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Ñòàòüÿ ïîñòóïèëà 12 ñåíòÿáðÿ 2017 ã.

Ðàññìîòðåíî ñîâìåñòíîå äåôîðìèðîâàíèå äâóõ óïðóãèõ ñëîåâ, îäèí èç êîòîðûõ ÿâëÿåòñÿ

ïîêðûòèåì, íàíåñåííûì íà ïîâåðõíîñòü áîëåå òîëñòîãî ñëîÿ. Ïðèíÿòî, ÷òî â ïëîñêîñòè

êîíòàêòà ñëîåâ ïðîñêàëüçûâàíèå îòñóòñòâóåò. Ñîåäèíåíèå íàõîäèòñÿ ïîä äåéñòâèåì

âíåøíåé íàãðóçêè, ïðèëîæåííîé ê ïîêðûòèþ ïåðïåíäèêóëÿðíî åãî ïîâåðõíîñòè è íåèç-

ìåíÿþùåéñÿ ïî øèðèíå. Íàãðóçêà íà áîêîâûå ïëîñêîñòè ñîåäèíåíèÿ îòñóòñòâóåò, ÷òî

ïîçâîëÿåò ñ÷èòàòü ñîåäèíåíèå äâóõñëîéíîé áàëêîé è äëÿ îïèñàíèÿ åãî äåôîðìèðîâàíèÿ

èñïîëüçîâàòü ñèñòåìó óðàâíåíèé ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè. Äëÿ åå ðåøåíèÿ

ïðèìåíÿåòñÿ àñèìïòîòè÷åñêèé ìåòîä. Èñêîìûå ôóíêöèè, íîðìàëüíûå è êàñàòåëüíûå

íàïðÿæåíèÿ, à òàêæå êîìïîíåíòû ïåðåìåùåíèÿ ïðîèçâîëüíîé òî÷êè, áàëêè è ïîêðûòèÿ

ðàçëàãàþòñÿ â ðÿäû ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà. Â êà÷åñòâå òàêîãî ïàðàìåòðà ïðèíÿ-

òà ïîëîâèíà òîëùèíû ñîîòâåòñòâóþùåãî ñëîÿ. Â îòëè÷èå îò èçâåñòíûõ àñèìïòîòè÷å-

ñêèõ ðàçëîæåíèé ïðåäëîæåí âàðèàíò àñèìïòîòè÷åñêîãî ìåòîäà, â êîòîðîì âñå èñêîìûå

ôóíêöèè àñèìïòîòè÷åñêè ðàâíîïðàâíû â òîì ñìûñëå, ÷òî îíè ðàçëàãàþòñÿ â àñèìïòîòè-

÷åñêèå ðÿäû îäèíàêîâîé ñòðóêòóðû. Â ðÿäàõ ïðèñóòñòâóþò âñå ïîëîæèòåëüíûå ñòåïåíè

ìàëîãî ïàðàìåòðà. Â ýòîì ñëó÷àå àñèìïòîòè÷åñêèé àëãîðèòì ïðèâîäèò ê ïîÿâëåíèþ

äâóõ íåçàâèñèìûõ ìåæäó ñîáîé ðåêóððåíòíûõ ñèñòåì ëèíåéíûõ óðàâíåíèé, ÷òî ñóùåñò-

âåííî óïðîùàåò èõ ðåøåíèå. Â êàæäîì ïðèáëèæåíèè äëÿ îäíîãî óïðóãîãî ñëîÿ àëãî-

ðèòì ïîðîæäàåò ïÿòü íåîïðåäåëåííûõ ôóíêöèé ïðîäîëüíîé êîîðäèíàòû. Ñ ó÷åòîì áû-

ñòðîé ñõîäèìîñòè àñèìïòîòè÷åñêèõ ðÿäîâ äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè äå-

ôîðìèðîâàíèÿ ñîåäèíåíèÿ áàëêè ñ ïîêðûòèåì èñïîëüçîâàíî ïåðâîå àñèìïòîòè÷åñêîå

ïðèáëèæåíèå. Ìåòîä ïðèâîäèò ê ïîÿâëåíèþ äåñÿòè íåîïðåäåëåííûõ ôóíêöèé êîîðäè-

íàòû x. Îíè ïîçâîëÿþò âûïîëíèòü âîñåìü óñëîâèé íåïðåðûâíîñòè íàïðÿæåííî-äåôîð-

ìèðîâàííîãî ñîñòîÿíèÿ ïî òîëùèíå ñîåäèíåíèÿ. Îñòàþòñÿ ïîêà íåîïðåäåëåííûìè äâå

ôóíêöèè. Äëÿ íèõ èç ïðèíöèïà ìèíèìóìà ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè âûâå-

äåíû óðàâíåíèÿ ðàâíîâåñèÿ, ïðåäñòàâëÿþùèå ñîáîé ñèñòåìó äâóõ ëèíåéíûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé øåñòîãî ïîðÿäêà, è ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ. Ãðàíè÷-

íûå óñëîâèÿ ìîæíî ðåàëèçîâàòü â ñòàòè÷åñêîì è êèíåìàòè÷åñêîì âàðèàíòàõ. Ïðè ïðî-

âåäåíèè âû÷èñëåíèé èñïîëüçîâàí ïåðâûé âàðèàíò. ×èñëîâûå ðåçóëüòàòû ïîëó÷åíû äëÿ

äâóõ âèäîâ ïîâåðõíîñòíîé íàãðóçêè — ïîñòîÿííîé è ñèíóñîèäàëüíî ìåíÿþùåéñÿ ïî

äëèíå ñîåäèíåíèÿ. Îòìå÷åíî, ÷òî ïðè èññëåäîâàíèè íàïðÿæåííîãî ñîñòîÿíèÿ ïîêðûòèÿ

íåîáõîäèìî ó÷èòûâàòü íå òîëüêî íîðìàëüíûå, íî è êàñàòåëüíûå íàïðÿæåíèÿ, âåëè÷èíà

êîòîðûõ ïðè èçãèáå ñîåäèíåíèÿ ìîæåò áûòü âåñüìà ñóùåñòâåííîé.

Êëþ÷åâûå ñëîâà: óïðóãîå ïîêðûòèå; òåîðèÿ óïðóãîñòè; àñèìïòîòè÷åñêèé ìåòîä.
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Joint deformation of two elastic layers is considered, one of them being a coating applied to the surface

of another thicker layer. It is assumed that slippage is absent in the plane of layer contact. External

load is normal to the coating surface and unchanging in width. In the absence of lateral loading, the

junction can be considered a two-layer beam and described by the equations of the plane elasticity us-

ing the asymptotic method. The required functions, normal and tangential stresses, and also the com-

ponents of the displacement of an arbitrary point of the beam and coating are expanded in power series

of the small parameter (accepted as a half thickness of the corresponding layer). In contrast to the

known asymptotic expansions, an alternative asymptotic method is proposed in which all the required
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functions are asymptotically equivalent, i.e., expanded in asymptotic series of the same structure.

When all positive powers of the small parameter are present in the series, the asymptotic algorithm

leads to the appearance of two independent recurrent systems of linear equations, which greatly sim-

plifies their solution. In each approach for one elastic layer the algorithm generates five indefinite func-

tions of the longitudinal coordinate. Due to a rapid convergence of the asymptotic series, the first as-

ymptotic approximation is used to construct the mathematical model of the deformation of a

beam-to-coating coupling. Ten indefinite functions of the coordinate x provide fulfilling of eight condi-

tions of continuity of the stress-strain state in the linkage depth, two functions remaining indefinite.

Equilibrium equations (a system of two linear differential equations of the sixth order) are derived for

them proceeding from the principle of minimum potential energy of deformation and corresponding

boundary conditions (that can be realized both in static and kinematic variants). Numerical results are

obtained in static approximation for two types of surface loading — steady and sinusoidally varying —

along the length of the coating. An emphasis is made on the necessity of allowing for tangential

stresses when studying the stress state of the coating as they can be rather significant upon bending.

Keywords: elastic coverage; theory of elasticity; asymptotic method.

Ïðåäñòàâèì áàëêó ñ ïîêðûòèåì êàê ñîåäèíåíèå

äâóõ óïðóãèõ ñëîåâ, êîíòàêòèðóþùèõ áåç ïðî-

ñêàëüçûâàíèÿ ïî íåêîòîðîé ïëîñêîñòè. Íàïðÿ-

æåííîå ñîñòîÿíèå êàæäîãî ñëîÿ îïèøåì ñèñòåìîé

äèôôåðåíöèàëüíûõ óðàâíåíèé ïëîñêîé çàäà÷è

òåîðèè óïðóãîñòè. Ïîëàãàÿ, ÷òî òîëùèíà ñîåäè-

íåíèÿ çíà÷èòåëüíî ìåíüøå åãî äëèíû, ðåøåíèå

ýòîé ñèñòåìû óðàâíåíèé äëÿ êàæäîãî ñëîÿ íàé-

äåì àñèìïòîòè÷åñêèì ìåòîäîì, â êà÷åñòâå ìàëîãî

ïàðàìåòðà ïðèìåì ïîëîâèíó òîëùèíû ñëîÿ. Âû-

ïîëíèâ óñëîâèÿ íåïðåðûâíîñòè íàïðÿæåííî-äå-

ôîðìèðîâàííîãî ñîñòîÿíèÿ, èç ïðèíöèïà ìèíè-

ìóìà ïîòåíöèàëüíîé ýíåðãèè çàïèøåì ñèñòåìó

ðàçðåøàþùèõ óðàâíåíèé è ãðàíè÷íûå óñëîâèÿ

äëÿ íèõ.

Àñèìïòîòè÷åñêèé àëãîðèòì. Ñèñòåìó óðàâ-

íåíèé ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè çàïèøåì

â ñëåäóþùåé ôîðìå:
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Çäåñü óx, óz, ô — íîðìàëüíûå è êàñàòåëüíîå íà-

ïðÿæåíèÿ; u, w — êîìïîíåíòû ïåðåìåùåíèÿ; E,

í — ìîäóëü óïðóãîñòè è êîýôôèöèåíò Ïóàññîíà;
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ìîäóëü ñäâèãà. Âîçìîæíîñòü èñïîëüçîâàíèÿ ýòîé

ñèñòåìû óðàâíåíèé ïîäðîáíî îáîñíîâàíà â ìîíî-

ãðàôèè [1], ãäå ïðåäïîëîæåíî îòñóòñòâèå âíåø-

íåé íàãðóçêè íà ñîåäèíåíèå â íàïðàâëåíèè, ïåð-

ïåíäèêóëÿðíîì ê áîêîâîé ïîâåðõíîñòè.

Ðåøåíèå ñèñòåìû íàéäåì â ïðÿìîóãîëüíèêå

x, z  [2L × 2h]. Ïðåäïîëîæèì, ÷òî äëèíà ïðÿìî-

óãîëüíèêà 2L çíà÷èòåëüíî áîëüøå åãî âûñîòû 2h.

Òàêèì îáðàçîì, ïðè ïîñòðîåíèè àñèìïòîòè÷åñêî-

ãî àëãîðèòìà âåëè÷èíó h ïðèìåì â êà÷åñòâå ìà-

ëîãî ïàðàìåòðà è èñêîìûå ôóíêöèè ïðåäñòàâèì

ñëåäóþùèìè ñòåïåííûìè ðÿäàìè:
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Âîñïîëüçóåìñÿ ñòàíäàðòíîé ïðîöåäóðîé

àñèìïòîòè÷åñêîãî ìåòîäà [2 – 7]. Ïîäñòàâèì

ðÿäû (2) â óðàâíåíèÿ (1), ïðèâåäåì ïîäîáíûå

÷ëåíû è ïðè îäèíàêîâûõ ñòåïåíÿõ ìàëîãî ïàðà-

ìåòðà êîýôôèöèåíòû ïðèðàâíÿåì ê íóëþ. Â ðå-

çóëüòàòå äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëî-

æåíèé ïîëó÷èì ðåêóððåíòíóþ ñèñòåìó óðàâíå-

íèé, ðåøåíèå êîòîðîé çàïèøåì òîëüêî äëÿ ïåð-

âîãî ïðèáëèæåíèÿ. Ïîëàãàÿ s = n = 1, ïîëó÷èì

ñëåäóþùèå âûðàæåíèÿ ïàðàìåòðîâ íàïðÿæåí-

íî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ óïðóãîãî ñëîÿ:
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Çäåñü f1, f2, f3, f4, f5 — ïîêà íåîïðåäåëåííûå ôóíê-

öèè êîîðäèíàòû x.
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Ìîäåëü äåôîðìèðîâàíèÿ ñîåäèíåíèÿ. Ñîîòíî-

øåíèÿ (3) èñïîëüçóåì äëÿ îïèñàíèÿ íàïðÿæåí-

íûõ ñîñòîÿíèé áàëêè è ïîêðûòèÿ. Ïóñòü u1, w1,

óx1, óz1, ô1 — õàðàêòåðèñòèêè ÍÄÑ áàëêè; u2, w2,

óx2, óz2, ô2 — õàðàêòåðèñòèêè ÍÄÑ ñëîÿ ïîêðû-

òèÿ; Ei, Gi, íi (i = 1, 2) — ïàðàìåòðû óïðóãîñòè;

2hi — òîëùèíû ñëîåâ. Äëÿ áàëêè è ïîêðûòèÿ èñ-

ïîëüçóåì ñèñòåìû êîîðäèíàò (z1, x), (z2, x) ñ íà÷à-

ëîì îòñ÷åòà â öåíòðå òÿæåñòè êàæäîãî ñëîÿ

(ðèñ. 1).

Îïèñûâàÿ äåôîðìèðîâàíèå áàëêè èñïîëüçó-

åì ñîîòíîøåíèÿ (3), ñîäåðæàùèå ïÿòü íåîïðåäå-

ëåííûõ ôóíêöèé — f11, f21, f31, f41, f51. Äåôîðìà-

öèþ îïèøåì ñ ïîìîùüþ ôóíêöèé f12, f22, f32, f42,

f52. Èòàê,
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Äëÿ óäîâëåòâîðåíèÿ óñëîâèé íåïðåðûâíîñòè

íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ èìååì

äåñÿòü ïðîèçâîëüíûõ ôóíêöèé. Ïóñòü ñîåäèíå-

íèå íàãðóæåíî íîðìàëüíîé ïîâåðõíîñòíîé íà-

ãðóçêîé èíòåíñèâíîñòüþ q, ïðèëîæåííîé ê ñëîþ

ïîêðûòèÿ. Òîãäà

óz2(x, h2) = q, óz1(x, –h1) = 0,

ô2(x, h2) = 0, ô1(x, –h1) = 0,

óz2(x, –h2) = óz1(x, h1), ô2(x, –h2) = ô1(x, h1),

u2(x, –h2) = u1(x, h1), w2(x, –h2) = w1(x, h1).

Èç ýòèõ âîñüìè ñîîòíîøåíèé îïðåäåëèì âîñåìü

ïðîèçâîëüíûõ ôóíêöèé, âûðàçèâ èõ ÷åðåç äâå

ôóíêöèè — f32, f42.

Âûâîä ðàçðåøàþùèõ óðàâíåíèé. Îïðåäåëÿÿ

äâå îñòàâøèåñÿ íåèçâåñòíûìè ôóíêöèè, âîñ-

ïîëüçóåìñÿ ïðèíöèïîì ìèíèìóìà ïîòåíöèàëü-

íîé ýíåðãèè ñèñòåìû. Âàðèàöèè êîìïîíåíò ïðî-

äîëüíîé äåôîðìàöèè ïðèíèìàþò âèä:
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Íåòðóäíî ïðîâåðèòü, ÷òî âàðèàöèè äåôîðìàöèé

ñäâèãà è îáæàòèÿ â äàííîé ìîäåëè ðàâíû íóëþ.

Ïîýòîìó âàðèàöèþ ïîòåíöèàëüíîé ýíåðãèè äå-

ôîðìàöèè ñîåäèíåíèÿ ìîæåì çàïèñàòü â ñëåäó-

þùåé ôîðìå:
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Âàðèàöèÿ ðàáîòû ïîâåðõíîñòíîé íîðìàëüíîé

ðàñïðåäåëåííîé íàãðóçêè èíòåíñèâíîñòüþ q ñî-

ñòàâèò

� �A q f x

L

L
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�

� 32
d .

Ðàáîòó òîðöåâîé íàãðóçêè ïðåäñòàâèì â ñëå-

äóþùåé ôîðìå:
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Çäåñü

T z
i xi i

h

h

i

i

�

�

�
� d , M z z

i xi i i

h

h

i

i

�

�

�
� d (i = 1, 2) —

óñèëèÿ è ìîìåíòû â ñëîÿõ (çâåçäî÷êîé îòìå÷åíû

èõ ãðàíè÷íûå çíà÷åíèÿ).
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Ðèñ. 1. Ñõåìà ñîåäèíåíèÿ



Ïîëàãàÿ äÏ = äA + äA*, ïðèâîäÿ ïîäîáíûå

÷ëåíû è ïðèðàâíèâàÿ íóëþ êîýôôèöèåíòû ïðè

íåçàâèñèìûõ âàðèàöèÿõ èñêîìûõ ôóíêöèé, ïî-

ëó÷àåì óðàâíåíèÿ ðàâíîâåñèÿ è ãðàíè÷íûå óñëî-

âèÿ. Äëÿ îïðåäåëåíèÿ äâóõ íåèçâåñòíûõ ôóíê-

öèé èìååì äâà óðàâíåíèÿ ðàâíîâåñèÿ:
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Çàïèñàííàÿ ñèñòåìà óðàâíåíèé èìååò øåñòîé ïî-

ðÿäîê. Êèíåìàòè÷åñêèå ãðàíè÷íûå óñëîâèÿ äëÿ

íåå ïðèíèìàþò âèä
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Ñòàòè÷åñêèå ãðàíè÷íûå óñëîâèÿ ìîæíî çàïèñàòü

ñëåäóþùèì îáðàçîì:
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Ïðåîáðàçóåì óðàâíåíèÿ ðàâíîâåñèÿ ñ ó÷å-

òîì (4). Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

øåñòîãî ïîðÿäêà, ðåøåíèå êîòîðûõ ïðèíèìàåò

âèä
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Çäåñü a1, ..., b4 — êîíñòàíòû, ñîäåðæàùèå ìå-

õàíè÷åñêèå õàðàêòåðèñòèêè ñîåäèíåíèÿ; C1, ...,

C6 — êîíñòàíòû èíòåãðèðîâàíèÿ.

Ðåçóëüòàòû âû÷èñëåíèé. Ðàññìîòðåíî ñî-

åäèíåíèå ñî ñëåäóþùèìè ïàðàìåòðàìè:

L = 50 ñì, h1 = 0,3 ñì, h2 = 0,03 ñì,

E1 = 2 · 105 ÌÏà, E2 = 51 · 102 ÌÏà,

í1 = 0,3, í2 = 0,25.

Íà òîðöàõ ñîåäèíåíèÿ âûïîëíåíû ãðàíè÷-

íûå óñëîâèÿ, ñîîòâåòñòâóþùèå æåñòêîé çàäåëêå

áàëêè:

u1(±L, 0) = 0, w1(±L, 0) = 0,
d

d

w

x
L

1
0 0( , ) ./ �

Âû÷èñëåíèÿ ïðîâîäèëè äëÿ äâóõ ñòàòè÷åñêè

ýêâèâàëåíòíûõ âàðèàíòîâ íàãðóçêè — ïîñòîÿí-

íîé íàãðóçêè èíòåíñèâíîñòüþ q = –0,01 ÌÏà è

ñèíóñîèäàëüíîé íàãðóçêè

q
L

x L
1

0 01
2 2

� �
!

"
#

$

%
&

, sin ( )
� �

ÌÏà.

Ñðàâíåíèå äâóõ ýòèõ íàïðÿæåííûõ ñîñòîÿ-

íèé ïîêàçûâàåò, ÷òî ïðè ïåðåìåííîé íàãðóçêå

îñíîâíûå íàïðÿæåíèÿ â ñîåäèíåíèè ïðèáëèçè-

òåëüíî íà 15 – 17 % ïðåâûøàþò íàïðÿæåíèÿ îò

ïîñòîÿííîé íàãðóçêè.

Ïîêðûòèå ñëàáî âëèÿåò íà íàïðÿæåíèÿ â áàë-

êå. Ìàêñèìàëüíûå çíà÷åíèÿ îíè ïðèíèìàþò íà

òîðöàõ ñîåäèíåíèÿ. Íîðìàëüíûå óz1 è êàñàòåëü-

íûå ô1 íàïðÿæåíèÿ ïðåíåáðåæèìî ìàëû ïî ñðàâ-

íåíèþ ñ íàïðÿæåíèÿìè óx1.

Ãðàôèê èçìåíåíèÿ íàïðÿæåíèé â ñëîå ïî-

êðûòèÿ ïðåäñòàâëåí íà ðèñ. 2. Íàïðÿæåíèÿ îá-

æàòèÿ óz2 áëèçêè ïî âåëè÷èíå ê çíà÷åíèþ ðàñïðå-

äåëåííîé íàãðóçêè è ïðè èññëåäîâàíèè ïðî÷-

íîñòè ïîêðûòèÿ èìè ìîæíî ïðåíåáðå÷ü. Îäíàêî

êàñàòåëüíûå íàïðÿæåíèÿ ô2 ñðàâíèìû ñî çíà÷å-

íèåì îñíîâíûõ íàïðÿæåíèé óx2. Â íåêîòîðûõ

òî÷êàõ êàñàòåëüíûå íàïðÿæåíèÿ ïðåâûøàþò

íîðìàëüíûå íàïðÿæåíèÿ, ÷òî ñëåäóåò ó÷èòûâàòü

ïðè îöåíêå ïðî÷íîñòè ïîêðûòèÿ.

Îòìåòèì ýôôåêòèâíîñòü ïðåäëîæåííîãî ìå-

òîäà ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè èñïîëüçî-

âàíèÿ àñèìïòîòè÷åñêîãî àëãîðèòìà ïðè ïîñòðîå-

íèè ìîäåëåé äåôîðìèðîâàíèÿ ïëîñêèõ óïðóãèõ

òåë. Íàïðèìåð, ïðè ìîäåëèðîâàíèè èçãèáà ìåòî-

äîì ñòåïåííûõ ðÿäîâ [4] â êà÷åñòâå ïåðâîãî ïðè-

áëèæåíèÿ îáû÷íî èñïîëüçóþò ñõåìó Êèðõãîôà, â

êîòîðîé ïðåíåáðåãàþò êàñàòåëüíûìè íàïðÿæå-
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Ðèñ. 2. Ðàñïðåäåëåíèå íàïðÿæåíèé â ñëîå ïîêðûòèÿ



íèÿìè ô1 è íàïðÿæåíèÿìè óz1 îáæàòèÿ. Â ýòîì

ñëó÷àå íåâîçìîæíî âûïîëíèòü óñëîâèÿ íåïðå-

ðûâíîñòè íàïðÿæåíèé íà ïëîñêîñòè êîíòàêòà

áàëêè è ïîêðûòèÿ, ñëåäîâàòåëüíî, â ïåðâîì ïðè-

áëèæåíèè ìîäåëü íå áóäåò êîððåêòíîé. Ïðèõî-

äèòñÿ èñïîëüçîâàòü áîëåå âûñîêèå ïðèáëèæåíèÿ,

÷òî ñóùåñòâåííî óâåëè÷èâàåò òðóäîåìêîñòü ðàñ-

÷åòîâ. Ïðåäëîæåííûé âàðèàíò àñèìïòîòè÷åñêîãî

ìåòîäà ïîçâîëÿåò ïîñòðîèòü êîððåêòíóþ ìîäåëü

óæå â ïåðâîì ïðèáëèæåíèè.
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