàáíûé ýôôåêò ïðî÷íîñòè ïðè ðàçðóøåíèè

ðàññëîåíèåì.

Êðèòåðèé ðàññëîåíèÿ êîìïîçèòíûõ áàëîê

ïðè èçãèáå

Êîìïîçèòíûå îáðàçöû ïðè èçãèáå ìîãóò ðàç-

ðóøàòüñÿ ëèáî îò íîðìàëüíûõ, ëèáî îò êàñàòåëü-

íûõ íàïðÿæåíèé, ÷òî çàâèñèò îò ðàçìåðîâ îáðàç-

öà. Äëÿ íàèáîëüøèõ íîðìàëüíûõ è êàñàòåëüíûõ

íàïðÿæåíèé ïðè òðåõòî÷å÷íîì èçãèáå èçâåñòíû

ñëåäóþùèå ôîðìóëû [15]:
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ãäå P — ïðèëîæåííàÿ öåíòðàëüíàÿ ñèëà; l — äëè-

íà ïðîëåòà; w, h — øèðèíà è òîëùèíà îáðàçöà â

âèäå áàëêè ïðÿìîóãîëüíîãî ñå÷åíèÿ.

Îòíîøåíèå ômax/ómax = h/2l � ô*/ó* ïîêà-

çûâàåò, ÷òî ïðè èçãèáå êîðîòêèõ îáðàçöîâ êàñà-

òåëüíûå íàïðÿæåíèÿ ìîãóò ðàíüøå äîñòèãíóòü

ïðåäåëà ïðî÷íîñòè ô*, ÷åì íîðìàëüíûå íàïðÿ-

æåíèÿ — ó*, ïðè ýòîì ïðîèñõîäèò ðàçðóøåíèå îò

ìåæñëîéíîãî ñäâèãà.

Ðàñïðåäåëåíèå êàñàòåëüíûõ íàïðÿæåíèé ïî

òîëùèíå áàëêè îáû÷íî ïðåäïîëàãàåòñÿ ïàðàáî-

ëè÷åñêèì (ðèñ. 1):
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Â ýòîì çàêëþ÷åíî èçâåñòíîå ïðîòèâîðå÷èå.

«Ãèïîòåçà ïëîñêèõ ñå÷åíèé», äîïóñêàþùàÿ òîëü-

êî ïîâîðîò ïåðâîíà÷àëüíî ïëîñêèõ ñå÷åíèé, ïðè-

âîäèò ê ëèíåéíîé ýïþðå íîðìàëüíûõ íàïðÿæå-

íèé ïî âåðòèêàëüíîé êîîðäèíàòå (ïî òîëùèíå

áàëêè). Òîãäà ðàñïðåäåëåíèå êàñàòåëüíûõ íàïðÿ-

æåíèé èç óðàâíåíèÿ ðàâíîâåñèÿ îêàçûâàåòñÿ

êâàäðàòè÷íûì (ïàðàáîëè÷åñêèì). Íî ñàìî íàëè-

÷èå êàñàòåëüíûõ íàïðÿæåíèé íåèçáåæíî ïðèâî-

äèò ê íåêîòîðîìó èñêàæåíèþ ñå÷åíèÿ, êîòîðîå

ïåðåñòàåò áûòü ïëîñêèì. Ýòî ïðîòèâîðå÷èå îáû÷-

íî îáõîäÿò äîïóùåíèåì ìàëîñòè êàñàòåëüíûõ íà-

ïðÿæåíèé — èñêàæåíèå ñå÷åíèÿ ìàëî, òîãäà ðàñ-

ïðåäåëåíèå ïîõîæå íà ïàðàáîëè÷åñêîå.

Èñïûòàíèÿ íà èçãèá êîðîòêèõ êîìïîçèòíûõ

áàëîê ñòàíäàðòèçîâàíû è øèðîêî èñïîëüçóþòñÿ

äëÿ îïðåäåëåíèÿ ìåæñëîéíîé ñäâèãîâîé ïðî÷-

íîñòè ô* â ïðåäïîëîæåíèè íåçàâèñèìîñòè êàñà-

òåëüíûõ íàïðÿæåíèé îò ïðîäîëüíîé êîîðäèíà-

òû. Â òî æå âðåìÿ, êàê âèäíî èç ðèñ. 1, êðèòè-

÷åñêîå êàñàòåëüíîå íàïðÿæåíèå ô* = ômax, ðàñ-

ñ÷èòàííîå ïî ôîðìóëå Æóðàâñêîãî (1), çàâèñèò îò

îòíîøåíèÿ ïðîëåòà l ê òîëùèíå h áàëêè. Äëÿ

îáúÿñíåíèÿ ýòîãî ýôôåêòà â [16] ïðåäëîæåí ëè-

íåéíûé êðèòåðèé ðàññëîåíèÿ, ñîãëàñíî êîòîðîìó

íà ìåæñëîéíîå ðàçðóøåíèå ïî ïëîñêîñòè, íîð-

ìàëüíîé îñè z (ñì. ðèñ. 1), âëèÿþò íå òîëüêî êàñà-

òåëüíûå ôxz, íî è íîðìàëüíûå óx íàïðÿæåíèÿ. Ýòî

ìîæíî îáúÿñíèòü íåîäíîðîäíîñòüþ ñëîèñòîãî
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êîìïîçèòà, â êîòîðîì ïðè ðàñòÿæåíèè-ñæàòèè

âäîëü îñè x âîçíèêàþò ïîïåðå÷íûå óz íàïðÿæå-

íèÿ (èç-çà ðàçíîñòè â êîýôôèöèåíòàõ Ïóàññîíà

êîìïîíåíòîâ). Òî÷íûé ó÷åò ïîïåðå÷íûõ íàïðÿ-

æåíèé, âîçíèêàþùèõ, â ÷àñòíîñòè, âáëèçè íèæ-

íèõ îïîð è âåðõíåãî íàãðóæàþùåãî öèëèíäðà, â

ýëåìåíòàðíîé ïîñòàíîâêå çàòðóäíèòåëåí, ïîýòî-

ìó äëÿ èíæåíåðíûõ ìåòîäè÷åñêèõ ïðèëîæåíèé

ïðèõîäèòñÿ îãðàíè÷èâàòüñÿ áàëî÷íûì ïðèáëè-

æåíèåì.

Ðàçðóøåíèå äîëæíî íà÷àòüñÿ, êîãäà íåêîòî-

ðàÿ ôóíêöèÿ îò íîðìàëüíûõ óx è êàñàòåëüíûõ ôxz

íàïðÿæåíèé äîñòèãàåò êðèòè÷åñêîãî çíà÷åíèÿ.

Ìîæíî ïðåäïîëîæèòü, ÷òî ýòà ôóíêöèÿ — ëèíåé-

íàÿ. Åñëè òàêîãî ïðåäïîëîæåíèÿ äîñòàòî÷íî äëÿ

îïèñàíèÿ íàáëþäàåìûõ ýôôåêòîâ, òî íåò ñìûñëà

óñëîæíÿòü âèä äàííîé ôóíêöèè. Òîãäà êðèòåðèé

ðàññëîåíèÿ ïðèíèìàåòñÿ â âèäå äîñòèæåíèÿ êðè-

òè÷åñêîãî çíà÷åíèÿ ëèíåéíîé êîìáèíàöèåé íîð-

ìàëüíûõ è êàñàòåëüíûõ íàïðÿæåíèé:

óx + môxz = c, (2)

ãäå m, c — ýêñïåðèìåíòàëüíî îïðåäåëÿåìûå ïà-

ðàìåòðû ìàòåðèàëà.

Ñîãëàñíî êðèòåðèþ (2) ðàññëîåíèå äîëæíî

íà÷àòüñÿ íà ðàññòîÿíèè z0 îò íåéòðàëüíîé îñè,

ãäå âïåðâûå äîñòèãàåò êðèòè÷åñêîãî çíà÷åíèÿ

ëèíåéíàÿ êîìáèíàöèÿ êàñàòåëüíûõ ôxz è íîð-

ìàëüíûõ óx íàïðÿæåíèé. Êàñàòåëüíûå íàïðÿæå-

íèÿ â ýëåìåíòàðíîé òåîðèè íå çàâèñÿò îò ïðî-

äîëüíîé êîîðäèíàòû, à íîðìàëüíûå ëèíåéíî ðàñ-

òóò âäîëü îñè x — îò íèæíåé îïîðû ê ñåðåäèíå

áàëêè. Ïîýòîìó íàèáîëåå îïàñíûì ñîãëàñíî (2)

îêàçûâàåòñÿ ñå÷åíèå ïîä öåíòðàëüíîé íàãðóçêîé,

ãäå â áàëî÷íîì ïðèáëèæåíèè ðàñïðåäåëåíèÿ íà-

ïðÿæåíèé ïðè òðåõòî÷å÷íîì èçãèáå èìåþò âèä

[17]:

� x

Plz

wh
�

3

3
, � xz

P

wh

h
z� 	

�

�

�
�

�

�

�
�

3

43

2
2 . (3)

Åñëè ïîäñòàâèòü (3) â êðèòåðèé (2), êðèòè÷å-

ñêàÿ íàãðóçêà P* ñòàíîâèòñÿ ñâÿçàííîé ñ z êâàä-

ðàòè÷íîé çàâèñèìîñòüþ è êîîðäèíàòà íà÷àëà

ðàññëîåíèÿ z0 îïðåäåëÿåòñÿ ìèíèìóìîì êðèòè÷å-

ñêîé íàãðóçêè, ò.å. íàõîäèòñÿ èç óñëîâèÿ

!P*/!z = 0:

z
l

m
0

2
� . (4)

Ïîäñòàâèâ îòíîøåíèå (4) â (3) è â (2), ìîæíî

îïðåäåëèòü êðèòè÷åñêóþ ñèëó P*, âûðàæåííóþ

èç ôîðìóëû (1) ÷åðåç ïðåäåëüíîå ìàêñèìàëüíîå

êàñàòåëüíîå íàïðÿæåíèå, êîòîðîå áóäåì íàçû-

âàòü ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòüþ ô0:

�
0 2 2 2
�

�

mc

m l h
. (5)

Èç (5) ñëåäóåò çàâèñèìîñòü ñäâèãîâîé ïðî÷íî-

ñòè îò îòíîøåíèÿ äëèíû ïðîëåòà ê òîëùèíå áàë-

êè. Çà ìåæñëîéíóþ ñäâèãîâóþ ïðî÷íîñòü ìîæíî

ïðèíÿòü ïðåäåë ô* = c/m, ê êîòîðîìó ñòðåìèòñÿ

ïðî÷íîñòü ïðè óìåíüøåíèè ïðîëåòà, êîãäà èñ÷å-

çàåò âëèÿíèå íîðìàëüíûõ íàïðÿæåíèé.

Ôîðìóëà (4) äëÿ êîîðäèíàòû íà÷àëà ðàññëîå-

íèÿ ïîêàçûâàåò, ÷òî z0 óâåëè÷èâàåòñÿ ñ ðîñòîì

äëèíû ïðîëåòà, ïîêà ýòà êîîðäèíàòà íå âûéäåò

íà ïîâåðõíîñòü áàëêè (z = h/2), ãäå êàñàòåëüíûå

íàïðÿæåíèÿ ðàâíû íóëþ è êðèòåðèé âèäà (2) ïðè

|z0| � h/2 � l/h � m òåðÿåò ñìûñë. Äðóãèìè ñëî-

âàìè, êðèòåðèé ðàçðóøåíèÿ ôîðìàëüíî ñîõðàíÿ-

åò âèä (2) ïðè äîïóùåíèè ôxz = 0 " óx = c.

Äëÿ óäîáñòâà îïðåäåëåíèÿ ïàðàìåòðîâ êðèòå-

ðèÿ (2) èç îáðàáîòêè ðåçóëüòàòîâ ýêñïåðèìåíòîâ

ìîæíî âìåñòî (5) èñïîëüçîâàòü îáðàòíóþ çàâèñè-

ìîñòü, ëèíåéíóþ îò (l/h)2:

1 1

0

2

�

� �
�

�

�

�

�

�

m

c mc

l

h
. (6)

Íà ðèñ. 2 ïðèâåäåíû ýêñïåðèìåíòàëüíûå

äàííûå (ñì. ðèñ. 1) ïî èçãèáó ñòåêëîïëàñòèêîâûõ

îáðàçöîâ â ðàçíûõ êîîðäèíàòàõ. Âèäíî, ÷òî â

ïðåäåëàõ (l/h)2 < m2 (ñì. ðèñ. 2, à), â êîòîðûõ

ñïðàâåäëèâû êðèòåðèé (2) è (5), äàííûå õîðîøî

ëîæàòñÿ íà ïðÿìóþ ëèíèþ 1 ñîãëàñíî (6).
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Ðèñ. 1. Ñõåìà èñïûòàíèé íà èçãèá è ýêñïåðèìåíòàëüíàÿ

çàâèñèìîñòü ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè ô
0

îäíî-

íàïðàâëåííîãî ñòåêëîïëàñòèêà îò îòíîøåíèÿ ïðîëåòà

áàëêè l ê åå òîëùèíå h: 1 ñîîòâåòñòâóåò (1), 2 — (5), 3 — (7)

Fig. 1. Bending test diagram and experimental dependence

of the interlayer shear strength ô0 of unidirectional GFRP

on the ratio of the beam span l to the beam thickness h: line

1 corresponds to (1), 2 — (5), 3 — (7)



Ïðè (l/h) < m èç (4) ñëåäóåò z0 < h/2, êîãäà

ïðîèñõîäèò ðàññëîåíèå. Ïðè ãðàíè÷íîì çíà÷å-

íèè äëèíû l = mh êîîðäèíàòà ðàçðóøåíèÿ âûõî-

äèò íà íèæíþþ ïîâåðõíîñòü áàëêè. Ïðè

(l/h) > m óñëîâèå (4) òåðÿåò ñìûñë, òàê êàê ðàçðó-

øåíèå äîëæíî áûëî áû ïðîèñõîäèòü âíå îáðàçöà.

Ïîýòîìó ïðè (l/h) > m ñëåäóåò ïðèíÿòü z0 = h/2,

ôxz = 0 è êðèòè÷åñêóþ íàãðóçêó ìîæíî îïðåäå-

ëèòü ÷åðåç êðèòè÷åñêîå íàïðÿæåíèå c:

P
wh c

l
�

2

3

2

, �
0

2
�

hc

l
. (7)

Êîíñòàíòó c áóäåì ñ÷èòàòü ïðåäåëîì ïðî÷íî-

ñòè ïðè èçãèáå äëèííûõ áàëîê; îòíîøåíèå l/h =

= m ðàçäåëÿåò îáëàñòè ðàçðóøåíèÿ îò ðàññëîå-

íèÿ è îò ðàñòÿæåíèÿ. Êàê âèäíî èç ðèñ. 2, á, ïðè

l/h > m ïðÿìàÿ ëèíèÿ 2 ñîãëàñíî (7), ïîëó÷åííàÿ

èç îáû÷íûõ ôîðìóë (1), (3), íî âûðàæåííàÿ ÷åðåç

ô0, õîðîøî ñîãëàñóåòñÿ ñ ýêñïåðèìåíòîì.

Íà ðèñ. 1 êðèâûå 2 (5) è 3 (7) êàñàþòñÿ äðóã

äðóãà, òàê êàê ïðè l/h = m ñîâïàäàþò íå òîëüêî

èõ çíà÷åíèÿ, íî è èõ ïðîèçâîäíûå. Ãèïåðáîëà 3

(7) îñòàåòñÿ âñåãäà âûøå, ÷åì ïîëó÷åííàÿ ïî êðè-

òåðèþ (2) êðèâàÿ 2 (5). Òî÷êà êàñàíèÿ îïðåäåëÿåò

çíà÷åíèÿ ïàðàìåòðîâ m è c. Êðèòåðèé (2), ó÷èòû-

âàþùèé ñîâìåñòíîå âëèÿíèå íîðìàëüíûõ è êàñà-

òåëüíûõ íàïðÿæåíèé, äàåò áîëåå òî÷íîå îïèñà-

íèå çàâèñèìîñòè ìåæñëîéíîé ñäâèãîâîé ïðî÷íî-

ñòè îò ðàçìåðîâ áàëêè, ÷åì òðàäèöèîííûé êðèòå-

ðèé ô0 = ô* (øòðèõîâàÿ ãîðèçîíòàëüíàÿ ëèíèÿ 1

íà ðèñ. 1), è ïîçâîëÿåò ïîëó÷èòü åäèíóþ ãëàäêóþ

çàâèñèìîñòü êðèòè÷åñêîé íàãðóçêè îò äëèíû áàë-

êè äëÿ ðàçíûõ âèäîâ ðàçðóøåíèÿ.

Ðåøåíèå Ñåí-Âåíàíà – Ëåõíèöêîãî

äëÿ èçîòðîïíîé è îðòîòðîïíîé áàëêè

Ñòàíäàðòíàÿ ãèïîòåçà äëÿ ðåøåíèÿ çàäà÷è

èçãèáà ñîñòîèò â òîì, ÷òî âîçíèêàþùèå êàñàòåëü-

íûå íàïðÿæåíèÿ ïðåäïîëàãàþòñÿ çàâèñÿùèìè

òîëüêî îò âåðòèêàëüíîé êîîðäèíàòû z, ÷òî îòðà-

æåíî â ôîðìóëå Æóðàâñêîãî (3). Íà ñàìîì äåëå

êàñàòåëüíûå íàïðÿæåíèÿ, âîçíèêàþùèå ïîä äåé-

ñòâèåì ïåðåðåçûâàþùåé ñèëû, çàâèñÿò è îò ïî-

ïåðå÷íîé êîîðäèíàòû y [18, 19], ÷òî áûëî äîêàçà-

íî äëÿ èçîòðîïíîé áàëêè Ñåí-Âåíàíîì è âïîñëåä-

ñòâèè äëÿ îðòîòðîïíîé áàëêè Ñ. Ã. Ëåõíèöêèì

[20].

Èçîòðîïíàÿ áàëêà. Äëÿ óïðîùåíèÿ ïîñëå-

äóþùèõ âûêëàäîê ðàññìîòðèì êîíñîëüíóþ áàëêó

(ðèñ. 3), íàãðóæåííóþ êîíöåâîé ñèëîé P1 = P/2.

Áóäåì ñ÷èòàòü, ÷òî âñå êîìïîíåíòû òåíçîðà íà-

ïðÿæåíèé ðàâíû íóëþ, êðîìå: óxx # óx, óxy # ôxy,

óxz # ôxz.

Ñ ïîìîùüþ ãèïîòåçû «ïëîñêèõ ñå÷åíèé»

íîðìàëüíûå íàïðÿæåíèÿ âûðàçèì ñëåäóþùèì

îáðàçîì:

óx = – P1(l1 – x)z/I, I = wh3/12. (8)

Ñ ó÷åòîì ïðèíÿòûõ ãèïîòåç óðàâíåíèå ðàâíîâå-

ñèÿ èìååò âèä

!
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�
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!
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�
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� �

� � � � �xy xz xx xy xz

y z x y z

P z

I

1
0. (9)

66 «Çàâîäcêàÿ ëàáîpàòîpèÿ. Äèàãíîcòèêà ìàòåpèàëîâ». 2023. Òîì 89. ¹ 10

à á

m2

1
2

Ðèñ. 2. Ýêñïåðèìåíòàëüíûå äàííûå â êîîðäèíàòàõ 1/ô
0

– (l/h)2 (à) è â êîîðäèíàòàõ 1/ô
0

– l/h (á)

Fig. 2. Experimental data in coordinates 1/ô0 – (l/h)2 (a) and in coordinates 1/ô0 – l/h (b)

Ðèñ. 3. Ðàñ÷åòíàÿ ñõåìà êîíñîëüíîé áàëêè, íàãðóæåííîé

ïåðåðåçûâàþùåé ñèëîé P
1

Fig. 3. Calculation diagram of the cantilever beam loaded

by the force P1



Îòñþäà, ââîäÿ ôóíêöèþ íàïðÿæåíèé F, ìîæíî

ïîëó÷èòü âîçíèêàþùèå â áàëêå êàñàòåëüíûå íà-

ïðÿæåíèÿ:
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Äëÿ ïðÿìîóãîëüíîãî ñå÷åíèÿ ïðèíèìàþòñÿ

ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

ïðè y w� %
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2
" ôxy = –
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�
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0. (11)

Íà îñíîâå âûðàæåíèé (8) – (11) ñ ïîìîùüþ

óðàâíåíèÿ Áåëüòðàìè – Ìèò÷åëà [21] îïðåäåëÿ-

åòñÿ ôóíêöèÿ íàïðÿæåíèé â ðÿäàõ, ñîîòâåòñò-

âóþùàÿ ãðàíè÷íûì óñëîâèÿì:
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Ñîãëàñíî âûðàæåíèþ (10) èç (12) íàõîäÿòñÿ

ðàñïðåäåëåíèÿ êàñàòåëüíûõ íàïðÿæåíèé, êîòî-

ðûå èçìåíÿþòñÿ òàêæå ïî øèðèíå áàëêè:
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Îðòîòðîïíàÿ áàëêà. Àíàëîãè÷íûå ïðåîáðà-

çîâàíèÿ ïîçâîëÿþò ïîëó÷èòü òî÷íîå ðåøåíèå â

ðÿäàõ ãèïåðáîëè÷åñêèõ ôóíêöèé è äëÿ àíèçî-

òðîïíûõ ñëó÷àåâ. Ðàññìîòðèì îðòîòðîïíóþ êîí-

ñîëüíóþ áàëêó. Ñ ó÷åòîì ðàçëè÷íûõ ìîäóëåé

ñäâèãà â ïëîñêîñòÿõ îðòîòðîïèè óðàâíåíèå äëÿ

ôóíêöèè íàïðÿæåíèé F ïðèîáðåòàåò ñëåäóþùèé

âèä:

1 1 22
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Äàëåå íåîáõîäèìî íàéòè ôóíêöèþ F èç óñëî-

âèÿ, ÷òî F = 0 ïðè z = ±h/2, y = ±w/2. Äëÿ ýòîãî

ðàçëîæèì ïðàâóþ ÷àñòü âûðàæåíèÿ (14) â ðÿä

Ôóðüå. Â ñèëó íå÷åòíîñòè ïî y ïîñëå çàìåíû ïå-

ðåìåííîé y = y1w/(2ð), y , (–w/2, w/2), è ðàçëîæå-

íèÿ ôóíêöèè f(y) = y óðàâíåíèå (14) ïðèîáðåòåò

âèä:
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Ðåøåíèå óðàâíåíèÿ (15) áóäåì èñêàòü â âèäå

ðÿäà, ðåøàÿ ñèñòåìó îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé. Èç ãðàíè÷íûõ óñëî-

âèé íà ñòîðîíàõ z = ±h/2, ãäå ôóíêöèÿ íàïðÿ-

æåíèé F äîëæíà îáðàùàòüñÿ â íîëü, îêîí÷àòåëü-

íî ïîëó÷àåì
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Ñ ïîìîùüþ ñîîòíîøåíèÿ (10) èç (16) íåñëîæ-

íî âûðàçèòü ðàñïðåäåëåíèÿ êàñàòåëüíûõ íàïðÿ-

æåíèé:
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Ñïðàâåäëèâîñòü âûðàæåíèé äëÿ êàñàòåëüíûõ

íàïðÿæåíèé ïðîâåðÿåòñÿ óäîâëåòâîðåíèåì ãðà-

íè÷íûì óñëîâèÿì íà ñòîðîíàõ ïðÿìîóãîëüíîãî

ñå÷åíèÿ:
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2) z = 0, y = ±w/2 " ôxy = 0,
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ãäå k
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h g
� .

Àíàëèç âëèÿíèÿ íåîäíîðîäíîñòè

êàñàòåëüíûõ íàïðÿæåíèé

íà ìåæñëîéíóþ ñäâèãîâóþ ïðî÷íîñòü

Ïîëó÷åííîå íà îñíîâå ðåøåíèÿ Ñåí-Âåíàíà –

Ëåõíèöêîãî óòî÷íåííîå ðàñïðåäåëåíèå ìåæñëîé-

íûõ êàñàòåëüíûõ íàïðÿæåíèé (17) â îðòîòðîï-

íîé áàëêå ïîêàçûâàåò, ÷òî íàïðÿæåíèÿ íåîäíî-

ðîäíû ïî øèðèíå. Ìàêñèìàëüíîãî çíà÷åíèÿ

ìåæñëîéíûå íàïðÿæåíèÿ äîñòèãàþò íà êðàÿõ

áàëêè — y = ±w/2. Íåîäíîðîäíîñòü íàïðÿæåíèé

(ðàçíèöà ìåæäó ìàêñèìàëüíûì è ìèíèìàëüíûì

çíà÷åíèÿìè) âîçðàñòàåò ïðè óâåëè÷åíèè øèðè-

íû áàëêè.

Ìîæíî ïðåäïîëîæèòü, ÷òî ðîñò êàñàòåëüíûõ

ìåæñëîéíûõ íàïðÿæåíèé íà êðàÿõ áàëêè ïðè-

âåäåò ê ñíèæåíèþ ìåæñëîéíîé ïðî÷íîñòè ô* =

� � xz
max =

3

4

P

wh

*
. Óâåëè÷åíèå � xz

max íà 10 – 30 %

äîëæíî áû ïðèâîäèòü ê çàìåòíîìó ñíèæåíèþ

ïðî÷íîñòè, íî íà ïðàêòèêå ýòîãî íå ïðîèñõîäèò.

Ñèòóàöèÿ âîçíèêàåò òàêàÿ æå, êàê âî âñåõ ãðàäè-

åíòíûõ ïîëÿõ, íàïðèìåð, â ïëàñòèíàõ ñ îòâåð-

ñòèÿìè èëè òðåùèíàìè. Êîýôôèöèåíò êîíöåí-

òðàöèè íàïðÿæåíèé, ðàâíûé îòíîøåíèþ íàè-

áîëüøåãî íàïðÿæåíèÿ ê ñðåäíåìó, âñåãäà âûøå

(èíîãäà çíà÷èòåëüíî), ÷åì êîýôôèöèåíò ñíèæå-

íèÿ ïðî÷íîñòè. Íî â ðàññìîòðåííîé çàäà÷å íà

ðîñò ýòîãî ýôôåêòà îêàçûâàþò âëèÿíèå òàêæå

íîðìàëüíûå íàïðÿæåíèÿ, êîòîðûå ïðàêòè÷åñêè

íå ìåíÿþòñÿ ïî øèðèíå áàëêè.

Ñ ïîìîùüþ ëèíåéíîãî êðèòåðèÿ ðàññëîå-

íèÿ (2) è ðàñïðåäåëåíèÿ (17) íåñëîæíî îöåíèòü

âëèÿíèå íåîäíîðîäíîñòè ìåæñëîéíûõ íàïðÿæå-

íèé ïðè ðîñòå øèðèíû íà ñäâèãîâóþ ïðî÷íîñòü.

Ââèäó ãðîìîçäêîñòè ñîîòíîøåíèÿ (17) äëÿ äàëü-

íåéøåãî ðàñ÷åòà èñïîëüçîâàëè êâàäðàòè÷íóþ àï-

ïðîêñèìàöèþ, ïðèìåíèìîñòü êîòîðîé îáîñíîâàíà

àâòîðàìè â [19]:

ôxz = a(1 + by2)(1 – 4z2/h2), (19)

ãäå a = � xz
min; b =

4
1

2w

xz

xz

�

�

max

min
.	

�

�

�
�

�

�

�
�

Ïîñêîëüêó öåëü ðàñ÷åòà — îïðåäåëåíèå ñòå-

ïåíè âëèÿíèÿ ðîñòà íàïðÿæåíèé íà ïðî÷íîñòü,

áóäåì ðàññìàòðèâàòü � xz
max è ïîëîæèì y = w/2.

Òîãäà âûðàæåíèå (19) ìîæíî ïðåäñòàâèòü â

âèäå

ôxz = � xz
max (1 – 4z2/h2). (20)

Ïîâòîðÿÿ îïèñàííóþ ðàíåå ïîñëåäîâàòåëü-

íîñòü äåéñòâèé äëÿ âûðàæåíèé (3) – (5), ïîëó÷èì

êîîðäèíàòó ðàññëîåíèÿ

z
l

m

G v w

E h

xz xy

xx
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4
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cos( )
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1
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� . (21)

Èç (21), (19), (2) îïðåäåëÿåì êðèòè÷åñêóþ

ñèëó P* è ìåæñëîéíóþ ñäâèãîâóþ ïðî÷íîñòü

�
0

3

4

òî÷í
�

P

wh

*
.

Äëÿ ïðèìåðà âûáðàíî ñòàíäàðòíîå äëÿ ïî-

äîáíûõ èñïûòàíèé îòíîøåíèå l/h = 5. Ïðèíÿòûå

äëÿ èëëþñòðàöèè çíà÷åíèÿ ìåõàíè÷åñêèõ õàðàê-

òåðèñòèê, ãåîìåòðè÷åñêèõ ðàçìåðîâ è ïàðàìåòðîâ

m, c ïðåäñòàâëåíû â òàáë. 1.

Ðåçóëüòàòû ñðàâíåíèÿ ìåæñëîéíîé ïðî÷íî-

ñòè, ðàññ÷èòàííîé ïî âûðàæåíèÿì (3) è (20),

ïðåäñòàâëåíû â òàáë. 2. Äàæå ïðè w/h = 10, êî-

ãäà áàëêà ïî îïðåäåëåíèþ ïðèáëèæàåòñÿ ê ïëà-

ñòèíå, ñíèæåíèå ìåæñëîéíîé ïðî÷íîñòè ïðåíå-

áðåæèìî ìàëî.

Â äåéñòâèòåëüíîñòè àïïðîêñèìàöèÿ (20) íå-

ñêîëüêî îòëè÷àåòñÿ îò òî÷íîãî ðåøåíèÿ ïðè

w � h (17). Ïðåäïîëîæèì, íàïðèìåð, ÷òî íàïðÿ-

æåíèÿ íà êðàÿõ áàëêè óâåëè÷èâàþòñÿ íà 10 –

30 %. Îöåíèòü ñíèæåíèå ñäâèãîâîé ïðî÷íîñòè â
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Òàáëèöà 1. Äàííûå äëÿ ðàñ÷åòà

Table 1. Data for calculation

P, Í m c, ÌÏà l, ìì h, ìì w, ìì

100 10 1000 25 5 5 – 50

Òàáëèöà 2. Ñðàâíåíèå ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñ-

òè, ïîëó÷åííîé ïî óòî÷íåííîìó ðåøåíèþ è ïî ôîðìóëå

Æóðàâñêîãî (ô
0

= 80 ÌÏà)

Table 2. Comparison of the interlayer shear strength obta-

ined using the specified solution and the Zhuravsky equati-

on (ô0 = 80 MPa)

h × w, ìì2
�

0

òî÷í , ÌÏà

5 × 5 79,92 = 0,999ô
0

5 × 10 79,72 = 0,996ô
0

5 × 25 78,88 = 0,986ô
0

5 × 50 77,44 = 0,968ô
0



äàííîì ñëó÷àå ìîæíî ñ ïîìîùüþ âûðàæåíèÿ (5),

èçìåíÿÿ ïàðàìåòð m, ò.å. óâåëè÷èâàÿ ðîëü � xz
max .

Òîãäà ïðè l/h = 5 è m = 10 ïåðâîíà÷àëüíî

ïîëó÷àåì

�
1 2 2 2

10

100 25
0 08�

�

�

�

�

mc

m l h
c c, . (22)

Åñëè, íàïðèìåð, m = 10 × 1,1 è m = 10 × 1,3, òî

âûðàæåíèå (22) èçìåíÿåòñÿ:

ô2 = c
11

121 25�

= 0,0753c = 0,0942ô1 = ô1(1 – 5,8 %);

ô3 = c
13

169 25�

= 0,067c =

= 0,838ô1 = ô1(1 – 16 %). (23)

Àíàëîãè÷íûå âû÷èñëåíèÿ ìîæíî ïðîâåñòè è

äëÿ ëþáîãî äðóãîãî îòíîøåíèÿ äëèíû ê âûñîòå

áàëêè, íàïðèìåð l/h = 7:

ô4 = c
10

100 49�

= 0,067c;

ô5 = c
11

121 49�

= 0,0647c = 0,966ô4 = ô4(1 – 3,4 %);

ô6 = c
13

169 49�

= 0,0596c =

= 0,89ô4 = ô4(1 – 11 %). (24)

Äëÿ ñòàíäàðòíîãî îòíîøåíèÿ l/h = 5 ðîñò êà-

ñàòåëüíûõ ìåæñëîéíûõ íàïðÿæåíèé íà 10 – 30 %

äàåò âäâîå ìåíüøåå ñíèæåíèå ñäâèãîâîé ïðî÷-

íîñòè — íà 6 – 16 %. Ïðè îòíîøåíèè l/h = 7 óâå-

ëè÷èâàåòñÿ âëèÿíèå íåèçìåííûõ íîðìàëüíûõ

íàïðÿæåíèé, ðîñò � xz
max íà 10 – 30 % äàåò âòðîå

ìåíüøåå ñíèæåíèå ìåæñëîéíîé ïðî÷íîñòè ô0 —

íà 3,4 – 11 %.

Òàêèì îáðàçîì, ñíèæåíèå ìåæñëîéíîé ñäâè-

ãîâîé ïðî÷íîñòè çíà÷èòåëüíî ìåíüøå óâåëè÷å-

íèÿ ìàêñèìàëüíûõ êàñàòåëüíûõ íàïðÿæåíèé —

� � � �0 0

òî÷í
.. xz xz

max , ÷òî ïîçâîëÿåò íå ó÷èòûâàòü

íåîäíîðîäíîñòü êàñàòåëüíûõ íàïðÿæåíèé ïî øè-

ðèíå.

Ìåæñëîéíàÿ ñäâèãîâàÿ ïðî÷íîñòü

ïðè öèêëè÷åñêîì èçãèáå

Äëÿ îïèñàíèÿ óñòàëîñòíîé ìåæñëîéíîé ïðî÷-

íîñòè ïðè öèêëè÷åñêîì èçãèáå ìîæíî çàìå-

íèòü ïàðàìåòðû m è c êðèòåðèÿ (2) íà ôóíê-

öèîíàëû îò èñòîðèè íàãðóæåíèÿ, â ÷àñòíîñòè, íà

ïðîñòûå ôóíêöèè îò ÷èñëà öèêëîâ — m(N), c(N).

Ðåçóëüòàòû èñïûòàíèé íà öèêëè÷åñêèé èçãèá

êîðîòêèõ áàëîê èç óãëåïëàñòèêà [21] ïðåäñòàâëå-

íû íà ðèñ. 4. Âèäíî, ÷òî ïðåäåëüíûå ïðÿìûå äëÿ

êàæäîãî ÷èñëà öèêëîâ ïðàêòè÷åñêè ïàðàëëåëü-

íû. Ýòî îçíà÷àåò íåçàâèñèìîñòü ïðîèçâåäåíèÿ

m(N)c(N) = m(1)c(1) îò ÷èñëà öèêëîâ.

Êðèâóþ Âåëåðà äëÿ èçãèáíîé ïðî÷íîñòè ïî

íîðìàëüíûì íàïðÿæåíèÿì c(N) ìîæíî ïðåäñòà-

âèòü íåçàâèñèìî ïîëó÷åííûì ïðè öèêëè÷åñêîì

ðàñòÿæåíèè óãëåïëàñòèêîâ óðàâíåíèåì êðèâîé

óñòàëîñòè

c(N) = c(1)(1 – 0,035 lg N). (25)

Òàêèì îáðàçîì, çàâèñèìîñòè (5) ìåæñëîéíîé

ïðî÷íîñòè ô0 îò ÷èñëà öèêëîâ N è îò îòíîøåíèÿ

ïðîëåòà ê âûñîòå áàëêè (l/h) îïèñûâàþòñÿ íà îñ-

íîâàíèè ðåçóëüòàòîâ ëèøü ñòàòè÷åñêèõ èñïûòà-

íèé è íåçàâèñèìûõ ýêñïåðèìåíòîâ íà öèêëè÷å-

ñêîå ðàñòÿæåíèå â âèäå (25):

�
0 2 2 2

1 1

1 1 0 035
N

l

h

c m

m N l h
,

( ) ( )

( )( , ) ( )
.

�

�

�

�

�

� �

	 �
	lg

(26)

Ðàñõîæäåíèå êðèâûõ, ïîëó÷åííûõ ïî ôîðìó-

ëå (26), ñ äàííûìè ýêñïåðèìåíòà íå ïðåâûøàëî

7 % (ðèñ. 5).

Ñâÿçü ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè ñ

ïðî÷íîñòüþ íà ðàñòÿæåíèå ñîãëàñíî êðèòåðèþ

(2) äåëàåò âîçìîæíîé è îáðàòíóþ ïðîöåäóðó —

îöåíêó êðèâîé óñòàëîñòè äëÿ ðàñòÿæåíèÿ ïî äàí-

íûì öèêëè÷åñêèõ èñïûòàíèé íà èçãèá êîðîòêèõ

áàëîê. Ýòî îáåñïå÷èâàåò ýêîíîìèþ ìàòåðèàëà è

ñíèæåíèå íåîáõîäèìîé ìîùíîñòè èñïûòàòåëüíî-

ãî îáîðóäîâàíèÿ, à òàêæå óïðîùàåò êðåïëåíèå

îáðàçöîâ, òàê êàê èñïûòàíèÿ íà èçãèá ìåíåå çà-

òðàòíû è ïðîùå â ðåàëèçàöèè, ÷åì èñïûòàíèÿ íà

ðàñòÿæåíèå.
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Ðèñ. 4. Çàâèñèìîñòè îáðàòíîé ìåæñëîéíîé ñäâèãîâîé

ïðî÷íîñòè 1/ô
0

îò (l/h)2 ïðè ðàçëè÷íûõ ÷èñëàõ öèêëîâ N,

ðàâíûõ 100 (1), 104 (2), 105 (3), 106 (4)

Fig. 4. Dependences of the inverse interlayer shear

strength 1/ô0 on (l/h)2 at different number of cycles N: 100

(1), 104 (2), 105 (3), 106 (4)



Ìàñøòàáíûé ýôôåêò

ïðè ðàçðóøåíèè ðàññëîåíèåì

Êðèòè÷åñêîå íàïðÿæåíèå ïðè èçãèáå çàâèñèò

îò ãåîìåòðèè îáðàçöà, ÷òî îáúÿñíÿåò êðèòåðèé

(2), îäíàêî óñëîâèå ïðî÷íîñòè, çàÿâëåííîå â íà-

ïðÿæåíèÿõ, íå ïîçâîëÿåò îöåíèòü ìàñøòàáíûé

ýôôåêò — ñíèæåíèå ïðî÷íîñòè ñ ðîñòîì àáñîëþò-

íûõ ðàçìåðîâ. Ìåæäó òåì äëÿ ðàçðóøåíèÿ ðàñ-

ñëîåíèåì ýòîò ýôôåêò âïîëíå îáúÿñíèì: óïðóãàÿ

ýíåðãèÿ íàêàïëèâàåòñÿ â îáúåìå, ïðîïîðöèî-

íàëüíîì êóáó õàðàêòåðíîãî ðàçìåðà ýëåìåíòà

(îáðàçöà), à ðàñõîäóåòñÿ íà îáðàçîâàíèå ñâîáîä-

íîé ïîâåðõíîñòè, ïëîùàäü êîòîðîé ïðîïîðöèî-

íàëüíà êâàäðàòó õàðàêòåðíîãî ðàçìåðà.

Îáùèé òåðìîäèíàìè÷åñêèé êðèòåðèé ðàç-

ðóøåíèÿ ìîæåò áûòü ñôîðìóëèðîâàí â âèäå ðà-

âåíñòâà ïðèòîêà ýíåðãèè dA îò ìåõàíè÷åñêîé

ðàáîòû, ñîâåðøàåìîé íàä òåëîì, ñóììå èçìåíå-

íèé óïðóãîé ýíåðãèè dU, ðàáîòû ðàçðóøåíèÿ dR

è äèññèïàöèè dT:

dA � dU + dR + dT. (27)

Äèôôåðåíöèðîâàíèå ïðîâîäèòñÿ ïî íåêîòî-

ðîìó ïàðàìåòðó ðàçðóøåíèÿ, íàïðèìåð, ïî ïëî-

ùàäè òðåùèíû S. Îáû÷íî ñ÷èòàåòñÿ, ÷òî dR =

= ãdS èëè â êîíå÷íîì âèäå: ðàáîòà ðàçðóøåíèÿ

R = ãS, ãäå ã — óäåëüíàÿ ðàáîòà ðàçðóøåíèÿ.

Ýíåðãåòè÷åñêèé êðèòåðèé ðàññëîåíèÿ ìîæåò

áûòü ïîñòðîåí â óïðîùåííîì âèäå — íå â äèôôå-

ðåíöèàëüíîé, à â ðàçíîñòíîé ôîðìå — ïóòåì

ñðàâíåíèÿ íà÷àëüíîãî U0 è êîíå÷íîãî U1 çíà-

÷åíèé óïðóãîé ýíåðãèè, íàêîïëåííîé â îáðàçöå.

Ïðè ïðåíåáðåæåíèè äèññèïàöèåé T — òåïëî-

âûìè ýôôåêòàìè, ýíåðãèåé âîëí, êèíåòè÷åñêîé

ýíåðãèåé îñêîëêîâ è ïð. — êðèòåðèé (27) ñâîäèò-

ñÿ ê óòâåðæäåíèþ, ÷òî íåîáõîäèìûì óñëîâèåì

ðàçðóøåíèÿ ñëóæèò ïðåâûøåíèå íà÷àëüíîãî

óðîâíÿ ýíåðãèè íàä êîíå÷íûì íà âåëè÷èíó ðàáî-

òû ðàçðóøåíèÿ R, ïðîïîðöèîíàëüíóþ ïëîùàäè

ïîâåðõíîñòè ðàçðóøåíèÿ S. Çà âðåìÿ ðàçðóøå-

íèÿ, ïðèíèìàåìîå äîñòàòî÷íî ìàëûì, çàõâàòû

æåñòêîé ñèñòåìû íàãðóæåíèÿ íå ñìåùàþòñÿ,

ïîýòîìó îáû÷íî äîïîëíèòåëüíàÿ ìåõàíè÷åñêàÿ

ðàáîòà A ñ÷èòàåòñÿ ðàâíîé íóëþ. Â ýòèõ ïðåäïî-

ëîæåíèÿõ êðèòè÷åñêèå íàïðÿæåíèÿ íàõîäÿòñÿ èç

óñëîâèÿ

U0 = U1 + R. (28)

Ïðè êîíñîëüíîì èçãèáå áàëêè (ðèñ. 6) ñèëîé

P1 âîçíèêàåò ïðîãèá v, ïðè ýòîì íàêîïëåííàÿ óï-

ðóãàÿ ýíåðãèÿ ðàâíà ðàáîòå ñèëû:

U P v
P l

Ewh

v Ewh

l
0 1

1

2 3

3

2 3

3

1

2

2

8
� � � , (29)

ãäå E — ïðîäîëüíûé ìîäóëü Þíãà; h, w, l — òîë-

ùèíà, øèðèíà è äëèíà áàëêè.

Ïðè íåêîòîðîé íàãðóçêå ïðîèçîéäåò ðàññëîå-

íèå è âûäåëåííàÿ ïðè íåèçìåííîì ïðîãèáå óïðó-

ãàÿ ýíåðãèÿ áóäåò çàòðà÷åíà íà ðàáîòó ðàññëîå-

íèÿ. Ìîæíî ïîêàçàòü, ÷òî «ýíåðãåòè÷åñêè âûãîä-

íî» ðàññëîåíèå íà äâå ÷àñòè ïîñðåäèíå, ñ îáðàçî-

âàíèåì îäíîé òðåùèíû ðàññëîåíèÿ ïëîùàäüþ

S = lw. Ïîñëå ðàññëîåíèÿ ïðè ôèêñèðîâàííîì

ïðîãèáå îñòàâøàÿñÿ óïðóãàÿ ýíåðãèÿ ïî (29) ñî-

ñòàâèò

U
v Ew

l

h
U

1

2

3

3

0
8

2
2

1

4
�

�

�

�

�

�

� � . (30)

Ïðè ýòîì ýíåðãåòè÷åñêèé êðèòåðèé (28) ïðè-

íèìàåò âèä

3

4
0

U lw� / , (31)
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Ðèñ. 5. Êðèâûå óñòàëîñòè äëÿ îäíîíàïðàâëåííîãî óãëå-

ïëàñòèêà ïðè òðåõòî÷å÷íîì èçãèáå: 1 – 5 — l/h = 4, 5, 7,5,

9,5, 12,5; 0 — êðèâàÿ óñòàëîñòè äëÿ îäíîíàïðàâëåííîãî

óãëåïëàñòèêà ïðè ðàñòÿæåíèè

Fig. 5. Fatigue curves for unidirectional carbon fiber rein-

forced plastic under three-point bending: 1 — l/h = 4; 2 — 5;

3 — 7.5; 4 — 9.5; 5 — 12.5; 0 — tensile fatigue curve for uni-

directional carbon fiber reinforced plastic

Ðèñ. 6. Ñõåìà ðàñùåïëåíèÿ êîíñîëüíîé áàëêè ïî íåé-

òðàëüíîé ëèíèè ïðè èçãèáå

Fig. 6. Delamination of a cantilever beam along the neutral

line under bending



à êðèòè÷åñêàÿ íàãðóçêà èç (29) —

P
hw

l
E h

1

2

3
� / . (32)

Åñëè îò ñèëû ïåðåéòè ê íàèáîëüøèì êàñà-

òåëüíûì íàïðÿæåíèÿì ïî ôîðìóëå (1), êðèòè÷å-

ñêîå çíà÷åíèå êîòîðûõ îáû÷íî ïðèíèìàþò çà

ìåæñëîéíóþ ñäâèãîâóþ ïðî÷íîñòü ô*, òî ïîëó÷èì

�

/

* .� �

3

2

3

2

1
P

hw

h

l

E

h
(33)

Ìåæñëîéíàÿ ïðî÷íîñòü, îêàçûâàåòñÿ, çàâèñèò

íå òîëüêî îò îòíîøåíèÿ äëèíû l ê òîëùèíå h

áàëêè, íî è îò åå àáñîëþòíûõ ðàçìåðîâ. Ñ ðîñòîì

h ïðè ñîõðàíåíèè ïîäîáèÿ ðàçìåðîâ l/h êðèòè÷å-

ñêîå íàïðÿæåíèå (33) ñóùåñòâåííî ñíèæàåòñÿ,

÷òî ìîæåò ïðèâåñòè ê îïàñíûì ïîñëåäñòâèÿì,

åñëè ïðè ðàñ÷åòå èçãèáàåìûõ êîìïîçèòíûõ ýëå-

ìåíòîâ (íàïðèìåð, ñòåêëîïëàñòèêîâûõ ëèñòîâûõ

ðåññîð òîëùèíîé 20 ìì) èñïîëüçîâàòü çíà÷åíèå

ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè, îïðåäåëåííîå

ïî ñòàíäàðòíîé ìåòîäèêå ïðè èçãèáå êîðîòêèõ

áàëîê ñ ñå÷åíèåì 6 × 6 ìì.

Ýíåðãåòè÷åñêèé êðèòåðèé (28) ìîæíî ïðèìå-

íèòü ïðè îöåíêå óïðóãîé ýíåðãèè (29) ñ ó÷åòîì

ïîïðàâêè ê ïðîãèáó çà ñ÷åò ìåæñëîéíûõ ñäâèãîâ

[19]:

v v v
Pl

E wh

Pl

G wh
v

E

G

h

lx xz

x

xz

� � � � � �

�

�

�
�

�

�

�
�1 2

3
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2

24 4
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,

ãäå á = 6/5.

Ýíåðãèÿ ïîñëå ðàññëîåíèÿ áóäåò íåñêîëüêî

áîëüøå, ÷åì ïîëó÷åííàÿ ïî ýëåìåíòàðíîé ôîðìó-

ëå (30):
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. (34)

Íàïðèìåð, äëÿ êîðîòêîé áàëêè ïðè E/Gxz = 5,

l/h = 5 ðàçëè÷èå ýíåðãèé, îïðåäåëåííûõ ïî ôîð-

ìóëàì (34) è (30), ñîñòàâèò 19 %; U1 � U0/5.

Òîãäà óòî÷íåííóþ êðèòè÷åñêóþ íàãðóçêó è

êðèòè÷åñêîå çíà÷åíèå êàñàòåëüíûõ íàïðÿæåíèé

âûðàçèì, ñîîòâåòñòâåííî, êàê

P
hw

l
E h

1
2

5

2
� / , �

/

* .�

3

4

5

2

h

l

E

h
(35)

Ýêñïåðèìåíò

Äëÿ ýêñïåðèìåíòàëüíîãî ïîäòâåðæäåíèÿ íå-

çíà÷èòåëüíîãî âëèÿíèÿ íåîäíîðîäíîñòè êàñà-

òåëüíûõ ìåæñëîéíûõ íàïðÿæåíèé íà ñäâèãîâóþ

ïðî÷íîñòü ïðîâåäåíà ñåðèÿ èñïûòàíèé íà òðåõ-

òî÷å÷íûé èçãèá êîðîòêèõ áàëîê. Äëÿ ýòîãî èç îð-

òîãîíàëüíî àðìèðîâàííîãî ñòåêëîïëàñòèêà èçãî-

òàâëèâàëè îáðàçöû òîëùèíîé h = 5 ìì è øèðè-

íîé w, ðàâíîé 5 è 25 ìì. Èñïûòàíèÿ ïðîâîäèëè ñ

ïîìîùüþ ýëåêòðîìåõàíè÷åñêîé óíèâåðñàëüíîé

óñòàíîâêè INSTRON. Âñå îáðàçöû íàãðóæàëè äî

ïîòåðè íåñóùåé ñïîñîáíîñòè.

Äëÿ èñïûòàíèÿ êîðîòêèõ êîìïîçèòíûõ áàëîê

ïðèìåíÿëè ýêñïåðèìåíòàëüíóþ îñíàñòêó (ðèñ. 7),

ðàçðàáîòàííóþ â ÈÌÀØ ÐÀÍ. Îíà ïðåäñòàâëÿåò

ñîáîé ïðèñïîñîáëåíèå ñ öèëèíäðè÷åñêèìè ñêîëü-

çÿùèìè íàïðàâëÿþùèìè 2 è ñïåöèàëüíîé ñõå-

ìîé öåíòðîâêè. Äëÿ òî÷íîé óñòàíîâêè îáðàçöà —

êîðîòêîé áàëêè 1 â âåðõíåå öåíòðàëüíîå îòâåð-

ñòèå ïåðåä èñïûòàíèÿìè ïîìåùàëè öèëèíäð

ñ äèñêîì çàäàííîãî äèàìåòðà, ðàâíîãî äëèíå ïðî-

ëåòà, ê êîòîðîìó ïðèæèìàþòñÿ íèæíèå îïîðû.

Ýòî ïîçâîëÿåò ãàðàíòèðîâàííî öåíòðèðîâàòü

îïîðû ñ òî÷íîñòüþ äî 0,1 ìì. Äëÿ êîìïåíñàöèè

íåïåðïåíäèêóëÿðíîñòè ïðèëîæåíèÿ íàãðóçêè èñ-

ïîëüçîâàëè øàðîâóþ öåíòðèðóþùóþ îïîðó.

Ýêñïåðèìåíòàëüíûå çíà÷åíèÿ ìåæñëîéíîé

ïðî÷íîñòè ñòåêëîïëàñòèêîâûõ îáðàçöîâ, ðàññ÷è-

òàííûå ñ ïîìîùüþ ñîîòíîøåíèÿ (1), ïðåäñòàâëå-

íû â òàáë. 3. Îíè ïîäòâåðæäàþò îòñóòñòâèå ñíè-

æåíèÿ ìåæñëîéíîé ñäâèãîâîé ïðî÷íîñòè ïðè óâå-
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Ðèñ. 7. Ñõåìà ïðèñïîñîáëåíèÿ äëÿ èñïûòàíèé êîðîòêèõ

áàëîê

Fig. 7. Scheme of the device for testing short beams

Òàáëèöà 3. Ìåæñëîéíàÿ ñäâèãîâàÿ ïðî÷íîñòü ñòåêëî-

ïëàñòèêîâûõ îáðàçöîâ

Table 3. Interlayer shear strength of fiberglass specimens

h × w, ìì2 P, Í �
0

òî÷í , ÌÏà

5 × 5 837 25,11

5 × 25 4333 25,99



ëè÷åíèè øèðèíû áàëêè. Ïðîâåäåííûé ýêñïåðè-

ìåíò ïîêàçàë ïðàêòè÷åñêóþ íåçàâèñèìîñòü ìåæ-

ñëîéíîé ïðî÷íîñòè îò øèðèíû îáðàçöà è

íåçíà÷èòåëüíîñòü ïîïðàâêè (17) – (21) ê ýëåìåí-

òàðíîìó ðåøåíèþ (3).

Âûâîäû

1. Âûïîëíåíèå ñèëîâîãî (2) è ýíåðãåòè÷åñêî-

ãî (20) êðèòåðèåâ — íåîáõîäèìîå óñëîâèå ðàñ-

ñëîåíèÿ; â ðàñ÷åòàõ ñëåäóåò èñïîëüçîâàòü íàè-

ìåíüøåå èç êðèòè÷åñêèõ íàïðÿæåíèé, îïðåäå-

ëÿåìûõ ýòèìè êðèòåðèÿìè.

2. Ñèëîâîé êðèòåðèé (2) îïèñûâàåò çàâè-

ñèìîñòü êðèòè÷åñêèõ íàïðÿæåíèé îò ãåîìåòðè-

÷åñêèõ ñîîòíîøåíèé, à ýíåðãåòè÷åñêèé êðèòå-

ðèé îáúÿñíÿåò òàêæå ìàñøòàáíûé ýôôåêò ïðî÷-

íîñòè — ñíèæåíèå êðèòè÷åñêîãî íàïðÿæåíèÿ

ïðè âîçíèêíîâåíèè ðàññëîåíèÿ â áàëêå ñ óâåëè-

÷åííûìè ðàçìåðàìè.

3. Ïðèìåíåíèå ðåøåíèÿ Ñåí-Âåíàíà – Ëåõ-

íèöêîãî ïîçâîëÿåò óòî÷íèòü îöåíêó ìåæñëîéíîé

ñäâèãîâîé ïðî÷íîñòè ïðè èçãèáå êîðîòêîé êîìïî-

çèòíîé áàëêè. Îäíàêî ñîãëàñíî ïðåäëîæåííîìó

êðèòåðèþ (2) ïîïðàâêà ê ýëåìåíòàðíîìó ðåøå-

íèþ ïðè îöåíêå ïðî÷íîñòè çíà÷èòåëüíî (â íå-

ñêîëüêî ðàç) ìåíüøå, ÷åì ïîëó÷åííûé èç òî÷íîãî

ðåøåíèÿ ðîñò íàèáîëüøèõ êàñàòåëüíûõ íàïðÿ-

æåíèé ñ óâåëè÷åíèåì øèðèíû îáðàçöà, ÷òî ïîä-

òâåðæäàåòñÿ â ýêñïåðèìåíòàõ.

4. Íåîäíîðîäíîñòü íàïðÿæåíèé ïî øèðèíå

îáðàçöà ìîæíî íå ó÷èòûâàòü. Ðàñ÷åòíûé êîýô-

ôèöèåíò êîíöåíòðàöèè íàïðÿæåíèé âñåãäà çíà-

÷èòåëüíî âûøå, ÷åì ýêñïåðèìåíòàëüíûé êîýô-

ôèöèåíò ñíèæåíèÿ ïðî÷íîñòè èç-çà êîíöåíòðà-

öèè íàïðÿæåíèé.

Â ðàññìîòðåííîé çàäà÷å îá èçãèáå êîðîòêîé

áàëêè ðàçíèöà ìåæäó êîýôôèöèåíòàìè ñíèæå-

íèÿ ïðî÷íîñòè è êîíöåíòðàöèè êàñàòåëüíûõ íà-

ïðÿæåíèé îáóñëîâëåíà âëèÿíèåì âêëàäà ïîñòî-

ÿííûõ ïî øèðèíå íîðìàëüíûõ íàïðÿæåíèé.
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