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Íà îñíîâå ðàçðàáîòàííîé ìåòîäèêè, çàêëþ÷àþùåéñÿ â ïðåîáðàçîâàíèè òåíçîðà êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè â ãëàâíûõ îñÿõ ê íîâîé ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò ñ ïîñëåäóþùèì

èñïîëüçîâàíèåì óãëîâ Ýéëåðà, äëÿ êóáè÷åñêèõ ìîíîêðèñòàëëîâ ïîëó÷åíû â ÿâíîì âèäå óðàâíå-

íèÿ êîìïîíåíòîâ ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè äëÿ ïðîèçâîëüíûõ êðèñòàëëî-

ãðàôè÷åñêèõ íàïðàâëåíèé, îïðåäåëÿåìûõ óãëàìè Ýéëåðà. Óãëû Ýéëåðà ïðèìåíÿëè ñëåäóþùèì

îáðàçîì: ïîâîðîò âîêðóã ãåêñàãîíàëüíîé îñè z (àçèìóòàëüíûé óãîë á), íàêëîí ãåêñàãîíàëüíîé îñè

äî ïðîèçâîëüíîãî ïîëîæåíèÿ z� (ïîëÿðíûé óãîë â), ïîâîðîò âîêðóã íîâîãî ïîëîæåíèÿ îñè z� (óãîë

íàïðàâëåíèÿ ñäâèãà ã). Àíàëèç ïîëó÷åííûõ óðàâíåíèé äëÿ êîìïîíåíòîâ ìàòðèöû êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè êóáè÷åñêèõ ìîíîêðèñòàëëîâ âûÿâèë èíâàðèàíòíûå êîìáèíàöèè êîìïî-

íåíòîâ, íà îñíîâå êîòîðûõ íàéäåíû ñâÿçè ìåæäó êóáè÷åñêîé ðåøåòêîé è òåõíè÷åñêèìè õàðàêòå-

ðèñòèêàìè óïðóãèõ ñâîéñòâ ìîíîêðèñòàëëîâ ìåòàëëîâ (ìîäóëåì Þíãà â ïðîèçâîëüíîì êðèñòàë-

ëîãðàôè÷åñêîì íàïðàâëåíèè, ìîäóëÿìè ñäâèãà è êîýôôèöèåíòàìè Ïóàññîíà â ïëîñêîñòè, ïåðïåí-

äèêóëÿðíîé âûáðàííîìó êðèñòàëëîãðàôè÷åñêîìó íàïðàâëåíèþ, ìîäóëåì ñäâèãà ïðè êðó÷åíèè

âîêðóã ýòîãî íàïðàâëåíèÿ è äð.). Ñïðàâåäëèâîñòü ïîëó÷åííûõ çàâèñèìîñòåé ïðîâåðÿëè ðàñ÷åòà-

ìè äëÿ ðàçëè÷íûõ ïðîèçâîëüíûõ êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé ðàçíûõ ìîíîêðèñòàëëîâ.

Ïðèâåäåíû ðàñ÷åòû äëÿ ìîíîêðèñòàëëîâ ìåäè è íèêåëÿ.

Êëþ÷åâûå ñëîâà: êóáè÷åñêèå ìîíîêðèñòàëëû; êîýôôèöèåíòû óïðóãîé ïîäàòëèâîñòè; ìîäóëè

óïðóãîñòè; ñâÿçè ìîäóëåé óïðóãîñòè.

INVARIANTS IN ELASTIC PROPERTIES OF METAL SINGLE CRYSTALS OF CUBIC SYMMETRY

� Victor V. Krasavin
1

and Alexey V. Krasavin
2

1
Department of Physics, The Kovrov State Technological Academy, Kovrov, Russia; e-mail: v.v.krasavin@yandex.ru

2
Department of Physics, King’s College London, University of London, UK; e-mail: alexey.krasavin@kcl.ac.uk

Submitted May 4, 2017.

The equations of the elastic compliance matrix components are derived for arbitrary crystallographic directions deter-

mined by the Euler angles for cubic single crystals using the approach [4] developed by the authors which consists in

transformation of the elastic compliance tensor in the principal axes into an arbitrary coordinate system with sub-

sequent use of the Euler angles. Euler’s angles are applied in the following format: rotation around the hexagonal axis

z (azimuth angle á), inclination of the hexagonal axis to an arbitrary position z� (polar angle â), rotation around the

new position of z� axis (shear direction angle ã). Analysis of the equations derived for the components of elastic com-

pliance matrix �S
ij

for cubic single crystals revealed invariant combinations of the components which, in turn, re-

vealed relations between technical characteristics of the elastic properties of cubic single crystals: Young’s modulus

along an arbitrary crystallographic direction, shear modulus and Poisson’s coefficients in a plane perpendicular to the

selected crystallographic direction, shear modulus under torsion around this direction, and others. The validity of the

obtained relations is verified in the calculations done for arbitrary crystallographic directions and various cubic single

crystals. Calculations for single crystals of copper and nickel are presented.

Keywords: cubic single crystals; elastic compliance; moduli of elasticity; coupling between moduli of elasticity.
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Ïðèìåíÿÿ ìîíîêðèñòàëëû ìåòàëëîâ â êà÷åñòâå êîí-

ñòðóêöèîííûõ ìàòåðèàëîâ, ìîæíî ïîëó÷èòü áîëåå âû-

ñîêèå ïðî÷íîñòíûå è îïòèìàëüíûå óïðóãèå õàðàê-

òåðèñòèêè ìàòåðèàëà. Ïåðñïåêòèâíî èñïîëüçîâàíèå

ìîíîêðèñòàëëè÷åñêîãî ñîñòîÿíèÿ ìàòåðèàëà, ïîëó÷àå-

ìîãî ìåòîäàìè íàïðàâëåííîé êðèñòàëëèçàöèè, â ìà-

øèíî- è ïðèáîðîñòðîåíèè, â ÷àñòíîñòè, ïðè ïðîèç-

âîäñòâå óïðóãèõ ýëåìåíòîâ, ëèíèé çàäåðæêè è äð. Ïðè

ýòîì íåîáõîäèìî çíàòü ïîâåäåíèå òåõíè÷åñêèõ óïðó-

ãèõ õàðàêòåðèñòèê (ìîäóëåé Þíãà E è ñäâèãà G, êîýô-

ôèöèåíòà Ïóàññîíà í) â çàâèñèìîñòè îò êðèñòàëëîãðà-

ôè÷åñêèõ íàïðàâëåíèé ìîíîêðèñòàëëà, à òàêæå ñîîò-

íîøåíèÿ ìåæäó íèìè. Äëÿ èçîòðîïíûõ ñðåä òàêèå èí-

âàðèàíòíûå ñîîòíîøåíèÿ èçâåñòíû, íàïðèìåð,

E = 2G (1 + í), E = 3K (1 – 2í).

Öåëü ðàáîòû — îïðåäåëåíèå èíâàðèàíòíûõ ñîîò-

íîøåíèé ìåæäó òåõíè÷åñêèìè õàðàêòåðèñòèêàìè

óïðóãèõ ñâîéñòâ ìîíîêðèñòàëëîâ ìåòàëëîâ ñ êóáè÷å-

ñêîé ðåøåòêîé ïóòåì ïîëó÷åíèÿ â ÿâíîì âèäå àíàëè-

òè÷åñêèõ çàâèñèìîñòåé õàðàêòåðèñòèê óïðóãîñòè îò

êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé â ìîíîêðèñòàëëå.

Ñîãëàñíî îáîáùåííîìó çàêîíó Ãóêà óïðóãèå ñâîé-

ñòâà îïèñûâàþòñÿ ñ ïîìîùüþ òåíçîðîâ ÷åòâåðòîãî

ðàíãà, ñâÿçûâàþùèõ òåíçîðû íàïðÿæåíèé óij è äå-

ôîðìàöèé åkl (ïåðâûé èíäåêñ — íàïðàâëåíèå íîðìàëè

ê ïëîùàäêå, íà êîòîðóþ äåéñòâóåò êîìïîíåíòà íàïðÿ-

æåíèÿ (äåôîðìàöèè), âòîðîé — íàïðàâëåíèå êîìïî-

íåíòû íàïðÿæåíèÿ (äåôîðìàöèè)) [1]. Òåîðèÿ óïðóãî-

ñòè óñòàíàâëèâàåò ëèíåéíóþ ñâÿçü ìåæäó óij è åkl, â êî-

òîðîé êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè — òåíçîð

÷åòâåðòîãî ðàíãà Cijkl:

óij = Cijklåkl (i, j, k, l = 1, 2, 3). (1)

Ëèíåéíóþ ñâÿçü ìåæäó òåíçîðàìè åij è ókl ìîæíî

çàïèñàòü â îáðàòíîé ôîðìå, áîëåå óäîáíîé äëÿ äàëü-

íåéøèõ ðàñ÷åòîâ:

åij = Sijkl ókl (i, j, k, l = 1, 2, 3), (2)

ãäå Sijkl — òåíçîð êîýôôèöèåíòîâ óïðóãîé ïîäàòëè-

âîñòè.

Òàê êàê òåíçîðû Sijkl è Cklij îáðàòíû äðóã äðóãó,

ìîæíî íàéòè ñâÿçü ìåæäó èõ êîìïîíåíòàìè. Ñâîéñòâî

ñèììåòðèè äàåò âîçìîæíîñòü ñâåðíóòü ïî ïàðàì èí-

äåêñîâ òðåõìåðíûé òåíçîð ÷åòâåðòîãî ðàíãà Sijkl äî

øåñòèìåðíîãî òåíçîðà âòîðîãî ðàíãà Sij è ïðåäñòàâèòü

îáîáùåííûé çàêîí Ãóêà â ìàòðè÷íîé ôîðìå:

åi = Sijój (i, j = 1, 2, 3, 4, 5, 6), (3)

ãäå èíäåêñû i, j = 1, 2, 3 îïèñûâàþò íîðìàëüíûå íà-

ïðÿæåíèÿ è äåôîðìàöèè ïî îñÿì x, y, z, èíäåêñû

i, j = 4, 5, 6 — ñäâèãîâûå íàïðÿæåíèÿ è äåôîðìàöèè

â ïëîñêîñòÿõ yz, xz, xy; Sij — ìàòðèöà êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè (òàêæå ñèììåòðè÷íà, ò.å. Sij =

= Sji ). Äëÿ êóáè÷åñêèõ ìîíîêðèñòàëëîâ íåçàâèñèìû

â ýòîé ìàòðèöå òîëüêî S11, S12, S44.

Òåõíè÷åñêèå ìîäóëè óïðóãîñòè âûðàæàëè ÷åðåç

êîìïîíåíòû ìàòðèöû Sij. Ïðè ýòîì ïðàêòè÷åñêè çíà-

÷èìûå äëÿ ðàñ÷åòà óïðóãèõ äåôîðìàöèé òåõíè÷åñêèå

õàðàêòåðèñòèêè èññëåäîâàëè â ïðîèçâîëüíîì êðèñòàë-

ëîãðàôè÷åñêîì íàïðàâëåíèÿ (ðèñ. 1), à èìåííî:

ìîäóëü Þíãà — â êðèñòàëëîãðàôè÷åñêîì íàïðàâ-

ëåíèè, ñâÿçàííîì ñ îñüþ z� ïðîèçâîëüíî îðèåíòèðî-

âàííîé ñèñòåìû îòñ÷åòà x�y�z�:

E3 = 1� �S
33

(çäåñü è äàëåå çíàê «�» ñâèäåòåëüñòâóåò î òîì, ÷òî êîì-

ïîíåíòà �S
33

ïðèíàäëåæèò òåíçîðó â ïðîèçâîëüíîé

ñèñòåìå îñåé x�y�z�);

ìîäóëè ñäâèãà — â äâóõ âçàèìíî ïåðïåíäèêóëÿð-

íûõ íàïðàâëåíèÿõ ïëîñêîñòè, ïåðïåíäèêóëÿðíîé z�:

G32 = 1� �S
44

, G31 = 1� �S
44

;

ìîäóëü ñäâèãà (êðó÷åíèå) — ïðè âðàùåíèè âî-

êðóã âûáðàííîãî êðèñòàëëîãðàôè÷åñêîãî íàïðàâëåíèÿ

z� [2]:

G S
S S

êð êð
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1 44 55

2
;

ëèíåéíûå êîýôôèöèåíòû Ïóàññîíà — â äâóõ âçà-

èìíî ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ ïëîñêîñòè,

ïåðïåíäèêóëÿðíîé z�:
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Äîïîëíèòåëüíî àíàëèçèðîâàëè êîýôôèöèåíò Ïóàñ-

ñîíà êàê õàðàêòåðèñòèêó èçìåíåíèÿ ïëîùàäè ñå÷åíèÿ

s â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé íàïðàâëåíèþ ðàñòÿ-

æåíèÿ (äâóìåðíûé êîýôôèöèåíò Ïóàññîíà):

�
s

s s

l l

S S

S
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×òîáû îïðåäåëèòü çàâèñèìîñòü êîýôôèöèåíòîâ

óïðóãîé ïîäàòëèâîñòè îò ïðîèçâîëüíûõ êðèñòàëëîãðà-

ôè÷åñêèõ íàïðàâëåíèé ìîíîêðèñòàëëà è èçâåñòíûõ

çíà÷åíèé S11, S12 è S44, íåîáõîäèìî ïðèâåñòè ìàòðèöó

Sij â ãëàâíûõ îñÿõ êðèñòàëëà, ñîâïàäàþùèõ ñ êðèñòàë-
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Ðèñ. 1. Ðàññìàòðèâàåìûå òåõíè-

÷åñêèå õàðàêòåðèñòèêè óïðóãèõ

ñâîéñòâ â ïðîèçâîëüíîé ñèñòåìå

x�y�z�



ëîãðàôè÷åñêèìè íàïðàâëåíèÿìè [100], [010], [001],

ê äðóãèì îñÿì x�y�z�, ñâÿçàâ, íàïðèìåð, îñü z� íîâîé

ñèñòåìû îòñ÷åòà ñ âûáðàííûì êðèñòàëëîãðàôè÷åñêèì

íàïðàâëåíèåì. Äëÿ ýòîãî èñïîëüçîâàëè ïðàâèëî ïðå-

îáðàçîâàíèÿ òåíçîðîâ ê íîâûì êîîðäèíàòíûì îñÿì

[3]:

�S
ijkl

= áipájqákrálsSpqrs, (4)

ãäå �S
ijkl

è Spqrs — êîìïîíåíòû òåíçîðîâ â ñèñòåìàõ êî-

îðäèíàò x�y�z� è xyz (ãëàâíûå îñè ìîíîêðèñòàëëà); áip,

ájq, ákr, áls — êîñèíóñû óãëîâ ìåæäó ñîîòâåòñòâóþùè-

ìè îñÿìè «íîâîé» è «ñòàðîé» ñèñòåì êîîðäèíàò.

Îïðåäåëèâ ñ ïîìîùüþ òàêîãî ïðåîáðàçîâàíèÿ

êîìïîíåíòû òåíçîðà �S
ijkl

, íàõîäèì èñêîìûå õàðàêòå-

ðèñòèêè óïðóãîñòè â ïðîèçâîëüíîì êðèñòàëëîãðàôè-

÷åñêîì íàïðàâëåíèè:

� � � � � � � �S S S S S S
33 3333 11 11 12 44
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2
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44 3232 44 11 44

4 4( )
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21

2
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23

2
+ (8S12 + 2S44) �

� (á31á21á32á22 + á31á21á33á23 + á32á22á33á23),

� � � � � � �S S S S S
32 3322 12 11 12

( )

� � �( )� � � � � �
31

2

21

2

32

2

22

2

33

2

23

2
+

+ S44(á31á21á32á22 + á31á21á33á23 + á32á22á33á23).

Äàëåå ñ ïîìîùüþ óãëîâ Ýéëåðà [á (ïîâîðîò âî-

êðóã z ), â (âîêðóã y�), ã (ïîâîðîò âîêðóã z�)] (ðèñ. 2),

ñâÿçàííûõ ñ êîýôôèöèåíòàìè áik, îïðåäåëÿëè îðèåíòà-

öèþ èññëåäóåìûõ êðèñòàëëîãðàôè÷åñêèõ íàïðàâëå-

íèé [4, 5].

Óãîë á (ñì. ðèñ. 2) — àçèìóòàëüíûé, â — ïîëÿð-

íûé óãîë ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò, â êîòîðîé

ýòèìè óãëàìè ìîæíî çàäàòü êðèñòàëëîãðàôè÷åñêîå íà-

ïðàâëåíèå z�. Óãîë ã óêàçûâàåò íàïðàâëåíèå îïðåäåëå-

íèÿ ìîäóëÿ ñäâèãà è êîýôôèöèåíòà Ïóàññîíà â ïëîñ-

êîñòè, ïåðïåíäèêóëÿðíîé âûáðàííîìó êðèñòàëëîãðà-

ôè÷åñêîìó íàïðàâëåíèþ z�.

Ïóòåì ïåðåõîäà ê ïðîèçâîëüíîé ñèñòåìå îòñ÷åòà

x�y�z� è ïðåîáðàçîâàíèé óãëîâ Ýéëåðà ïîëó÷èëè â ÿâ-

íîì âèäå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè �S
ij

â ïðîèçâîëüíîì êðè-

ñòàëëîãðàôè÷åñêîì íàïðàâëåíèè êóáè÷åñêèõ êðèñòàë-

ëîâ. Äëÿ êîìïîíåíòû �S
33

ìàòðèöû êîýôôèöèåíòîâ óï-

ðóãîé ïîäàòëèâîñòè, ÷åðåç êîòîðóþ âûðàæàåòñÿ ìî-

äóëü Þíãà â íàïðàâëåíèè z�, èìååì:

� �
�

S E
33 33

1
= S11 – 2S (cos2

á sin2
á sin4

â + cos2
â sin2

â), (5)

ãäå S = S11 – S12 – S44�2, S11, S12 è S44 — êîìïîíåíòû

ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè â

ãëàâíûõ îñÿõ.

Êîìïîíåíòû ìàòðèöû �S
jj

( j = 4, 5) êîýôôèöèåí-

òîâ óïðóãîé ïîäàòëèâîñòè, ÷åðåç êîòîðûå âûðàæàþòñÿ

ìîäóëè ñäâèãà â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé z�, çà-

âèñÿò íå òîëüêî îò óãëîâ á è â, íî è îò óãëà ã, óêàçû-

âàþùåãî íàïðàâëåíèå ñäâèãà. Äëÿ íèõ ïðåîáðàçîâà-

íèå Ýéëåðà ïðèâîäèò ê âûðàæåíèþ

� � � �
�

S G S
jj

( , , ) ( , , )� � � � � �
1

44

� �8
2 2 2 2

S [sin cos sin cos� � � �

� �

sin sin( )sin( )sin cos� � � � �2 4

8

� �sin cos ( sin cos )sin ].
2 2 2 2 2

1� � � � � (6)

Ïðè ýòîì íàäî èìåòü â âèäó, ÷òî ã îòñ÷èòûâàåòñÿ

îò îñè x�, à ïîâîðîò âîêðóã z� íà óãîë ã = 90° ïðèâîäèò

ê ñìåíå èíäåêñîâ â êîìïîíåíòå �S
jj

, ò.å.

� � �S S
jj

( , , ) ( , ),� � � �0
55

� � � �S S
jj

( , , ) ( , ).� � � �90
44

Íàêîíåö, äëÿ ïîñëåäíåé íåîáõîäèìîé äëÿ îïðåäå-

ëåíèÿ òåõíè÷åñêèõ õàðàêòåðèñòèê óïðóãèõ ñâîéñòâ

êîìïîíåíòû �S
j3

( j = 1,2), ÷åðåç êîòîðóþ âûðàæàþòñÿ

ïîïåðå÷íîå ñóæåíèå ïðè ðàñòÿæåíèè, à ñëåäîâàòåëü-

íî, è êîýôôèöèåíòû Ïóàññîíà äëÿ âûáðàííîãî êðè-

ñòàëëîãðàôè÷åñêîãî íàïðàâëåíèÿ, â ðåçóëüòàòå ïðåîá-

ðàçîâàíèé èìååì:

� � �S S
j3 12
( , , )� � �

� �2
2 2 2 2

S [sin cos sin cos� � � �

� �

1

8
2 4sin sin( )sin( )sin cos� � � � �

� �sin cos ( sin cos )sin ].
2 2 2 2 2

1� � � � � (7)

Êàê è äëÿ (6), ñïðàâåäëèâûì îñòàåòñÿ óñëîâèå

� � �S S
j3 31

0( , , ) ( , ),� � � � � � � �S S
j3 32

90( , , ) ( , ).� � � �

'0 ������������� �!���!��"�#��$��������%��	!�����&" '()*"�+�% ,-"�. )'

z'

z

y'

y

á

â

ã

x'

x

Ðèñ. 2. Óãëû Ýéëåðà



Èç ïîëó÷åííûõ âûðàæåíèé ìîæíî ñäåëàòü ðÿä

âàæíûõ âûâîäîâ î ïîâåäåíèè êîìïîíåíòîâ ìàòðèöû

êîýôôèöèåíòîâ ïîäàòëèâîñòè ïðè èçìåíåíèè êðèñòàë-

ëîãðàôè÷åñêîãî íàïðàâëåíèÿ è íàïðàâëåíèé ñäâèãà.

Âî-ïåðâûõ, ñóììà êîìïîíåíòîâ �S
jj

( j = 4,5) ìàòðèöû

êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè äëÿ ñäâèãà âî

âçàèìíî ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ íå çàâèñèò

îò óãëà ã. Ýòî îçíà÷àåò, ÷òî óãëîâàÿ àíèçîòðîïèÿ ñäâè-

ãà â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ïðîèçâîëüíî âû-

áðàííîìó êðèñòàëëîãðàôè÷åñêîìó íàïðàâëåíèþ, òà-

êîâà, ÷òî ñóììà êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè

ñäâèãó â ëþáûõ äâóõ âçàèìíî ïåðïåíäèêóëÿðíûõ íà-

ïðàâëåíèÿõ ïîñòîÿííà:

� � � � � � �S S S
jj jj

( , , ) ( , , )� � � � � � 90 2
44

� � �8
2 2 4 2 2

S (cos sin sin cos sin ) .� � � � � const

Àíàëîãè÷íûì ñâîéñòâîì îáëàäàþò è êîìïîíåíòû

�S
j3

( j = 1,2), ÷åðåç êîòîðûå âûðàæàåòñÿ ïîïåðå÷íîå

ñóæåíèå ïðè ðàñòÿæåíèè ïî z�:

� � � � � � �S S S
j j3 3 12

90 2( , , ) ( , , )� � � � � �

� � �2
2 2 4 2 2

S (cos sin sin cos sin ) .� � � � � const

×åðåç ýòè ñóììû äëÿ ìîäóëÿ ñäâèãà ïðè êðó÷åíèè

Gêð è êîýôôèöèåíòà Ïóàññîíà, õàðàêòåðèçóþùåãî èç-

ìåíåíèå ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ ïðè ðàñòÿæå-

íèè, ìîæíî çàïèñàòü:

G S
S S

S
êð êð

�
� � �

� � �

� �
1 44 55

44
2

� �4
2 2 4 2 2

S (cos sin sin cos sin ),� � � � � (8)

�

� � � � �

s

S S

S
� �

� �

�

12

2 2 4 2 2

33

(cos sin sin cos sin )
. (9)

Âî-âòîðûõ, èç óðàâíåíèé (6) è (7) ñëåäóåò, ÷òî â

êóáè÷åñêîì êðèñòàëëå ñóùåñòâóþò äâà êðèñòàëëîãðà-

ôè÷åñêèõ íàïðàâëåíèÿ ([001] è [111], à òàêæå ôèçè-

÷åñêè ýêâèâàëåíòíûå èì íàïðàâëåíèÿ), äëÿ êîòîðûõ

êîýôôèöèåíòû ñäâèãîâîé ïîäàòëèâîñòè è ëèíåéíûå

êîýôôèöèåíòû Ïóàññîíà â ïëîñêîñòè, èì ïåðïåíäèêó-

ëÿðíîé, íå çàâèñÿò îò ã, ò.å. îáëàäàþò ñâîéñòâîì èçî-

òðîïèè.

Â-òðåòüèõ, èç àíàëèçà âûðàæåíèé ñëåäóåò, ÷òî ñó-

ùåñòâóþò êîìáèíàöèè êîìïîíåíòîâ ìàòðèöû �S
ij

êî-

ýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè, íå çàâèñÿùèå îò

âûáîðà êðèñòàëëîãðàôè÷åñêîãî íàïðàâëåíèÿ. Òàêèõ

íåçàâèñèìûõ èíâàðèàíòîâ, ÷èñëåííûå çíà÷åíèÿ êîòî-

ðûõ îïðåäåëÿþòñÿ êîìáèíàöèÿìè êîìïîíåíòîâ ìàòðè-

öû ìîäóëåé óïðóãîé ïîäàòëèâîñòè â ãëàâíûõ îñÿõ, êàê

ìèíèìóì òðè:

2 � � �S S
33 êð

= inv1 = 2S11 + S44,

� � � � � �S S S
j j33 3 3

90( ) ( )� � = inv2 = S11 + 2S12,

� � �S S
jj j

( ) ( )� �4
3

= inv3 = S44 – 4S12. (10)

Ýòè èíâàðèàíòû ïîçâîëÿþò óïðîñòèòü ðàñ÷åò òåõ-

íè÷åñêèõ õàðàêòåðèñòèê óïðóãîñòè â êóáè÷åñêèõ êðè-

ñòàëëàõ è íàéòè ïîëåçíûå ñîîòíîøåíèÿ ìåæäó íèìè.

Èç ïåðâîãî èíâàðèàíòà ñëåäóåò ñâÿçü ìîäóëåé

Þíãà è ñäâèãà äëÿ êðó÷åíèÿ â ëþáîì êðèñòàëëîãðà-

ôè÷åñêîì íàïðàâëåíèè:

2E–1 + G
êð

�1
= inv1 = 2S11 + S44; (11)

������������� �!���!��"�#��$��������%��	!�����&" '()*"�+�% ,-"�. )' '*

Ðåçóëüòàòû ðàñ÷åòà èíâàðèàíòîâ (äëÿ ìîíîêðèñòàëëîâ íèêåëÿ è ìåäè)

inv1 inv2, · 10–3 inv3 E, ÃÏà Gêð, ÃÏà í
s

í(á, â, ã)

Cu, á = ðC3, â = ðC4, ã = ðC5

inv (E, G, í) 0,043 2,43 0,038 159 32,6 0,306 0,56

inv (S11, S12, S44) 0,043 2,43 0,038

Cu, á = ðC4, â = ðC2, ã = 0 (àóêñåòè÷åñêîå íàïðàâëåíèå [110])

inv (E, G, í) 0,043 2,43 0,038 159 32,6 0,306 –0,136

inv (S11, S12, S44) 0,043 2,43 0,038

Cu, á = ðC5, â = ðC6, ã = ðC7

inv (E, G, í) 0,043 2,43 0,038 110 39,8 0,366 0,37

inv (S11, S12, S44) 0,043 2,43 0,038

Ni, á = ðC3, â = ðC4, ã = ðC5

inv (E, G, í) 0,023 1,85 0,019 268 64,7 0,252 0,43

inv (S11, S12, S44) 0,023 1,85 0,019

Ni, á = ðC4, â = ðC2, ã = 0 (àóêñåòè÷åñêîå íàïðàâëåíèå [110])

inv (E, G, í) 0,023 1,85 0,019 233 71,0 0,285 –0,068

inv (S11, S12, S44) 0,023 1,85 0,019

Ni, á = ðC5, â = ðC6, ã = ðC7

inv (E, G, í) 0,023 1,85 0,019 205 77,4 0,311 0,35

inv (S11, S12, S44) 0,023 1,85 0,019



èç âòîðîãî — ñâÿçü ìîäóëÿ Þíãà â ëþáîì êðèñòàëëî-

ãðàôè÷åñêîì íàïðàâëåíèè è äâóìåðíîãî êîýôôèöèåí-

òà Ïóàññîíà:

E–1(1 – 2ís ) = inv2 = S11 + 2S12; (12)

èç òðåòüåãî — ñâÿçü ìîäóëÿ Þíãà â ïðîèçâîëüíîì

êðèñòàëëîãðàôè÷åñêîì íàïðàâëåíèè, ìîäóëÿ ñäâèãà

â ëþáîì íàïðàâëåíèè ïëîñêîñòè, ïåðïåíäèêóëÿðíîé

âûáðàííîìó êðèñòàëëîãðàôè÷åñêîìó íàïðàâëåíèþ,

è ëèíåéíîãî êîýôôèöèåíòà Ïóàññîíà â òîì æå

íàïðàâëåíèè:

G–1(ã) + 4E–1
í(ã) = inv3 = S44 – 4S12. (13)

Â òàáëèöå ïðèâåäåíû ðåçóëüòàòû ïðîâåðêè ñïðà-

âåäëèâîñòè ïîëó÷åííûõ ñîîòíîøåíèé ïóòåì ñðàâ-

íåíèÿ èíâàðèàíòîâ inv (E, G, í) è inv (Sij), ðàññ÷èòàí-

íûõ ïî òåõíè÷åñêèì õàðàêòåðèñòèêàì è êîìïîíåíòàì

ìàòðèöû ìîäóëåé óïðóãîé ïîäàòëèâîñòè â ãëàâíûõ

îñÿõ ñîîòâåòñòâåííî. Ïðè ðàñ÷åòàõ èñïîëüçîâàëè ïðî-

ãðàììó Mathñad äëÿ ïðîèçâîëüíûõ êðèñòàëëîãðà-

ôè÷åñêèõ íàïðàâëåíèé (á, â, ã ïðîèçâîëüíû) è ðàçíûõ

ìîíîêðèñòàëëîâ. Êîýôôèöèåíòû óïðóãîé ïîäàòëè-

âîñòè ðàññ÷èòûâàëè ïî ìîäóëÿì óïðóãîñòè [6, 7].

Âèäíî, ÷òî èíâàðèàíòíûå ñîîòíîøåíèÿ (11) – (13)

ñïðàâåäëèâû â òîì ÷èñëå è äëÿ êðèñòàëëîãðàôè÷åñêèõ

íàïðàâëåíèé, îáëàäàþùèõ àóêñåòè÷åñêèìè ñâîéñòâà-

ìè (í < 0).

Ñîîòíîøåíèå (11) èñïîëüçóþò òàêæå â ôîðìå [2]:

2E–1 + G
êð

�1
= const.

Îäíàêî ÷èñëåííîå çíà÷åíèå êîíñòàíòû íå îïðåäå-

ëåíî. Âìåñòå ñ òåì â ñîîòíîøåíèÿõ (11) – (13) ÷èñëåí-

íûå çíà÷åíèÿ èíâàðèàíòîâ îïðåäåëåíû ÷åðåç êîìïî-

íåíòû ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâîñòè

â ãëàâíûõ îñÿõ S11, S12 è S44 (êàæäûé ìîíîêðèñòàëë

èìååò ñîáñòâåííûå ÷èñëåííûå çíà÷åíèÿ èíâàðèàíòîâ).

Óðàâíåíèÿ (11) – (13) ïîçâîëÿþò èñêëþ÷èòü êîì-

ïîíåíòû ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàòëèâî-

ñòè â ãëàâíûõ îñÿõ è ïîëó÷èòü ñîîòíîøåíèå, ñâÿçû-

âàþùåå ìîäóëè Þíãà è ñäâèãà (Gêð, G (í)), à òàêæå êî-

ýôôèöèåíòû Ïóàññîíà (ís, í(ã)):

E G G
G G

s
�

�

�

4
êð

êð

( )
( )

( )
.�

� � �

�

(14)

Ýòà ñâÿçü òåõíè÷åñêèõ õàðàêòåðèñòèê óïðóãèõ

ñâîéñòâ íå çàâèñèò îò õàðàêòåðèñòèê óïðóãîñòè îáîá-

ùåííîãî çàêîíà Ãóêà è âåðíà äëÿ ëþáûõ êóáè÷åñêèõ

ìîíîêðèñòàëëîâ è êðèñòàëëîãðàôè÷åñêèõ íàïðàâëå-

íèé â íèõ, êðîìå íàïðàâëåíèé [001] è [111], ïðè êîòî-

ðûõ âñëåäñòâèå èçîòðîïèè ìîäóëÿ ñäâèãà è êîýôôèöè-

åíòà Ïóàññîíà â ïëîñêîñòè, èì ïåðïåíäèêóëÿðíîé,

äðîáíûé ìíîæèòåëü â ôîðìóëå (14) ñòàíîâèòñÿ íåîï-

ðåäåëåííûì. Ñïðàâåäëèâîñòü ôîðìóëû (14) ïîäòâåð-

æäàëè ðàñ÷åòàìè ìîäóëÿ Þíãà (ïî ôîðìóëàì (5) è

(14)) äëÿ ðàçëè÷íûõ ïðîèçâîëüíûõ êðèñòàëëîãðàôè÷å-

ñêèõ íàïðàâëåíèé ðàçíûõ ìîíîêðèñòàëëîâ.

Òàêèì îáðàçîì, íà îñíîâå àíàëèçà óðàâíåíèé äëÿ

êîìïîíåíòîâ ìàòðèöû êîýôôèöèåíòîâ óïðóãîé ïîäàò-

ëèâîñòè êóáè÷åñêèõ ìîíîêðèñòàëëîâ ïîëó÷åíû èíâà-

ðèàíòíûå êîìáèíàöèè êîìïîíåíòîâ ýòîé ìàòðèöû,

íàéäåíû íå èçâåñòíûå ðàíåå ñâÿçè ìåæäó òåõíè÷åñêè-

ìè õàðàêòåðèñòèêàìè óïðóãèõ ñâîéñòâ ìîíîêðèñòàë-

ëîâ ìåòàëëîâ è ñïëàâîâ ñ êóáè÷åñêîé ðåøåòêîé, ïðî-

âåäåíà ïðîâåðêà ñîîòíîøåíèé ìåæäó òåõíè÷åñêèìè

õàðàêòåðèñòèêàìè óïðóãèõ ñâîéñòâ äëÿ ïðîèçâîëüíûõ

êðèñòàëëîãðàôè÷åñêèõ íàïðàâëåíèé ðÿäà ìîíîêðè-

ñòàëëîâ. Âûÿâëåííûå èíâàðèàíòíûå ñâÿçè òåõíè÷å-

ñêèõ õàðàêòåðèñòèê óïðóãîñòè íàéäóò ïðàêòè÷åñêîå

ïðèìåíåíèå, íàïðèìåð, â ðàñ÷åòàõ æåñòêîñòè èçäåëèé

è ýëåìåíòîâ êîíñòðóêöèé, âûïîëíåííûõ èç êóáè÷å-

ñêèõ ìîíîêðèñòàëëîâ, â îïðåäåëåíèè îïòèìàëüíîãî

íàïðàâëåíèÿ ðîñòà ìîíîêðèñòàëëîâ â òåõíîëîãèÿõ íà-

ïðàâëåííîé êðèñòàëëèçàöèè.
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