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Îñíîâíàÿ öåëü ðàáîòû — ïîëó÷åíèå äîïîëíèòåëüíîé èíôîðìàöèè îá ýêñïåðèìåíòàëüíîé

âûáîðêå ñ ïðåäâàðèòåëüíî èçâåñòíûì òåîðåòè÷åñêèì ðàñïðåäåëåíèåì, òî÷å÷íûå îöåíêè

ïàðàìåòðîâ êîòîðîãî èçâåñòíû. Ïðè ýòîì îñòàþòñÿ íåèçâåñòíûìè çàêîíû ðàñïðåäåëåíèÿ

ýòèõ ïàðàìåòðîâ, ïîçâîëèâøèå áû ïðåäîñòàâèòü èññëåäîâàòåëþ äîïîëíèòåëüíóþ èíôîð-

ìàöèþ î ìàòåðèàëå è òåõíîëîãè÷åñêîì ïðîöåññå. Äëÿ ðåøåíèÿ ýòîé çàäà÷è òðåáóåòñÿ ïîëó-

÷èòü äîïîëíèòåëüíîå ÷èñëî âûáîðîê, ÷òî ýêñïåðèìåíòàëüíî íå âñåãäà âîçìîæíî. Â êà÷å-

ñòâå ýêñïåðèìåíòàëüíîé âûáîðêè èñïîëüçîâàëè äàííûå î ðåñóðñå ðàáîòû ðåçöîâ èç ÃÎÑÒ

11.011–83 «Ïðàâèëà îïðåäåëåíèÿ îöåíîê è äîâåðèòåëüíûõ ãðàíèö ïàðàìåòðîâ ãàììà-ðàñ-

ïðåäåëåíèÿ». Ýêñïåðèìåíòàëüíàÿ âûáîðêà ñîäåðæèò ðåçóëüòàòû 50 èçìåðåíèé. Ñðåäíåå

çíà÷åíèå ñîñòàâëÿëî 57,88 ÷, äîâåðèòåëüíûé èíòåðâàë — [50,74:65,01]. Äîâåðèòåëüíàÿ

âåðîÿòíîñòü ïðèíÿòà ðàâíîé 0,95. Â êà÷åñòâå ñïîñîáà ïîëó÷åíèÿ äîïîëíèòåëüíûõ âûáîðîê

èñïîëüçîâàëè áóòñòðåï. Â ðàáîòå ïðèìåíÿëè óíèâåðñàëüíûé ìàòåìàòè÷åñêèé ïàêåò

Matlab. Áóòñòðåï ïîçâîëÿåò ãåíåðèðîâàòü áîëüøîå ÷èñëî âûáîðîê, ê êîòîðûì íóæíî ïðè-

ëîæèòü îïðåäåëåííûå ïðàâèëà îòáîðà. Î÷åâèäíà çíà÷èìîñòü êîýôôèöèåíòà êîððåëÿöèè

ãåíåðèðîâàííîé âûáîðêè è èñõîäíîé. Áóòñòðåï ïîêàçàë îïðåäåëåííóþ îãðàíè÷åííîñòü

ïðè âûïîëíåíèè ïîñòàâëåííîé â ðàáîòå çàäà÷è. Äëÿ 1000 ãåíåðèðîâàííûõ ñ ïîìîùüþ

ñòàíäàðòíîé ïîäïðîãðàììû Bootstrap âûáîðîê ñðåäíåå çíà÷åíèå âñåõ âûáîðîê ñîñòàâèëî

57,80 ÷, à äîâåðèòåëüíûé èíòåðâàë — [50,59:58,08]. Ðåçóëüòàò õîðîøèé. Ïðè ýòîì íå îò-

âåðãàëàñü íåïàðàìåòðè÷åñêàÿ ãèïîòåçà ñîãëàñèÿ áóòñòðåïîâñêèõ âûáîðîê äëÿ ãàììà-ðàñ-

ïðåäåëåíèÿ ñ ïàðàìåòðàìè, õàðàêòåðíûìè äëÿ èñõîäíîé ýêñïåðèìåíòàëüíî ïîëó÷åííîé

âûáîðêè, îäíîâðåìåííî íàáëþäàëñÿ ñòàòèñòè÷åñêè çíà÷èìûé êîýôôèöèåíò êîððåëÿöèè

òîëüêî äëÿ 29 áóòñòðåïîâñêèõ âûáîðîê. Ýòîò ôàêò òðåáóåò ââåäåíèÿ äîïîëíèòåëüíûõ óñëî-

âèé ïðè èñïîëüçîâàíèè áóòñòðåïà äëÿ ïîëó÷åíèÿ âûáîðîê, ïðèáëèæåííûõ ê èñõîäíîé, ýêñ-

ïåðèìåíòàëüíîé.

Êëþ÷åâûå ñëîâà: áóòñòðåï; ìîäåëèðîâàíèå ýêñïåðèìåíòàëüíîé âûáîðêè; ãàììà ðàñïðå-

äåëåíèå; íåïàðàìåòðè÷åñêàÿ ñòàòèñòèêà.

STUDYING THE ESTIMATES OF GAMMA DISTRIBUTION PARAMETERS

� Sergey M. Shebanov

ZAO “LEKIS”, 31, Kashirskoe shosse, Moscow, 115409, Russia; e-mail: shebanov_s@mail.ru

Received April 27, 2023. Revised June 20, 2023. Accepted July 28, 2023.

The main goal of the work is to obtain additional information about the experimentally obtained sample

with a previously known theoretical distribution, the point estimates of the parameters of which are con-

sidered known. At the same time, the laws of distribution of these parameters remain unknown, whereas

they could provide a researcher with additional information about both the material and technological

processes. Hence, it is necessary to obtain an additional number of samples, which is not always possible

experimentally. Here we used data on the service life of cutters (GOST 11.011–83 “Rules for determining

estimates and confidence limits for gamma distribution parameters”) as an experimental sample. The ex-

perimental sample contains the results of 50 measurements. The mean was 57.88 hours CI [50.74:65.01].

The confidence probability is taken to be 0.95. Bootstrap was used as a way to obtain additional samples.

The universal mathematical package MATLAB is used in the study. Bootstrap allows generation of a large

number of samples that require certain selection rules to be applied to them. The first obvious require-

ment is the significance of the correlation coefficient of the generated sample with the original one. Even

at this stage, the bootstrap showed certain limitations in performing the task set in the study. For 1000
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samples generated by the standard bootstrap routine, the mean for the population of all mean bootstrap

samples was 57.80 hours, and the confidence interval was [50.59:58.08]. The result is good. Though the

nonparametric hypothesis regarding an agreement between the bootstrap samples for the gamma distri-

bution and the parameters characteristic of the original experimentally obtained sample was not rejected,

the statistically significant correlation coefficient was observed only for 29 bootstrap samples. As a result

of meeting these obvious requirements, less than 3% of the generated bootstrap samples remained for fur-

ther consideration. This fact requires the introduction of additional conditions when using the bootstrap

to obtain samples that are close to the original experimental sample, which can be rather specific. To de-

termine the parameters of the gamma distribution for bootstrap samples, the method of moments and the

one-step method were used.

Keywords: bootstrap; modeling of experimental sample; gamma distribution; nonparametric statistics.

Ââåäåíèå

Èñïîëüçîâàíèå áóòñòðåïà ïîçâîëÿåò «ðàçìíî-

æàòü» ýêñïåðèìåíòàëüíûå âûáîðêè è ïîëó÷àòü

äîïîëíèòåëüíóþ èíôîðìàöèþ áåç ïîâòîðíûõ

ýêñïåðèìåíòîâ. Äàííóþ èíôîðìàöèþ ìîæíî èñ-

ïîëüçîâàòü êàê ñàìîñòîÿòåëüíóþ, òàê è äëÿ êîð-

ðåêöèè ïîñëåäóþùèõ ýêñïåðèìåíòîâ [1]. Â ëþ-

áîì ñëó÷àå ýòî ñïîñîáñòâóåò ýêîíîìèè ðåñóðñîâ

ïðè èññëåäîâàíèÿõ, îäíàêî êîíêðåòíàÿ ïîñòàíîâ-

êà çàäà÷è ìîæåò âíåñòè êîððåêòèâû. Íà ôîðìè-

ðîâàíèå îñíîâíûõ ïîëîæåíèé äàííîé ðàáîòû

çíà÷èòåëüíîå âëèÿíèå îêàçàëè ñòàòüè [2 – 4].

Ðàáîòà ïîñâÿùåíà ðåøåíèþ ÷àñòíîãî âîïðî-

ñà, èìåþùåãî ïðàêòè÷åñêîå çíà÷åíèå äëÿ ýêñïå-

ðèìåíòàòîðîâ. Íåñìîòðÿ íà îãðàíè÷åííûé îáúåì

âûáîðêè, ðåàëüíûå èçìåðåíèÿ, âîçìîæíî, íåñóò

èíôîðìàöèþ îá îñîáåííîñòÿõ âñåé ãåíåðàëüíîé

ñîâîêóïíîñòè, ê êîòîðîé ïðèíàäëåæèò ýêñïå-

ðèìåíòàëüíî ïîëó÷åííàÿ âûáîðêà. Õîòÿ ýòî íå

î÷åâèäíî. Ïðè èñïîëüçîâàíèè áóòñòðåïà ïîëó÷à-

þò âûáîðêè (â äàëüíåéøåì áóäåì èõ íàçûâàòü

ïñåâäîâûáîðêàìè), êîòîðûå â òîé èëè èíîé ñòå-

ïåíè àíàëîãè÷íû èñõîäíîé, ýêñïåðèìåíòàëüíîé.

Åñëè ãèïîòåçà ñîãëàñèÿ òåîðåòè÷åñêîãî ðàñïðåäå-

ëåíèÿ ñ êàæäîé èç N ïñåâäîâûáîðîê è ãèïîòåçà

ñîãëàñèÿ ýòîãî ðàñïðåäåëåíèÿ ñ èñõîäíîé ýêñïå-

ðèìåíòàëüíîé íå îòâåðãàþòñÿ, òî â êîíå÷íîì

èòîãå äëÿ êàæäîãî ïàðàìåòðà ýòîãî ðàñïðåäåëå-

íèÿ ïîëó÷àåì âûáîðêó èç N ýëåìåíòîâ. Îñîáåí-

íîñòè ðàñïðåäåëåíèé ýòèõ âûáîðîê äàþò äîïîë-

íèòåëüíóþ èíôîðìàöèþ äëÿ äèàãíîñòèêè òåõíî-

ëîãèè èëè ìàòåðèàëà, êîòîðóþ ýêñïåðèìåíòàëü-

íî ïîëó÷èòü ïðàêòè÷åñêè íåâîçìîæíî. Àâòîðû

ðàáîòû [5] èñïîëüçîâàëè òàêèì îáðàçîì áóòñòðåï

äëÿ ïîëó÷åíèÿ îöåíîê ïàðàìåòðà ñäâèãà ðàñ-

ïðåäåëåíèÿ Âåéáóëëà – Ãíåäåíêî ïðî÷íîñòè

ôèëàìåíòîâ ïàðààðàìèäíûõ âîëîêîí “Taparan”

(Yantai Tayho Advanced materials Co., ÊÍÐ) è

“Twaron” (Teijin Aramid, Íèäåðëàíäû). Òî÷å÷-

íûå îöåíêè òðåõ ïàðàìåòðîâ ðàñïðåäåëåíèÿ Âåé-

áóëëà – Ãíåäåíêî äëÿ ýêñïåðèìåíòàëüíûõ âûáî-

ðîê îïðåäåëÿëè îäíîøàãîâûì (ÎØ) ìåòîäîì [6],

à ïñåâäîâûáîðêè, ìîäåëèðóþùèå èñõîäíûå

ýêñïåðèìåíòàëüíûå, ïîëó÷àëè áóòñòðåïîì. Ñðåä-

íèå çíà÷åíèÿ ýêñïåðèìåíòàëüíî îïðåäåëåííûõ

ïðåäåëîâ ïðî÷íîñòè ïðàêòè÷åñêè ñîâïàäàëè, íî

äîâåðèòåëüíûå èíòåðâàëû, ïîëó÷åííûå äëÿ ïà-

ðàìåòðà ñäâèãà èç ïñåâäîâûáîðîê, ðàçëè÷àëèñü

çíà÷èìî. Ïàðàìåòð ñäâèãà äëÿ èçìåðåíèé ïðî÷-

íîñòè èìååò ÿñíûé ôèçè÷åñêèé ñìûñë — ýòî íà-

÷àëüíîå ìåõàíè÷åñêîå íàïðÿæåíèå, ïðèëîæåííîå

ê îáðàçöó, íà÷èíàÿ ñ êîòîðîãî âåðîÿòíîñòü ðàçðó-

øåíèÿ îòëè÷íà îò íóëÿ. Â äàííîé ðàáîòå ðàñ-

ñìîòðåí ñïîñîá, êîòîðûé ïîçâîëÿåò ïîëó÷àòü ñ

ïîìîùüþ áóòñòðåïà ðàñïðåäåëåíèÿ äëÿ ïàðàìåò-

ðîâ èçó÷àåìîé ôèçè÷åñêîé âåëè÷èíû, íåçàâèñè-

ìî îò ïðèíÿòîãî äëÿ íåå ðàñïðåäåëåíèÿ. Ñ ýòîé

òî÷êè çðåíèÿ ïðåäëàãàåìûé ñïîñîá ìîæåò ñ÷è-

òàòüñÿ íåïàðàìåòðè÷åñêèì. Äëÿ äåìîíñòðàöèè

óêàçàííîãî ïîäõîäà èñïîëüçîâàëè ýêñïåðèìåí-

òàëüíûå äàííûå ïî ðåñóðñíûì èñïûòàíèÿì ðåç-

öîâ, êîòîðûå ïðèâåäåíû â ÃÎÑÒ 11.011–83 «Ïðà-

âèëà îïðåäåëåíèÿ îöåíîê è äîâåðèòåëüíûõ ãðà-

íèö ïàðàìåòðîâ ãàììà-ðàñïðåäåëåíèÿ». Ýòî îáó-

ñëîâëåíî òðåìÿ îñíîâíûìè ïðè÷èíàìè: âî-ïåð-

âûõ, ïîëó÷åíèå ïîäîáíûõ ýêñïåðèìåíòàëüíûõ

ðåçóëüòàòîâ ÷ðåçâû÷àéíî çàòðàòíî; âî-âòîðûõ,

ýòî ðåçóëüòàòû òåõíè÷åñêèõ èçìåðåíèé, à íå ôè-

çè÷åñêèõ, êîòîðûå ïðîâîäÿòñÿ ñ î÷åíü âûñîêîé

òî÷íîñòüþ. Îáúåêò èññëåäîâàíèé èìååò çíà÷è-

òåëüíóþ íåîäíîðîäíîñòü. Îáðàáîòêà ïîäîáíûõ

ýêñïåðèìåíòàëüíûõ äàííûõ êîñâåííî õàðàêòåðè-

çóåò óñòîé÷èâîñòü ðàñ÷åòíîé ïðîöåäóðû. Êðîìå

òîãî, ìàòåðèàë ÃÎÑÒ 11.011–83 èçëîæåí î÷åíü

ñêðóïóëåçíî è åãî èñïîëüçîâàíèå ãàðàíòèðóåò îò

âîçìîæíûõ ìåòîäè÷åñêèõ íåêîððåêòíîñòåé. Âñå

íåîáõîäèìûå äëÿ âûïîëíåíèÿ ðàñ÷åòîâ òàáëèöû

èç ÃÎÑÒ 11.011–83 áûëè çàíåñåíû â ïàìÿòü êîì-

ïüþòåðà, ðàñ÷åòû ïðîâîäèëè ñïîñîáàìè, àíà-

ëîãè÷íûìè ïðèâåäåííûì â äàííîì ñòàíäàðòå.

Áóòñòðåï ïîçâîëÿåò ôîðìàëüíî ãåíåðèðîâàòü

áîëüøîå êîëè÷åñòâî âûáîðîê, îäíàêî âîçìîæíî

ïîÿâëåíèå è îäèíàêîâûõ âûáîðîê, è âûáîðîê,

êîòîðûå èìåþò ìàëî îáùåãî ñ èñõîäíîé, ýêñïåðè-

ìåíòàëüíîé. Èç ýòîãî ìíîæåñòâà íåîáõîäèìî îòî-

áðàòü òå, êîòîðûå «ïîõîæè» íà èñõîäíóþ âûáîð-

êó. Òðåáóåòñÿ íåêîòîðûé ôèëüòð, êîòîðûé ïîçâî-

ëÿåò öåëåíàïðàâëåííî îòáèðàòü èç ïîëó÷àåìûé

ñîâîêóïíîñòè ïñåâäîâûáîðîê òå, êîòîðûå óäîâ-

ëåòâîðÿþò öåëÿì èññëåäîâàíèÿ. Ïåðâîå è î÷å-
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âèäíîå òðåáîâàíèå — çíà÷èìîñòü êîýôôèöèåíòà

ëèíåéíîé êîððåëÿöèè ìåæäó ïñåâäîâûáîðêîé è

èñõîäíîé, ýêñïåðèìåíòàëüíîé âûáîðêîé. Ïîñëå-

äóþùèå òðåáîâàíèÿ, î êîòîðûõ áóäåò ñêàçàíî

íèæå, îáóñëîâëåíû áîëüøå êîíêðåòíûìè óñëî-

âèÿìè ðåøàåìîé ïðîáëåìû.

Ýêñïåðèìåíòàëüíàÿ ÷àñòü.

Âû÷èñëèòåëüíûå ïðîöåäóðû

Îïðåäåëåíèå äîâåðèòåëüíûõ èíòåðâàëîâ.

Èíòåðâàëüíûå îöåíêè ïîëó÷àëè, èñïîëüçóÿ ñâîé-

ñòâî àñèìïòîòè÷åñêîé íîðìàëüíîñòè âûáîðî÷íûõ

ìîìåíòîâ [7]. Íèæíÿÿ ãðàíèöà âûáîðî÷íîãî

ñðåäíåãî ñîñòàâëÿëà

x
m

– U(p)s0/n
1/2, (1)

à åãî âåðõíÿÿ ãðàíèöà —

x
m

+ U(p)s0/n
1/2, (2)

ãäå x
m

— âûáîðî÷íîå ñðåäíåå; p — äîâåðèòåëüíàÿ

âåðîÿòíîñòü; s0 — ñðåäíåêâàäðàòè÷åñêîå îòêëî-

íåíèå; n — îáúåì âûáîðêè; U(p) — ÷èñëî, çàäàí-

íîå ðàâåíñòâîì

Ö[U(p)] = (1 + p)/2. (3)

Äëÿ äîâåðèòåëüíûõ âåðîÿòíîñòåé [0,99, 0,95,

0,9] çíà÷åíèÿ U(p) ðàâíû [2,5758, 1,9600, 1,6449]

ñîîòâåòñòâåííî. Íèæíþþ ãðàíèöó âûáîðî÷íîé

äèñïåðñèè îïðåäåëÿëè êàê

s
0

2 – U(p)d, (4)

à åå âåðõíþþ ãðàíèöó — êàê

s
0

2 + U(p)d. (5)

Âñïîìîãàòåëüíîå ÷èñëî d íàõîäèëè èç âûðà-

æåíèÿ
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, (6)

ãäå m4 — âûáîðî÷íûé ÷åòâåðòûé öåíòðàëüíûé

ìîìåíò. Â êà÷åñòâå ýêñïåðèìåíòàëüíîé âûáîðêè

èñïîëüçîâàëè äàííûå î ñòîéêîñòè ðåçöîâ èç

ÃÎÑÒ 11.011–83; îáúåì âûáîðêè n = 50. Äîâåðè-

òåëüíûå èíòåðâàëû äëÿ ïàðàìåòðîâ ïðè p = 0,95

ñîñòàâèëè: [50,56:65,19] — äëÿ ñðåäíåãî, ðàâíîãî

57,88; [347,38:978,62] — äëÿ äèñïåðñèè, ðàâíîé

663,00.

Îïðåäåëåíèå ïàðàìåòðîâ ãàììà-ðàñïðåäåëå-

íèÿ. Â óêàçàííîì âûøå ñòàíäàðòå ïðèâåäåíû

ñïîñîáû îïðåäåëåíèÿ ïàðàìåòðîâ òðåõïàðàìåò-

ðè÷åñêîãî ãàììà-ðàñïðåäåëåíèÿ ïðè ðàçëè÷íîé

ïðåäâàðèòåëüíî èçâåñòíîé èíôîðìàöèè:

f x a b c

a

x b

x c

b
G

a a( | , , )
( )

exp ,	 
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(7)

ãäå f
G

— ïëîòíîñòü ãàììà-ðàñïðåäåëåíèÿ; a, b,

c — ïàðàìåòðû ôîðìû, ìàñøòàáà è ñäâèãà;

Ã(a) — ãàììà-ôóíêöèÿ. Èç âñåõ âàðèàíòîâ, ïðåä-

ñòàâëåííûõ â ÃÎÑÒ 11.011–83, â äàííîé ðàáîòå

ðàññìîòðåí òîëüêî ñëó÷àé, êîãäà íåèçâåñòíû âñå

òðè ïàðàìåòðà ãàììà-ðàñïðåäåëåíèÿ. Èññëåäîâà-

íû îöåíêè ïàðàìåòðîâ, ïîëó÷åííûõ ïî ìåòîäó

ìîìåíòîâ, è íàèëó÷øèå íîðìàëüíî àñèìïòîòè÷å-

ñêèå (ÍÀÍ) îöåíêè, íàéäåííûå ÎØ-ìåòîäîì.

Ïðåèìóùåñòâà ïîñëåäíèõ ïîäðîáíî èçëîæåíû â

ìîíîãðàôèè [8]. Äëÿ ðàñ÷åòà ÍÀÍ-îöåíîê ñíà÷à-

ëà íåîáõîäèìî îïðåäåëèòü îöåíêè ïàðàìåòðîâ

ãàììà-ðàñïðåäåëåíèÿ ïî ìåòîäó ìîìåíòîâ (ñì.

ÃÎÑÒ 11.011–83, ïóíêò 3):

a

s

m
ì 	 4

2 3

3

2

( )
; (8)

b

m

s
ì 	

3

22
; (9)

cì = x
m

– aìbì, (10)

ãäå aì, bì, cì — ïàðàìåòðû ôîðìû, ìàñøòàáà è

ñäâèãà, îïðåäåëåííûå ìåòîäîì ìîìåíòîâ; s
2 —

âûáîðî÷íàÿ äèñïåðñèÿ; m3 — âûáîðî÷íûé òðå-

òèé öåíòðàëüíûé ìîìåíò. Äëÿ ýêñïåðèìåíòàëü-

íîé âûáîðêè ðåñóðñà ðåçöîâ ïàðàìåòðû ãàììà-

ðàñïðåäåëåíèÿ ñîñòàâèëè: aì = 5,2313; bì =

= 11,2578; cì = –1,0132. ÍÀÍ-îöåíêè ðàññ÷èòà-

íû ÷åðåç ïîïðàâêè ê îöåíêàì ìåòîäà ìîìåíòîâ

(ñì. ÃÎÑÒ 11.011–83, ïóíêò 8.4.6 è ïðèìåð 4), êî-

òîðûå îïðåäåëåíû ñ ïîìîùüþ òàáëèö èç ñòàíäàð-

òà. Ïîëó÷åíû ñëåäóþùèå çíà÷åíèÿ ÍÀÍ-îöåíîê

è èõ âåðõíèõ è íèæíèõ ãðàíèö: a
n

= 7,3419,

ãðàíèöû [–1,7948:16,4786]; b
n

= 8,7354, ãðàíè-

öû [2,2809:15,1898]; c
n

= –11,5779, ãðàíèöû

[–46,3755:23,2197].

Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåçû ñî-

ãëàñèÿ. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåçû

ñîãëàñèÿ ïñåâäîâûáîðîê ñ òåîðåòè÷åñêèì ðàñ-

ïðåäåëåíèåì êîððåêòíî ìîæåò áûòü âûïîëíåíà,

åñëè çàðàíåå èçâåñòíà «çàäàííàÿ ôóíêöèÿ íåïðå-

ðûâíîãî ðàñïðåäåëåíèÿ F(x), íå ñîäåðæàùàÿ íå-

èçâåñòíûõ ïàðàìåòðîâ» [9, ñ. 80]. Â äàííîé ðàáî-

òå, âî-ïåðâûõ, ïðîâåðÿëàñü ãèïîòåçà ñîãëàñèÿ

ïñåâäîâûáîðêè ñ òðåõïàðàìåòðè÷åñêèì ãàììà-

ðàñïðåäåëåíèåì, â êà÷åñòâå ïàðàìåòðîâ êîòîðîãî

èñïîëüçîâàëèñü îöåíêè ìåòîäà ìîìåíòîâ èëè

ÍÀÍ-îöåíêè äëÿ ýêñïåðèìåíòàëüíî ïîëó÷åííîé

âûáîðêè ðåñóðñà ðåçöîâ. Âî-âòîðûõ, ïðîâîäèëàñü

ïðîâåðêà ãèïîòåçû ñîãëàñèÿ âûáîðêè èç ïàðàìåò-
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ðîâ ïñåâäîâûáîðîê ñ îäíèì èç ÷åòûðåõ íåïðå-

ðûâíûõ ðàñïðåäåëåíèé, óêàçàííûõ íèæå. Â ýòîì

ñëó÷àå îäíà ÷àñòü âûáîðêè èñïîëüçîâàëàñü äëÿ

îïðåäåëåíèÿ ïàðàìåòðîâ ðàñïðåäåëåíèÿ, à äðó-

ãàÿ ÷àñòü — äëÿ ïðîâåðêè ñîáñòâåííî ãèïîòåçû

ñîãëàñèÿ. (Ýòîò ïðèåì ðåêîìåíäîâàí â [10].) Äëÿ

íàãëÿäíîñòè ýëåìåíòû âûáîðêè ïåðåíóìåðîâà-

ëèñü â ïîðÿäêå âîçðàñòàíèÿ çíà÷åíèé. Ïî íå-

÷åòíûì íîìåðàì îïðåäåëÿëèñü ïàðàìåòðû ðàñ-

ïðåäåëåíèÿ, à ïî ÷åòíûì ïðîâåðÿëàñü ãèïîòåçà

ñîãëàñèÿ ñ ýòèì òåîðåòè÷åñêèì ðàñïðåäåëåíèåì,

ïàðàìåòðû êîòîðîãî ïðåäâàðèòåëüíî íàõîäèëèñü

ïî ýëåìåíòàì âûáîðêè ñ íå÷åòíûìè íîìåðàìè.

Â îáîèõ âàðèàíòàõ âûïîëíÿëîñü òðåáîâàíèå ïðî-

âåðêè ãèïîòåçû ñîãëàñèÿ ñ íåïðåðûâíîé ôóíêöè-

åé ðàñïðåäåëåíèÿ, íå ñîäåðæàùåé íåèçâåñòíûõ

ïàðàìåòðîâ [9]. Ãèïîòåçà ñîãëàñèÿ âî âòîðîì âà-

ðèàíòå ïðîâåðÿëàñü äëÿ äâóõïàðàìåòðè÷åñêèõ

ðàñïðåäåëåíèé Âåéáóëëà – Ãíåäåíêî, ãàììà, ëîã-

íîðìàëüíîãî è íîðìàëüíîãî, ïëîòíîñòè ðàñïðå-

äåëåíèÿ êîòîðûõ ïðåäñòàâëåíû íèæå:

f x m

m

x

m

x

m
W a

a a a

( | , ) exp�
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f x a b

a

x b

x

b
G

a a( | , )
( )

exp ,	 

�
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f x

x

x

L L L

L

L

L

( | , ) exp
ln

," �

� �
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(13)

f x

x

x

N N N

L

N

N

( | , ) exp ." �

� �

"

�

	


 
�

�

�
�

�

�

�
�

�

�

�

�

�

�

 

 

1

2

1

2

2

(14)

×èñëîâûå çíà÷åíèÿ ïàðàìåòðîâ äâóõïàðàìåò-

ðè÷åñêèõ ðàñïðåäåëåíèé (11) – (14) îïðåäåëÿëèñü

ñ èñïîëüçîâàíèåì ñòàíäàðòíûõ ïðîöåäóð ïàêåòà

Matlab, â êîòîðûõ ðåàëèçîâàí ïðèíöèï ìàêñèìó-

ìà ïðàâîïîäîáèÿ. Âûáîð íàèáîëåå ïîäõîäÿùåãî

òåîðåòè÷åñêîãî ðàñïðåäåëåíèÿ, ñîîòâåòñòâóþùå-

ãî ýêñïåðèìåíòàëüíûì äàííûì, ïðîâîäèòñÿ íà

îñíîâå àíàëèçà «ðàññòîÿíèÿ» ìåæäó ýìïèðè÷å-

ñêîé ôóíêöèåé ðàñïðåäåëåíèÿ è âûáðàííîé òåî-

ðåòè÷åñêîé ôóíêöèåé. Çíà÷åíèÿ ýìïèðè÷åñêîé

ôóíêöèè ðàñïðåäåëåíèÿ ðàññ÷èòûâàëèñü òðàäè-

öèîííî:

F
em

(x) = 0 ... x < min(x
i
),

F
em

(x) = i/n ... x
i
< x � x

i + 1,

F
em

(x) = 1 ... x # max(x
i
).

Ðàñ÷åò «ðàññòîÿíèé» — ýêñïåðèìåíòàëüíûõ

çíà÷åíèé êðèòåðèåâ Êîëìîãîðîâà D
n
, Ñìèðíîâà

D
n

$ , Êðàìåðà – Ìèçåñà – Ñìèðíîâà nù2 è Àíäåð-

ñîíà – Äàðëèíãà nÙ2 ïðîâîäèëè ïî ôîðìóëàì èç

ñïðàâî÷íèêà [9]. Òàê,

D

i

n

F x
n

i n
i

$

� �

	 

�

�
�

�

�
 

max ( ) ,
1

(15)

D F x

i

n
n

i n
i




� �

	 



�

�
�

�

�
 

max ( ) ,
1

1
(16)

D D D
n n n

	
$ 
max( , ). (17)

Êðèòè÷åñêîå çíà÷åíèå êðèòåðèÿ Ñìèðíîâà ïðè

n # 10 íà îòðåçêå q # 0,005 ðàññ÷èòûâàåòñÿ ïî

ôîðìóëå

D q

n

y

y y

n n

y
n

$
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�

�
�

�

�

�
�

 	( )

1

2

2 4 1

18

1

6

2

�

	 
 ln( ),q (18)

à êðèòè÷åñêîå çíà÷åíèå êðèòåðèÿ Êîëìîãîðîâà

ïðè n # 10 íà îòðåçêå q # 0,005 — ïî ôîðìóëå

D q

n

y

y y

n n

y
n

( ) 	 



 
�

�

�
�

�

�

�
�

 	

1

2

2 4 1

18

1

6

2

�

	 
 ln ,
q

2
(19)

ãäå q = 1 – p — óðîâåíü çíà÷èìîñòè. Åñëè çíà÷å-

íèå ñîîòâåòñòâóþùåãî êðèòåðèÿ áîëüøå êðèòè÷å-

ñêîãî, òî ãèïîòåçà ñîãëàñèÿ òåîðåòè÷åñêîãî ðàñ-

ïðåäåëåíèÿ è ýêñïåðèìåíòàëüíûõ äàííûõ îòâåð-

ãàåòñÿ. Çíà÷åíèÿ êðèòåðèÿ Êðàìåðà – Ìèçåñà –

Ñìèðíîâà îïðåäåëÿëèñü êàê

n

n

F x

i

n
i

i

n

%
2

2

1

1

12

2 1

2
	 $ 



�

�
�

�

�
 

	

& ( ) . (20)

Êðèòè÷åñêîå çíà÷åíèå ýòîãî êðèòåðèÿ íàõîäèòñÿ

èç ïðåäåëüíîãî ðàñïðåäåëåíèÿ

lim { } ( ),
n

P n x a x

�'

( 	%
2 1 (21)

a x

j

j

j q

j

x
j

1
1 2

1 2 1
4

4 1

16

2

( )
( )

( ) ( )
exp

( )
	

$

$

$ 


$)

*

+

,

-

.	

!

! !0

'

& �

�

$�

�

�

�

�

 



$�

�

�

�

�

 

)

*

+

,

-

.


 

I

j

x

I

j

x
1 4

2

1 4

24 1

16

4 1

16

( ) ( )
,

ãäå Ã(z) — ãàììà-ôóíêöèÿ; I
k
(z) — ìîäèôèöèðî-

âàííàÿ ôóíêöèÿ Áåññåëÿ.

Ðåçóëüòàò çàâèñèò òîëüêî îò óðîâíÿ çíà÷èìî-

ñòè q. Äëÿ q = [0,01, 0,05, 0,1] êðèòè÷åñêèå çíà÷å-

íèÿ êðèòåðèÿ Êðàìåðà – Ìèçåñà – Ñìèðíîâà ðàâ-

íû [0,7435, 0,4614, 0,3473] ñîîòâåòñòâåííî.
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Ýêñïåðèìåíòàëüíîå çíà÷åíèå êðèòåðèÿ Àí-

äåðñîíà – Äàðëèíãà ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

n n

i

n

F x
n i

i

n

/
2

1

2
2 1

2
	 
 





$
)

*

+
	

& ln ( )

$ 



�

�

�

�

�

� 


,

-

.

1
2 1

2
1

i

n

F x
i

ln [ ( )] . (22)

Åãî êðèòè÷åñêîå çíà÷åíèå íàõîäèòñÿ èç ïðåäåëü-

íîãî ðàñïðåäåëåíèÿ

lim { } ( ),
n

n
n x a x

�'

( 	/
2 2 (23)

a x

x

j

j

j

j

n

2
2

1
1 2

1 2 11

( ) ( )
( )

( ) ( )
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�( )exp

( )
4 1

4 1

8

2 2

j

j

x

�

�

$
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�

 

'

0
exp

( )

( )
.

x

y

j y

x

y

8 1

4 1

82

2 2 2

0

�

d

Ðåçóëüòàò çàâèñèò òîëüêî îò óðîâíÿ çíà÷è-

ìîñòè q. Äëÿ q = [0,01, 0,05, 0,1] êðèòè÷åñêèå

çíà÷åíèÿ êðèòåðèÿ Àíäåðñîíà – Äàðëèíãà ðàâíû

[3,8826, 2,4924, 1,9330] ñîîòâåòñòâåííî.

Ïîñëåäîâàòåëüíîñòü îòáîðà ïñåâäîâûáîðîê.

Äëÿ ãåíåðàöèè âûáîðîê ìåòîäîì áóòñòðåïà èñ-

ïîëüçîâàëè ñòàíäàðòíóþ ïðîöåäóðó Boostrap ïà-

êåòà Matlab. Òðåáóåòñÿ, ÷òîáû êàæäàÿ ïñåâäîâû-

áîðêà óäîâëåòâîðÿëà êîíêðåòíûì óñëîâèÿì:

1) êîýôôèöèåíò êîððåëÿöèè ñ èñõîäíîé ýêñ-

ïåðèìåíòàëüíîé âûáîðêîé äîëæåí áûòü áîëåå

0,3;

2) òðåòèé öåíòðàëüíûé ìîìåíò ïåâäîâûáîð-

êè îáÿçàí áûòü ïîëîæèòåëüíûì;

3) ñðåäíåìó çíà÷åíèþ ïñåâäîâûáîðêè ïîëî-

æåíî íàõîäèòüñÿ âíóòðè äîâåðèòåëüíîãî èíòåð-

âàëà äëÿ ñðåäíåãî ýêñïåðèìåíòàëüíîé âûáîðêè,

êàê è äîâåðèòåëüíîìó èíòåðâàëó äëÿ ñðåäíåãî

ïñåâäîâûáîðêè;

4) íåîáõîäèìî, ÷òîáû ÍÀÍ-îöåíêè ïàðàìåò-

ðîâ ôîðìû è ìàñøòàáà áûëè ïîëîæèòåëüíû;

5) ãèïîòåçà ñîãëàñèÿ ñ òðåõïàðàìåòðè÷åñêèì

ãàììà-ðàñïðåäåëåíèåì äîëæíà íå îòâåðãàòüñÿ ïî

÷åòûðåì êðèòåðèÿì (ñì. âûøå);

6) âñåì ÍÀÍ-ïàðàìåòðàì îñòàâøèõñÿ ïñåâäî-

âûáîðîê ñëåäóåò áûòü âíóòðè ñîîòâåòñòâóþùèõ

äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ ÍÀÍ ïàðàìåòðîâ

ýêñïåðèìåíòàëüíîé âûáîðêè, ðàññ÷èòàííûõ ïî

ñòàíäàðòíîé ìåòîäèêå (ñì. âûøå).

Òðåáîâàíèÿ ïï. 2 – 6 îáóñëîâëåíû êîíêðåò-

íîé ïîñòàíîâêîé ïðîáëåìû: âûáîðêà ñîñòîèò èç

50 èçìåðåíèé, äëÿ êîòîðûõ íå îòâåðãàåòñÿ ãèïî-

òåçà ñîãëàñèÿ ñ òðåõïàðàìåòðè÷åñêèì ãàììà-ðàñ-
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Òàáëèöà 1. Èëëþñòðàöèÿ ïðîöåññà îòáîðà ïñåâäîâûáîðîê ïî ïï. 1 – 6 (qn
i
, qv

i
— íèæíÿÿ è âåðõíÿÿ ãðàíèöû äîâåðèòå-

ëüíîãî èíòåðâàëà äëÿ âûáîðî÷íîãî ñðåäíåãî ïñåâäîâûáîðêè ñ íîìåðîì «i»)

Table 1. Illustration of selecting pseudosamples according to points 1 – 6 (qni qvi — lower and upper boundaries of the confi-

dence interval for the sample mean of pseudosample “i”)

Øàã Óñëîâèå Íå âûïîëíåíî Îñòàëîñü

1 Áóòñòðåï 1 000 000

2 Êîýôôèöèåíò êîððåëÿöèè >0,3 979 848 20 152

3 Òðåòèé âûáîðî÷íûé öåíòðàëüíûé ìîìåíò >0 229 19 923

4 Âûáîðî÷íîå ñðåäíåå ïñåâäîâûáîðêè < 50,7429 323 19 600

5 Âûáîðî÷íîå ñðåäíåå ïñåâäîâûáîðêè >65,0171 545 19 055

6 qn
i
< 50,7429 9374 9 681

7 qv
i
> 65,0171 8072 1 609

8 ÍÀÍ ïàðàìåòð ôîðìû <0 683 926

9 ÍÀÍ ïàðàìåòð ìàñøòàáà <0 705 221

10 Êðèòåðèé Êîëìîãîðîâà D
n

> 0,1884 146 75

11 Êðèòåðèé Ñìèðíîâà D
n

$ > 0,1729 0 75

12 Êðèòåðèé nù2 > 0,4614 16 59

13 Êðèòåðèé nÙ2 > 2,4924 6 53

14 ÍÀÍ ïàðàìåòð ôîðìû <–1,7948 0 53

15 ÍÀÍ ïàðàìåòð ôîðìû >16,4786 1 52

16 ÍÀÍ ïàðàìåòð ìàñøòàáà <2,2809 4 48

17 ÍÀÍ ïàðàìåòð ìàñøòàáà >15,1898 37 11

18 ÍÀÍ ïàðàìåòð ñäâèãà <–46,3755 0 11

19 ÍÀÍ ïàðàìåòð ñäâèãà >23,2197 3 8



ïðåäåëåíèåì. Îñíîâíàÿ öåëü èññëåäîâàíèÿ —

ïîëó÷åíèå áóòñòðåïîì ñîâîêóïíîñòè ïñåâäîâûáî-

ðîê, óäîâëåòâîðÿþùèõ ïðèâåäåííûì òðåáîâàíè-

ÿì. Èç ýòîé ñîâîêóïíîñòè îïðåäåëÿþò îñîáåí-

íîñòè ðàñïðåäåëåíèé ïàðàìåòðîâ òðåõïàðàìåò-

ðè÷åñêîãî ãàììà-ðàñïðåäåëåíèÿ. Î÷åíü ìàëàÿ

÷àñòü ïñåâäîâûáîðîê, ãåíåðèðîâàííûõ ñòàíäàðò-

íîé ïðîöåäóðîé Boostrap, óäîâëåòâîðèëà ïåðå-

÷èñëåííûì òðåáîâàíèÿì. Â òàáë. 1 íàãëÿäíî

ïðåäñòàâëåí ïðîöåññ îòáîðà ïî øàãàì èç

1 000 000 ïñåâäîâûáîðîê. Íà êàæäîì ïîñëåäóþ-

ùåì øàãå ðàññìàòðèâàëèñü òîëüêî âûáîðêè, äëÿ

êîòîðûõ âûïîëíåíî óñëîâèå ïðåäûäóùåãî øàãà.

Îáðàùàåò íà ñåáÿ âíèìàíèå ðåçóëüòàò âòîðîãî

øàãà. Êîýôôèöèåíò êîððåëÿöèè, áîëüøèé 0,3,

îáíàðóæèëè ïðàêòè÷åñêè òîëüêî 2 % ãåíåðèðî-

âàííûõ ïñåâäîâûáîðîê. Êðèòè÷åñêîå çíà÷åíèå

êîýôôèöèåíòà êîððåëÿöèè, íèæå êîòîðîãî îí íå-

çíà÷èì, äëÿ âûáîðêè èç 50 ýëåìåíòîâ ïðè

p = 0,95 ðàâíî 0,23. Ýòî ñâèäåòåëüñòâóåò î âàæ-

íîñòè êîððåêòíîñòè îòáîðà ïñåâäîâûáîðîê ïðè

ìîäåëèðîâàíèè èñõîäíîé âûáîðêè.

Àíàëîãè÷íûå ïðîöåäóðû áóòñòðåïà ïîâòîðÿ-

ëè íåñêîëüêî ðàç, ïîêà íå íàáðàëîñü 46 âûáîðîê,

óäîâëåòâîðÿþùèõ ïåðå÷èñëåííûì òðåáîâàíèÿì,

ñ ðàçíûìè ñðåäíèìè çíà÷åíèÿìè. Äàëüíåéøèå

ïîâòîðû íå ïðèâîäèëè ê óâåëè÷åíèþ ýòîãî ÷èñëà

ïñåâäîâûáîðîê. Ïîëó÷åííîå ÷èñëî ïñåâäîâûáî-

ðîê äîñòàòî÷íî äëÿ ïðîâåðîê ãèïîòåç ñîãëàñèÿ ñî-

âîêóïíîñòè ïàðàìåòðîâ èõ ðàñïðåäåëåíèé ïî âòî-

ðîìó âàðèàíòó, îïèñàííîìó â ðàçäåëå «Ïîñëåäî-

âàòåëüíîñòü îòáîðà ïñåâäîâûáîðîê». Ïîëîâèíà

âûáîðîê, à èìåííî 23, èñïîëüçîâàëàñü äëÿ îïðå-

äåëåíèÿ ïàðàìåòðîâ òåîðåòè÷åñêèõ ðàñïðåäåëå-

íèé. Çíà÷åíèÿ ïàðàìåòðîâ äðóãèõ 23 âûáîðîê

ïðåäíàçíà÷àëèñü äëÿ ïðîâåðêè ãèïîòåçû ñîãëà-

ñèÿ ñ íèìè. Îòäåëüíî ïðîâåðÿëè ãèïîòåçû ñîãëà-

ñèÿ äëÿ îöåíîê ìåòîäà ìîìåíòîâ è ÍÀÍ-îöåíîê.

Ðåçóëüòàòû ïðèâîäÿòñÿ â òàáë. 2 – 4 (â êâàäðàò-

íûõ ñêîáêàõ äàíû êðèòè÷åñêèå çíà÷åíèÿ ñîîòâåò-

ñòâóþùèõ êðèòåðèåâ ïðè p = 0,95).
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Òàáëèöà 2. Çíà÷åíèÿ íåïàðàìåòðè÷åñêèõ êðèòåðèåâ ñîãëàñèÿ äëÿ îöåíîê ïàðàìåòðà ìàñøòàáà ïñåâäîâûáîðîê

Table 2. Values of nonparametric goodness-of-fit tests for estimates of the scale parameter of pseudosamples

Ðàñïðåäåëåíèå

Çíà÷åíèÿ êðèòåðèåâ

D
n

[0,2749] D
n

$ [0,2547] nù2 [0,4614] nÙ2 [2,4924]

Îöåíêè ìåòîäà ìîìåíòîâ

Âåéáóëëà – Ãíåäåíêî (m
a

= 10,2223, m
o

= 14,3440 0,1263 0,0509 0,0501 0,2968

Ãàììà (a = 108,7775, b = 0,0904) 0,1611 0,0965 0,1436 0,7765

Ëîãíîðìàëüíîå (m = 2,2812, s = 0,0997) 0,1664 0,1062 0,1552 0,8391

Íîðìàëüíîå (m = 9,8334, s = 0,9350) 0,1489 0,0937 0,1192 0,6511

Íàèëó÷øèå àñèìïòîòè÷åñêè íîðìàëüíûå îöåíêè

Âåéáóëëà – Ãíåäåíêî (m
a

= 9,4507, m
o

= 3,2065) 0,0970 0,0785 0,0367 0,2890

Ãàììà (a = 7,4122, b = 1,1386) 0,1129 0,0770 0,0611 0,3722

Ëîãíîðìàëüíîå (m = 2,0639, s = 0,3937) 0,1302 0,0743 0,0785 0,4476

Íîðìàëüíîå (m = 8,4393, s = 3,0173) 0,0945 0,0775 0,0353 0,2834

Òàáëèöà 3. Çíà÷åíèÿ íåïàðàìåòðè÷åñêèõ êðèòåðèåâ ñîãëàñèÿ äëÿ îöåíîê ïàðàìåòðà ôîðìû ïñåâäîâûáîðîê

Table 3. Values of nonparametric goodness-of-fit tests for estimates of the shape parameter of pseudosamples

Ðàñïðåäåëåíèå

Çíà÷åíèÿ êðèòåðèåâ

D
n

[0,2749] D
n

$ [0,2547] nù2 [0,4614] nÙ2 [2, 4924]

Îöåíêè ìåòîäà ìîìåíòîâ

Âåéáóëëà – Ãíåäåíêî (m
a

= 6,0403, m
o

= 11,6077) 0,1760 0,1583 0,1827 1,4166

Ãàììà (a = 167,1179, b = 0,0348) 0,1095 0,1046 0,0703 0,7689

Ëîãíîðìàëüíîå (m = 1,7572, s = 0,0783) 0,1079 0,1008 0,0650 0,6947

Íîðìàëüíîå (m = 5,8139, s = 0,4708) 0,1178 0,1178 0,0875 0,8647

Íàèëó÷øèå àñèìïòîòè÷åñêè íîðìàëüíûå îöåíêè

Âåéáóëëà (m
a

= 8,1514, m
o

= 2,5367) 0,1099 0,0574 0,0440 0,3009

Ãàììà (a = 4,4820, b = 1,6113) 0,1255 0,0633 0,0793 0,4386

Ëîãíîðìàëüíîå (m = 1,8614, s = 0,5276) 0,1573 0,0914 0,1172 0,6205

Íîðìàëüíîå (m = 7,2217, s = 3,1797) 0,1046 0,0547 0,0350 0,2861



Ïðè âûïîëíåíèè ðàáîòû îòðèöàòåëüíûå

çíà÷åíèÿ ïàðàìåòðà ñäâèãà íå îòáðàñûâàëèñü,

ïîýòîìó äëÿ ýòîãî ïàðàìåòðà ïðîâåðÿëàñü òîëüêî

ãèïîòåçà ñîãëàñèÿ ñ íîðìàëüíûì ðàñïðåäåëå-

íèåì.

Âñå ÷åòûðå êðèòåðèÿ äëÿ îöåíîê ÍÀÍ-ïàðà-

ìåòðîâ èìåþò íàèìåíüøåå çíà÷åíèå äëÿ íîð-

ìàëüíîãî ðàñïðåäåëåíèÿ, ò.å. íîðìàëüíîå ðàñïðå-

äåëåíèå ïðåäïî÷òèòåëüíåé, õîòÿ ãèïîòåçà ñîãëà-

ñèÿ äëÿ äðóãèõ ðàñïðåäåëåíèé íå îòâåðãàåòñÿ.

Äëÿ îöåíîê ïàðàìåòðà ìàñøòàáà, ïîëó÷åííûõ

ìåòîäîì ìîìåíòîâ, âñå êðèòåðèè ìèíèìàëüíû

äëÿ ðàñïðåäåëåíèÿ Âåéáóëëà – Ãíåäåíêî, à äëÿ

îöåíîê ïàðàìåòðà ôîðìû — äëÿ ëîãàðèôìè÷åñêè

íîðìàëüíîãî. Ïðè÷èíà ýòîãî ïîêà íå ÿñíà. Ðàñ-

ñìîòðèì ãèñòîãðàììó ÍÀÍ-îöåíîê ïàðàìåòðà

ìàñøòàáà, ïðåäñòàâëåííóþ íà ðèñ. 1. ×èñëî ñòó-

ïåíåé ãèñòîãðàììû îïðåäåëÿëîñü ïî ôîðìóëå

Ñòåðäæåññà:

k = 1 + 3,322 lg(n). (24)

×èñëî k îêðóãëÿåòñÿ äî áëèæàéøåãî öåëîãî.

Ñòóïåí÷àòàÿ êðèâàÿ ñâèäåòåëüñòâóåò î òîì, ÷òî

ðåàëüíîå ðàñïðåäåëåíèå ñîñòàâíîå, íåñìîòðÿ íà

òî, ÷òî ïî ôîðìàëüíûì ïðèçíàêàì êðèòåðèåâ

ñîãëàñèÿ ìîæíî èñïîëüçîâàòü íîðìàëüíîå ðàñ-

ïðåäåëåíèå.

Èñïîëüçóåì äëÿ âûáîðêè ÍÀÍ-îöåíîê ïàðà-

ìåòðà ìàñøòàáà êëàñòåðíûé àíàëèç. Ìåæäó îáú-

åêòàìè ïðèíèìàåì Åâêëèäîâî ðàññòîÿíèå, ñïîñîá

ãðóïïèðîâêè — Âàðäà [12]. Ðåçóëüòàò ïðåäñòàâ-

ëåí íà ðèñ. 2. Äëÿ íàãëÿäíîñòè âûáîðêà çíà÷å-

íèé îöåíîê ÍÀÍ-ïàðàìåòðîâ ìàñøòàáà ïåðåíó-

ìåðîâûâàëàñü â ïîðÿäêå âîçðàñòàíèÿ. Âñÿ âûáîð-

êà ðàñïàëàñü íà äâà êëàñòåðà, êàæäûé èç êîòî-

ðûõ ñîñòîèò èç ïîäêëàñòåðîâ. Äëÿ êàæäîãî ïîä-

êëàñòåðà ïðèíèìàåì íîðìàëüíîå ðàñïðåäåëåíèå.

×èñëî ýëåìåíòîâ, ïîïàâøèõ â ïîäêëàñòåðû, íå-

çíà÷èòåëüíî äëÿ èñïîëüçîâàíèÿ íåïàðàìåòðè÷å-

ñêîé ãèïîòåçû ñîãëàñèÿ ñ òåîðåòè÷åñêèì ðàñïðå-

äåëåíèåì. Ïîñêîëüêó äëÿ êëàñòåðîâ íåïàðàìåò-

ðè÷åñêàÿ ãèïîòåçà ñîãëàñèÿ ñ íîðìàëüíûì ðàñ-

ïðåäåëåíèåì íå îòâåðãàåòñÿ, òî äëÿ ïîäêäàñòåðîâ

ïðîâåðÿëàñü ïàðàìåòðè÷åñêàÿ ãèïîòåçà ñîãëàñèÿ

ñ íîðìàëüíûì ðàñïðåäåëåíèåì. Èç ïàêåòà Matlab

èñïîëüçîâàëèñü ñòàíäàðòíûå ïðîöåäóðû Jbtest

[13] è Lillietest [14]. Äîïîëíèòåëüíî ïðîâåäåíà

ïðîâåðêà ïî êðèòåðèþ Óèëêè – Øàïèðî [15]. Ïî
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Òàáëèöà 4. Çíà÷åíèÿ íåïàðàìåòðè÷åñêèõ êðèòåðèåâ ñîãëàñèÿ äëÿ îöåíîê ïàðàìåòðà ñäâèãà ñ íîðìàëüíûì ðàñïðåäåëå-

íèåì

Table 4. Values of nonparametric goodness-of-fit tests for estimates of the shift parameter with a normal distribution

Ðàñïðåäåëåíèå

Çíà÷åíèÿ êðèòåðèåâ

D
n

[0,2749] D
n

$ [0,2547] nù2 [0,4614] nÙ2 [2, 4924]

Îöåíêè ìåòîäà ìîìåíòîâ

Íîðìàëüíîå (m
x

= 0,4973, s
x

= 0,8084) 0,0791 0,0464 0,0215 0,1778

Íàèëó÷øèå àñèìïòîòè÷åñêè íîðìàëüíûå îöåíêè

Íîðìàëüíîå (m
x

= –7,0194, s
x

= 13,1054) 0,1005 0,0313 0,0394 0,2609

1

2

3

4

5

Ðèñ. 1. Ãèñòîãðàììà äëÿ íàèëó÷øèõ àñèìïòîòè÷åñêè

íîðìàëüíûõ îöåíîê ïàðàìåòðà ìàñøòàáà 46 ïñåâäî-

âûáîðîê

Fig. 1. Histogram for the best asymptotically normal esti-

mates of the scale parameter for 46 pseudosamples
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Ðèñ. 2. Äåíäðîãðàììà äëÿ íàèëó÷øèõ àñèìïòîòè÷åñêè

íîðìàëüíûõ îöåíîê ïàðàìåòðà ìàñøòàáà 46 ïñåâäî-

âûáîðîê

Fig. 2. Dendrogram for the best asymptotically normal es-

timates of the scale parameter for 46 pseudosamples



âñåì êðèòåðèÿì äëÿ âñåõ ïîäêëàñòåðîâ ãèïîòåçà

ñîãëàñèÿ ñ íîðìàëüíûì ðàñïðåäåëåíèåì íå îò-

âåðãàëàñü. Ïàðàìåòðû íîðìàëüíîãî ðàñïðåäåëå-

íèÿ äëÿ ïîäêëàñòåðîâ âûáîðêè ÍÀÍ ïàðàìåòðà

ìàñøòàáà ïðèâåäåíû â òàáë. 5.

Âåñîâîé êîýôôèöèåíò ïîäêëàñòåðà â îáùåì

îáúåìå èçìåðåíèé ðàññ÷èòûâàëñÿ èñõîäÿ èç ðàç-

íîñòè çíà÷åíèé ýìïèðè÷åñêîé ôóíêöèè ðàñïðå-

äåëåíèÿ íà ãðàíèöàõ ïîäêëàñòåðà, íàïðèìåð, äëÿ

ïîäêëàñòåðà CL1a, â êîòîðîì îêàçàëèñü ïåðâûå

äåâÿòü îáúåêòîâ, âåñîâîé êîýôôèöèåíò

m1 = F
em

(9) – F
em

(1) = 9/46 – 1/46 = 0,1739.

Ïëîòíîñòü íîðìàëüíîãî ðàñïðåäåëåíèÿ äëÿ

êàæäîãî ïîäêëàñòåðà, ðàññ÷èòàííàÿ ïî ïàðàìåò-

ðàì, óêàçàííûì â òàáë. 5, óìíîæàëàñü íà âåñîâîé

êîýôôèöèåíò è íàíîñèëàñü íà ãèñòîãðàììó (ñì.

ðèñ. 1). Ïîëîæåíèÿ ìàêñèìóìîâ ïëîòíîñòè ðàñ-

ïðåäåëåíèé óäîâëåòâîðèòåëüíî ñîâïàäàëè ñ ìàê-

ñèìóìàìè ãèñòîãðàììû, ò.å. ïîëó÷åí ñâîåîáðàç-

íûé ñïåêòð.

Ïåðåíåñåì ïîëó÷åííûå ðåçóëüòàòû íà ïàðà-

ìåòðû ôîðìû è ñäâèãà. Êëàñòåðíûé àíàëèç ïî

ýòèì ïàðàìåòðàì íå ïðîâîäèëñÿ. Äëÿ ðàñ÷åòà ïà-

ðàìåòðîâ íîðìàëüíîãî ðàñïðåäåëåíèÿ äëÿ ïîä-

êëàñòåðîâ îöåíîê ÍÀÍ-ïàðàìåòðîâ ôîðìû è

ñäâèãà èñïîëüçîâàëèñü çíà÷åíèÿ ñ íîìåðàìè, ñî-

îòâåòñòâóþùèì íîìåðàì ïàðàìåòðà ìàñøòàáà.

Íàïðèìåð, â ïîäêëàñòåð CL1a âîøëè ïàðàìåòðû

ìàñøòàáà ñ íîìåðàìè îò 1-ãî äî 9-ãî (ñì. ðèñ. 1).

Ýòèì íîìåðàì ñîîòâåòñòâóþò íîìåðà îöåíîê

ÍÀÍ-ïàðàìåòðà ôîðìû 28, 15, 18, 10, 5, 14, 43,

13, 34 â âûáîðêå èç 46 ýëåìåíòîâ. Àíàëîãè÷íàÿ

êàðòèíà íàáëþäàåòñÿ äëÿ îöåíîê ÍÀÍ-ïàðàìåò-

ðà ñäâèãà. Ïàðàìåòðû íîðìàëüíîãî ðàñïðåäåëå-

íèÿ ïî ïîäêëàñòåðàì ïðèâåäåíû â òàáë. 6. Íà

ðèñ. 4 ïðåäñòàâëåíû ãèñòîãðàììà âûáîðêè îöå-
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Òàáëèöà 5. Ïàðàìåòðû íîðìàëüíîãî ðàñïðåäåëåíèÿ äëÿ ïîäêëàñòåðîâ íàèëó÷øèõ àñèìïòîòè÷åñêè íîðìàëüíûõ ïàðà-

ìåòðîâ ìàñøòàáà (N
i
— ÷èñëî îáúåêòîâ, ïîïàâøèõ â ïîäêëàñòåð; m

i
— âåñîâîé êîýôôèöèåíò êàæäîãî ïîäêëàñòåðà, s

0
—

ñðåäíåå êâàäðàòè÷åñêîå îòêëîíåíèå)

Table 5. Normal distribution parameters for subclusters of the best asymptotically normal scale parameters, Ni is the num-

ber of objects that fall into the subcluster, mi is the weight coefficient of each subcluster, the number, color of the line and line

type are the same for the subclusters of all figures in the article, s0 is the standard deviation

Íîìåð êðèâîé Êëàñòåð N
i

m
i

Öâåò, òèï ëèíèè (ñì. ðèñ. 1, 3 – 5) Ñðåäíåå s
0

1 CL1a 9 0,1739 ×åðíûé, øòðèõîâàÿ 4,4200 0,5029

2 CLb 13 0,2609 ×åðíûé, øòðèõïóíêòèðíàÿ 6,9613 0,8536

3 CL2a 10 0,1957 Ñèíèé, øòðèõîâàÿ 9,2834 0,5282

4 CL2b 5 0,0870 Ñèíèé, øòðèõïóíêòèðíàÿ 11,0260 0,3508

5 CL2c 9 0,1739 Ñèíèé, ñïëîøíàÿ 12,8247 0,8680

Òàáëèöà 6. Ïàðàìåòðû íîðìàëüíîãî ðàñïðåäåëåíèÿ äëÿ âûáîðîê íàèëó÷øèõ àñèìïòîòè÷åñêè íîðìàëüíûõ îöåíîê ïàðà-

ìåòðîâ ôîðìû è ñäâèãà ïî ïîäêëàñòåðàì

Table 6. Normal distribution parameters for samples of the best asymptotically normal estimates of the shape and shift para-

meters by subclusters

Íîìåð êðèâîé

(ñì. ðèñ. 4)
N

i
m

i

Ïàðàìåòð ôîðìû Ïàðàìåòð ñäâèãà

Ñðåäíåå s
0

Ñðåäíåå s
0

1 9 0,1739 4,4200 0,5029 –24,9308 3,8763

2 13 0,2609 6,9613 0,8535 –11,3859 5,7847

3 10 0,1957 9,2834 0,5283 –4,4232 3,7741

4 5 0,0870 11,0259 0,3507 6,0809 5,3827

5 9 0,1739 3,2382 0,8548 10,5604 4,5032

1

2

3

4

5

Ðèñ. 3. Ãèñòîãðàììà äëÿ âûáîðêè èç íàèëó÷øèõ àñèìï-

òîòè÷åñêè íîðìàëüíûõ ïàðàìåòðîâ ôîðìû äëÿ 46 ïñåâäî-

âûáîðîê

Fig. 3. Histogram for a sample of the best asymptotically

normal shape parameters for 46 pseudosamples



íîê ÍÀÍ-ïàðàìåòðà ñäâèãà è ñîîòâåòñòâóþùèå

ïëîòíîñòè ðàñïðåäåëåíèé ïîäêëàñòåðîâ.

Ïîëó÷åííûå äàííûå ìîæíî èñïîëüçîâàòü äëÿ

àíàëèçà ðåçóëüòàòîâ èçìåðåíèé èñõîäíîé ôèçè-

÷åñêîé âåëè÷èíû — ðåñóðñà ðàáîòû ðåçöîâ. Äëÿ

âñåé ýêñïåðèìåíòàëüíîé âûáîðêè ïðèíÿòî òðåõ-

ïàðàìåòðè÷åñêîå ãàììà-ðàñïðåäåëåíèå. Äîïóñ-

òèì, ÷òî ýòî ðàñïðåäåëåíèå ñïðàâåäëèâî è äëÿ

ðåçóëüòàòîâ èçìåðåíèé ðåñóðñà ðåçöîâ, ïîïàâ-

øèõ â ñîîòâåòñòâóþùèé ïîäêëàñòåð. Âû÷èñëèì

ñðåäíèå çíà÷åíèÿ ïàðàìåòðîâ ìàñøòàáà, ôîðìû

è ñäâèãà äëÿ ïîäêëàñòåðîâ èñõîäÿ èç èìåþùèõñÿ

äàííûõ äëÿ 46 ïñåâäîâûáîðîê. Ðåçóëüòàòû ïðè-

âåäåíû â òàáë. 7. Ïëîòíîñòè ãàììà-ðàñïðåäåëå-

íèÿ äëÿ ïîäêëàñòåðîâ, óìíîæåííûå íà ñîîòâåòñò-

âóþùèå âåñîâûå êîýôôèöèåíòû, ïîêàçàíû íà

ðèñ. 5.

Îáñóæäåíèå ðåçóëüòàòîâ

Ñ ïîìîùüþ áóòñòðåïà ïîëó÷åíû âûáîðêè,

àíàëîãè÷íûå èñõîäíîé. Â ïàêåòå Matlab ñóùåñò-

âóåò ñòàíäàðòíàÿ ïðîöåäóðà Ksdensity âîññòàíîâ-

ëåíèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ ïî ýêñïåðèìåí-

òàëüíûì äàííûì, íå òðåáóþùàÿ èñïîëüçîâàíèÿ

êîíêðåòíîãî òåîðåòè÷åñêîãî íåïðåðûâíîãî ðàñ-

ïðåäåëåíèÿ. Ñ ýòîé òî÷êè çðåíèÿ îíà ìîæåò ñ÷è-

òàòüñÿ íåïàðàìåòðè÷åñêîé. Íà ðèñ. 6 ïðåäñòàâëå-

íû ðåçóëüòàòû âîññòàíîâëåíèÿ ïëîòíîñòè ðàñ-

ïðåäåëåíèÿ äëÿ èñõîäíîé ýêñïåðèìåíòàëüíîé

âûáîðêè è äâóõ ïðîèçâîëüíî âûáðàííûõ ïñåâäî-

âûáîðîê. Êàê è ïëîòíîñòü ðàñïðåäåëåíèÿ èñõîä-

íîé âûáîðêè, ïëîòíîñòè ðàñïðåäåëåíèÿ ïñåâäî-

âûáîðîê èìåþò äâà ìàêñèìóìà, ïðè ýòîì èõ êî-

ýôôèöèåíòû êîððåëÿöèè ñ èñõîäíîé âûáîðêîé

ïðàêòè÷åñêè îäèíàêîâû — 0,3064 è 0,3090. Îáíà-

ðóæèëàñü è îïðåäåëåííàÿ îãðàíè÷åííîñòü áóò-

ñòðåïà, êîòîðàÿ, ñêîðåå âñåãî, ñâÿçàíà òàêæå ñ

òåõíè÷åñêîé (äîñòàòî÷íî ãðóáîé) òî÷íîñòüþ ýêñ-

ïåðèìåíòàëüíûõ äàííûõ. Ïîðîãîâîå çíà÷åíèå

êîýôôèöèåíòà êîððåëÿöèè áûëî ïðèíÿòî 0,3,

ìèíèìàëüíîå ïîëó÷åííîå çíà÷åíèå ñîñòàâèëî

0,3045, ìàêñèìàëüíîå — 0,5010. Ïîõîæå, ïñåâäî-
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5

Ðèñ. 4. Ãèñòîãðàììà äëÿ âûáîðêè íàèëó÷øèõ àñèìïòî-

òè÷åñêè íîðìàëüíûõ ïàðàìåòðîâ ñäâèãà 46 ïñåâäî-

âûáîðîê

Fig. 4. Histogram for a sample of the best asymptotically

normal shift parameters for 46 pseudosamples

Òàáëèöà 7. Óñðåäíåííûå ïàðàìåòðû ãàììà-ðàñïðåäåëåíèÿ ïî ïîäêëàñòåðàì

Table 7. Averaged parameters of the gamma distribution by subclusters

Íîìåð êðèâîé (ñì. ðèñ. 5) Êëàñòåð m
i

a
n

b
n

c
n

1 CL1a 0,1957 11,8392 4,4200 –24,9308

2 CL1b 0,2826 8,8811 6,9613 –11,3859

3 CL2a 0,2174 6,5783 9,2834 –4,4232

4 CL2b 0,1087 4,4507 11,0260 6,0809

5 CL2c 0,1957 3,2382 12,8247 10,5604

1

2

3

4
5

6

7

Ðèñ. 5. Ïëîòíîñòü ãàììà-ðàñïðåäåëåíèé ïî ïîäêëàñòå-

ðàì: íîìåðà ãðàôèêîâ, öâåò è òèï ëèíèé ñîîòâåòñòâóåò

óêàçàííûì â òàáë. 5; 6 — ñóììà çíà÷åíèé ïëîòíîñòåé ðàñ-

ïðåäåëåíèé ïîäêëàñòåðîâ; 7 — ïëîòíîñòü ãàììà-ðàñïðå-

äåëåíèÿ äëÿ ýêñïåðèìåíòàëüíîé âûáîðêè ïî ðåñóðñó ðåç-

öîâ ñ íàèëó÷øèìè íîðìàëüíî àñèìïòîòè÷åñêèìè ïàðà-

ìåòðàìè èç ÃÎÑÒ 11.011–83; a
n

= 7,3419, b
n

= 8,7354,

c
n

= = –11,5779

Fig. 5. Density of gamma distributions by subclusters (the

numbers of graphs, color and type of lines correspond to

those indicated in Table 5): 6 — the sum of the values of the

distribution densities of subclusters, 7 — the density of

gamma distribution for the experimental sample on the re-

source of cutters with the best normal asymptotic parame-

ters from GOST 11.011–83 an = 7.3419, bn = 8.7354,

cn = –11.5779



âûáîðêè ñ áîëåå âûñîêèì êîýôôèöèåíòîì êîððå-

ëÿöèè ñ èñõîäíîé âûáîðêîé ïîëó÷èòü ñ èñïîëü-

çîâàíèåì ïðîöåäóðû Bootstrap íåâîçìîæíî. Ýòî

óòâåðæäåíèå ïîêà îòíîñèòñÿ èìåííî ê èññëåäó-

åìîé â äàííîé ðàáîòå âûáîðêå. Åñëè òðåáóåòñÿ

ïîëó÷åíèå áîëåå âûñîêèõ çíà÷åíèé êîððåëÿöèè ñ

ýêñïåðèìåíòàëüíîé âûáîðêîé, âîçìîæíî, ïîòðå-

áóåòñÿ íåêîòîðàÿ ìîäèôèêàöèÿ ñïîñîáà ãåíåðà-

öèè ïñåâäîâûáîðîê. Ñëåäóåò òàêæå îòìåòèòü, ÷òî

êîýôôèöèåíò ëèíåéíîé êîððåëÿöèè — ëèøü

îäíî èç ñîâîêóïíîñòè òðåáîâàíèé, êîòîðîå ïðåäú-

ÿâëÿåòñÿ ê ïñåâäîâûáîðêàì. Ýòà ñîâîêóïíîñòü

äîëæíà îïðåäåëÿòüñÿ ïðè ðåøåíèè êàæäîé ïðî-

áëåìû äîñòàòî÷íî èíäèâèäóàëüíî.

Âûâîäû

Ñ èñïîëüçîâàíèåì áóòñòðåïà ðàññìîòðåí ñïî-

ñîá ïîëó÷åíèÿ ñîâîêóïíîñòè âûáîðîê, àíàëîãè÷-

íûõ èñõîäíîé ýêñïåðèìåíòàëüíîé, äëÿ êîòîðîé

íå îòâåðãàëàñü ãèïîòåçà ñîãëàñèÿ ñ òðåõïàðàìåò-

ðè÷åñêèì ãàììà-ðàñïðåäåëåíèåì. Èç 40 ìèëëèî-

íîâ âûáîðîê, ïîëó÷åííûõ ñ ïîìîùüþ áóòñòðåïà,

ïðåäúÿâëåííûì òðåáîâàíèÿì óäîâëåòâîðèëî 46

ïñåâäîâûáîðîê. Íåïàðàìåòðè÷åñêàÿ ãèïîòåçà ñî-

ãëàñèÿ ïñåâäîâûáîðîê ñ òðåõïàðàìåòðè÷åñêèì

ãàììà-ðàñïðåäåëåíèåì ñ ïàðàìåòðàìè, ïîëó÷åí-

íûìè äëÿ èñõîäíîé ýêñïåðèìåíòàëüíîé, ÿâëÿ-

ëàñü ñîñòàâëÿþùåé ÷àñòüþ òðåáîâàíèé, ïðåäúÿâ-

ëÿåìûì ê ïñåâäîâûáîðêàì.

Îïðåäåëåíû ïàðàìåòðû ãàììà-ðàñïðåäåëå-

íèÿ äëÿ êàæäîé èç 46 ïñåâäîâûáîðîê ìåòîäîì ìî-

ìåíòîâ è ÍÀÍ-ïàðàìåòðû — ñ èñïîëüçîâàíèåì

îäíîøàãîâîãî ìåòîäà. Äëÿ ïàðàìåòðîâ ôîðìû,

îïðåäåëåííûõ ìåòîäîì ìîìåíòîâ, ïðåäïî÷òè-

òåëüíî ëîãàðèôìè÷åñêè íîðìàëüíîå ðàñïðåäåëå-

íèå, äëÿ ïàðàìåòðà ìàñøòàáà — ðàñïðåäåëåíèå

Âåéáóëëà – Ãíåäåíêî, à äëÿ êàæäîãî ÍÀÍ-ïàðà-

ìåòðà — íîðìàëüíîå ðàñïðåäåëåíèå.
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3

Ðèñ. 6. Ïëîòíîñòè ðàñïðåäåëåíèÿ: 1 — äëÿ èñõîäíîé ýêñ-

ïåðèìåíòàëüíîé âûáîðêè; 2 è 3 — äëÿ äâóõ ïðîèçâîëüíî

âûáðàííûõ ïñåâäîâûáîðîê

Fig. 6. Distribution densities: 1 — for the initial experi-

mental sample; 2 and 3 — for two arbitrarily chosen

pseudosamples



Method / Fibre Chemistry. 2021. Vol. 53. N 4. P. 277 – 282.

DOI: 10.1007/s10692-022-10284-8

6. Petrovich M. L., Davidovich M. I. Statistical estimation and

testing of hypotheses on a computer. — Moscow: Finansy i

Statistika, 1989. — 191 p. [in Russian].

7. Orlov A. I. Nonparametric point and interval estimation of

distribution characteristics / Industr. Lab. Mater. Diagn. 2004.

Vol. 70. N 5. P. 65 – 70 [in Russian].

8. Orlov A. I. Applied statistics. — Moscow: Ékzamen, 2006. —

671 p. [in Russian].

9. Bolshev L. N., Smirnov N. V. Tables of mathematical statis-

tics. 3rd edition. — Moscow: Nauka, 1983. — 416 p. [in Rus-

sian].

10. Bondarev B. V. On testing complex statistical hypotheses /

Industr. Lab. 1986. Vol. 52. N 10. P. 62 – 63 [in Russian].

11. Orlov A. I. A common mistake when using the Kolmogorov cri-

teria and omega-square / Industr. Lab. 1985. Vol. 51. N 1.

P. 60 – 62 [in Russian].

12. Ward J. H., Jr. Hierarchical Grouping to Optimize an Objec-

tive Function / Journal of the American Statistical Association.

1963. Vol. 58. N 301. P. 236 – 244. https://iv.cns.iu.edu/sw/

data/ward.pdf (accessed 10.04.2023).

13. Jorque C. M., Bera A. K. A test for normality of observations

and regression residuals / International Statistical Review/

Revue Internationale de Statistique. 1987. Vol. 55. N 2. P. 163 –

172. https://citeseerx.ist.psu.edu/document?repid=rep1&type=

pdf& doi=05c1b378c2d19cffaf285392484b1159f782065c (ac-

cessed 10.04.2023).

14. Lilliefors H. W. On the Kolmogorov – Smirnov Test for Nor-

mality with Mean and Variance Unknown / Journal of the

American Statistical Association. 1967. Vol. 62. N 318. P. 399 –

402. http://www.bios.unc.edu/~mhudgens/bios/662/2008fall/

Backup/ lilliefors1967.pdf (accessed 10.04.2023).

15. Shapiro S. S., Wilk M. B. An analysis of variance test for nor-

mality (complete samples) / Biometrika. 1965. Vol. 52. N 3/4.

P. 591 – 611. http://www.bios.unc.edu/~mhudgens/bios/662/2008fall/

Backup/ wilkshapiro1965.pdf (accessed 10.04.2023).

88 «Çàâîäcêàÿ ëàáîpàòîpèÿ. Äèàãíîcòèêà ìàòåpèàëîâ». 2024. Òîì 90. ¹ 3





 �
�

"
1

2
3

4
5
6

4
6

1
7

8
�
9
�
�

:
�
�
�

�
�
;

�
<

�
=
�
<

�
�
7

	
�

�
�
�
�
:
=
�

�
�

>
�
=
�
<

�
�
�
�
9
7

3
2

3
?

7
@
7

A
2

7
B

C
7

�
7

1
D

4
4

7
�

�
�

�
�
E

F
2

C
3

3


