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Ñòàòüÿ ïîñòóïèëà 14 ìàÿ 2017 ã.

Öåëü ðàáîòû — ìàòåìàòè÷åñêîå îáîáùåíèå ôîðìóëû Ñ. ß. ßðåìû, ïðåäëîæåííîé äëÿ

àïïðîêñèìàöèè ýêñïåðèìåíòàëüíîé äèàãðàììû óñòàëîñòíîãî ðàçðóøåíèÿ, è èññëåäîâà-

íèå åå äîïîëíèòåëüíûõ âîçìîæíîñòåé. Àíàëèç âûïîëíåí íà îñíîâå îïåðàòîðà äëÿ ïëàâ-

íîãî ïåðåõîäà îò îäíîé ìàòåìàòè÷åñêîé ôóíêöèè ê äðóãîé. Ïîêàçàíî, ÷òî ôîðìóëà

Ñ. ß. ßðåìû ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ýòîãî ìàòåìàòè÷åñêîãî îïåðàòîðà, êîãäà ãëàäêèé

äèôôåðåíöèðóåìûé ïåðåõîä îñóùåñòâëÿåòñÿ ñ îäíîãî ïîñòîÿííîãî óðîâíÿ ðàçìàõà êî-

ýôôèöèåíòà èíòåíñèâíîñòè íàïðÿæåíèé íà äðóãîé ïîñòîÿííûé óðîâåíü. Ïîëó÷åíû ìà-

òåìàòè÷åñêèå âûðàæåíèÿ, êîòîðûå ìîæíî èíòåðïðåòèðîâàòü êàê èíòåãðàëüíóþ âåðîÿò-

íîñòü è ïëîòíîñòü âåðîÿòíîñòè ñëó÷àéíîãî çíà÷åíèÿ ñêîðîñòè óñòàëîñòíîé òðåùèíû.

Îíè ïîçâîëèëè äàòü ñòàòèñòè÷åñêóþ òðàêòîâêó äèàãðàììû óñòàëîñòíîãî ðàçðóøåíèÿ.

Íà ýòîé îñíîâå ïðåäëîæåíà ìåòîäèêà îöåíêè îñòàòî÷íîãî ðåñóðñà äåòàëè êîíñòðóêöèè,

â êîòîðîé îáíàðóæåíà óñòàëîñòíàÿ òðåùèíà.

Êëþ÷åâûå ñëîâà: äèàãðàììà óñòàëîñòíîãî ðàçðóøåíèÿ; ñêîðîñòü óñòàëîñòíîé òðåùè-

íû; ðàçìàõ êîýôôèöèåíòà èíòåíñèâíîñòè íàïðÿæåíèé; èíòåãðàëüíàÿ ôóíêöèÿ âåðîÿò-

íîñòåé; ôóíêöèÿ ïåðåõîäà ñîñòîÿíèé ñèñòåìû; æèâó÷åñòü.
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The goal of the article is a mathematical generalization of S. Ya Yarema formula derived for approxima-

tion of the experimental diagrams of the fatigue fracture and subsequent analysis of the capabilities of

the formula. The analysis is performed on the basis of the operator for smooth transition from one

mathematical function to another. Formula of S. Ya Yarema is shown to be a special case of this mathe-

matical operator when a smooth differentiable transition occurs from one constant level of the ampli-

tude of stress intensity factor to another constant level. The obtained mathematical expressions can be

interpreted as the cumulative probability and the probability density of random values of the fatigue

crack rate. This allowed us to give a statistical interpretation of the fatigue fracture diagrams. On this

basis we developed a methodology for estimation of the residual resource of a structural part contain-

ing a fatigue crack.

Keywords: diagram of fatigue fracture; fatigue crack rate; the magnitude of the stress intensity fac-

tor; integral function of probability; function of system state transition; liveness.

Äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ (àïïðîêñèìàöèè)

ýêñïåðèìåíòàëüíîé äèàãðàììû óñòàëîñòíîãî

ðàçðóøåíèÿ (ÄÓÐ) êîíñòðóêöèîííûõ ìàòåðèàëîâ

Ñ. ß. ßðåìà ïðåäëîæèë ñëåäóþùóþ ôîðìóëó [1]:
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ãäå v — ñêîðîñòü ðîñòà óñòàëîñòíîé òðåùèíû â

âûáðàííûõ åäèíèöàõ äëèíû çà îäèí öèêë íàãðó-

æåíèÿ; Kmax — òåêóùåå ìàêñèìàëüíîå çíà÷åíèå

öèêëà èçìåíåíèÿ êîýôôèöèåíòà èíòåíñèâíîñòè

íàïðÿæåíèé (ÊÈÍ); Kth — ïîðîãîâîå çíà÷åíèå

öèêëà èçìåíåíèÿ ÊÈÍ, íèæå êîòîðîãî íå ïðîèñ-

õîäèò ðîñò òðåùèíû; Kfc — êðèòè÷åñêîå ìàêñè-

ìàëüíîå çíà÷åíèå öèêëà ÊÈÍ, ïî äîñòèæåíèè

êîòîðîãî ïðîèñõîäèò äîëîì îáðàçöà (ýëåìåíòà

êîíñòðóêöèè) çà îäèí öèêë íàãðóæåíèÿ; v0 —

ñêîðîñòü ðîñòà òðåùèíû ïðè Kmax = K0 =

= (Kth + Kfc)/2; q — ïîêàçàòåëü ñòåïåíè, õàðàêòå-

ðèçóþùèé ñðåäíþþ ñêîðîñòü óñòàëîñòíîãî ðàçðó-

øåíèÿ. Ñêîðîñòü ðàñïðîñòðàíåíèÿ òðåùèíû â

êîíêðåòíîì êîíñòðóêöèîííîì ìàòåðèàëå êîíòðî-

ëèðóåòñÿ çíà÷åíèåì Kmax, ïàðàìåòðû v0, Kth, Kfc è

q — ïîñòîÿííûå ìàòåðèàëà, õàðàêòåðèçóþùèå
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åãî ñîïðîòèâëåíèå ðîñòó óñòàëîñòíûõ òðåùèí.

Âàðèàíòû ôîðìóëû (1) ïîäðîáíî ðàññìîòðåíû

â [2].

Äèàãðàììû ðàçðóøåíèÿ òâåðäûõ òåë [3], â

òîì ÷èñëå è ÄÓÐ, îïèñûâàþò ïåðåõîä òåëà îò öå-

ëîñòíîãî ñîñòîÿíèÿ ê ôðàãìåíòèðîâàííîìó ïî-

ñðåäñòâîì ðàçâèòèÿ è ðàñïðîñòðàíåíèÿ òðåùèí.

Öåëü äàííîé ñòàòüè — ìàòåìàòè÷åñêèé àíàëèç è

îáîáùåíèå ôîðìóëû Ñ. ß. ßðåìû.

Ïðèíÿâ v0 = 10–6 ì/öèêë, Kth = 5 ÌÏà · ì0,5,

Kfc = 50 ÌÏà · ì0,5 è q = 0,33, ïîñòðîèì ãðàôèê

ôîðìóëû (1) â ïîëóëîãàðèôìè÷åñêèõ êîîðäèíà-

òàõ (ðèñ. 1).

Îáðàòèì âíèìàíèå íà òî, ÷òî ôóíêöèÿ, îáðàò-

íàÿ ôîðìóëå Ñ. ß. ßðåìû (1), ò.å. çàâèñèìîñòü

Kmax îò v, çàïèñûâàåòñÿ êàê
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Ðàíåå íàìè ïîêàçàíî [4], ÷òî îïåðàòîð
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îïèñûâàåò ïëàâíûé äèôôåðåíöèðóåìûé ïåðå-

õîä îò ôóíêöèè y1(x) ê ôóíêöèè y2(x) â îêðåñò-

íîñòè çíà÷åíèÿ x = x0, à ïîêàçàòåëü ñòåïåíè n

êîíòðîëèðóåò ñêîðîñòü ïåðåõîäà îò îäíîé ôóíê-

öèè ê äðóãîé. Íàïðèìåð, åñëè

y x x
1
( ) ,� (4)

y2(x) = 1/x, (5)

x0 = 2, n = 10, òî ïåðåõîä îò ôóíêöèè (4) ê ôóíê-

öèè (5) ïðîèçîéäåò â ñîîòâåòñòâèè ñ ôóíêöèåé

(3), êàê ïîêàçàíî íà ðèñ. 2.

Ïðè ñîïîñòàâëåíèè ôóíêöèé (3) è (2) âèäíî,

÷òî ôóíêöèÿ (2) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ôóíê-

öèè (3) ïðè

y1(x) = Kth, y2(x) = Kfc, n = 1/q, x = v, x0 = v0.

Ôóíêöèÿ Ñ. ß. ßðåìû (2) îïðåäåëÿåò òàêæå

ïåðåõîä ñ îäíîãî ïîñòîÿííîãî óðîâíÿ ÊÈÍ = Kth

íà äðóãîé ïîñòîÿííûé óðîâåíü ÊÈÍ = Kfc. Ýòîò

ïåðåõîä îáóñëîâëåí ðîñòîì óñòàëîñòíîé òðå-

ùèíû (ðèñ. 3). Ïðè òàêîì ïîäõîäå èçìåðåííàÿ

âåëè÷èíà — ñêîðîñòü ðîñòà óñòàëîñòíîé òðåùè-

íû ñòàâèòñÿ â ñîîòâåòñòâèå ñ íåêîòîðîé âû÷èñ-

ëÿåìîé âåëè÷èíîé — ÊÈÍ, çàâèñÿùåé îò äëèíû

òðåùèíû è íîìèíàëüíîãî íàïðÿæåíèÿ, äåéñò-

âóþùåãî â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì ðîñ-

òó òðåùèíû.

Â ðàáîòå [5] ïîêàçàíî, ÷òî ôóíêöèÿ (3) ïðè

y1(x) = 0 è y2(x) = 1, ïðèíèìàþùàÿ âèä
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ïðåäñòàâëÿåò ñîáîé ñâîåîáðàçíóþ èíòåãðàëüíóþ

ôóíêöèþ F(x) âåðîÿòíîñòè ñëó÷àéíîé âåëè÷èíû

x, à åå ïðîèçâîäíàÿ ïî x — ïëîòíîñòü âåðîÿò-

íîñòè ñëó÷àéíîé âåëè÷èíû x
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(7)

Ôóíêöèþ (2) ìîæíî ïðèâåñòè ê âèäó (6). Äëÿ ýòî-

ãî èç ýòîé ôóíêöèè âû÷òåì Kth è ðàçäåëèì ïîëó-

÷åííóþ ðàçíîñòü íà ðàçíîñòü Kfc – Kth:
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Àíàëîã ôóíêöèè (7) p(x) ïîëó÷àåì äèôôåðåíöè-

ðîâàíèåì ôóíêöèè (8) ïî v:
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Âûðàæåíèÿ (8) è (9) ìîæíî èíòåðïðåòèðîâàòü

êàê èíòåãðàëüíóþ âåðîÿòíîñòü è ïëîòíîñòü âåðî-
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Ðèñ. 1. Çàâèñèìîñòü ñêîðîñòè ðîñòà óñòàëîñòíîé òðåùè-

íû îò ìàêñèìàëüíîãî çíà÷åíèÿ ÊÈÍ

3

2

1

y

x

Ðèñ. 2. Ôóíêöèÿ ïåðåõîäà y(x) îò ôóíêöèè y
1
(x) ê ôóíê-

öèè y
2
(x): 1, 2 è 3 — ôóíêöèè y(x), y

1
(x) è y

2
(x) ñîîòâåò-

ñòâåííî



ÿòíîñòè ñëó÷àéíîé âåëè÷èíû v. Èõ ãðàôèêè ïðè-

âåäåíû íà ðèñ. 4. Îðäèíàòà ãðàôèêà p1(v) óìåíü-

øåíà â 106 ðàç.

Âîïðîñ î âîçìîæíîé ñòàòèñòè÷åñêîé òðàêòîâ-

êå ôîðìóë (8), (9) è ðèñ. 4 ïðèìåíèòåëüíî ê ïðî-

öåññàì óñòàëîñòíîãî ðàñïðîñòðàíåíèÿ òðåùèí

òðåáóåò èçó÷åíèÿ è îñòàåòñÿ â íàñòîÿùåå âðåìÿ

âî ìíîãîì îòêðûòûì. Ìîæíî ëèøü äîïóñòèòü,

÷òî ñëó÷àéíîå ñîáûòèå ñîñòîèò â îáíàðóæåíèè

óñòàëîñòíîé òðåùèíû â íåêîòîðîì ýëåìåíòå êîí-

ñòðóêöèè, ìàòåðèàë êîòîðîãî ïîä÷èíÿåòñÿ èç-

âåñòíîé è èíâàðèàíòíîé ÄÓÐ (ñì. óðàâíåíèå (1)

è ðèñ. 1). Òîãäà, ýêñïåðèìåíòàëüíî îïðåäåëèâ

ñêîðîñòü ðîñòà v îáíàðóæåííîé òðåùèíû, ìîæíî

îöåíèòü äîëè èñïîëüçîâàííîé R1 è îñòàòî÷íîé R2

æèâó÷åñòè (ðåñóðñà) ýëåìåíòà êîíñòðóêöèè ïðè

íàëè÷èè òðåùèíû ñ ïðèìåíåíèåì ôîðìóëû (8):

R1(v) = F1(v), (10)

R2(v) = 1 – F1(v). (11)

Íàïðèìåð, äëÿ v = 5 · 10–7 ì/öèêë ïî ôîðìóëàì

(10) è (11) ïîëó÷àåì ñîîòâåòñòâåííî R1 = 0,109 è

R2 = 0,891.

Åñëè çàòðà÷åííûé ðåñóðñ r1 ïî æèâó÷åñòè èç-

âåñòåí, òî ìîæíî ïðèáëèæåííî ïðîïîðöèîíàëüíî

îöåíèòü ôèçè÷åñêèé îñòàòî÷íûé ðåñóðñ

r r
R v

R v
2 1

2

1

�

( )

( )
. (12)

Â çàêëþ÷åíèå îòìåòèì, ÷òî äëÿ îöåíêè îòíî-

ñèòåëüíûõ äîëåé ðåñóðñà íå òðåáóåòñÿ çíàíèÿ

ÊÈÍ äëÿ ýëåìåíòà êîíñòðóêöèè, åñëè ñïðàâåäëè-

âà ãèïîòåçà îá èíâàðèàíòíîñòè ÄÓÐ. Äëÿ îöåíêè

ôèçè÷åñêîãî ðåñóðñà â åäèíèöàõ âðåìåíè èëè â

÷èñëàõ öèêëîâ íàãðóæåíèÿ íåîáõîäèìî èíòåãðè-

ðîâàíèå óðàâíåíèÿ (1), çàïèñàííîãî ïðèìåíè-

òåëüíî ê ðàññìàòðèâàåìîìó ýëåìåíòó êîíñòðóê-

öèè. Íî ýòî âîçìîæíî ëèøü ïðè èçâåñòíîì ðåøå-

íèè äëÿ ÊÈÍ äëÿ ýëåìåíòà êîíñòðóêöèè ñ òðå-

ùèíîé.
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2

1

Ðèñ. 3. Èëëþñòðàöèÿ ïåðåõîäà (3) ñ óðîâíÿ K
th

(1) íà óðî-

âåíü K
fc

(2), êîíòðîëèðóåìîãî ñêîðîñòüþ ðîñòà óñòàëîñò-

íîé òðåùèíû

2

1

Ðèñ. 4. Èíòåãðàëüíàÿ âåðîÿòíîñòü F
1
(v) (1) è ïëîòíîñòü

âåðîÿòíîñòè p
1
(v) · 10–6 (2) ñêîðîñòè óñòàëîñòíîé òðåùèíû




