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Paccemotpeno coBmecTHOE nehopMUpOBaHHE IBYX YIIPYTHUX CIOEB, OLHH U3 KOTOPBIX ABIAETCA
TIOKPBITHEM, HAaHECEHHBIM Ha IIOBEPXHOCTH 00sIee TOICTOro ciiod. IIpuHATOo, YTO B IIIOCKOCTH
KOHTaKTa CJI0eB IIPOCKalb3blBaHWE OTCyTCTByeT. CoeuHeHMe HAXOAWTCA IIOf AEeUCTBHEM
BHEIIIHEH HarpysKH, IPHUI0KEHHOH K IIOKPBITHIO IIEPIIEHIUKYIAPHO eT0 IIOBEPXHOCTH U HEH3-
MeHsIOIelca 1o mupuHe. Harpyska Ha 60KOBBIE IITIOCKOCTH COEIMHEHHUS OTCYTCTBYET, YTO
TI03BOJIAIET CUUTATD COEJUHEHNE JBYXCIONHOMN OAIKOM U /7T ONIUCAHUSA ero 1e)OPMUPOBAHUS
HCIIO/Ib30BaTh CUCTEMY yPaBHEHHH ILIOCKOM 33adu Teopuu ynpyroctu. Il1a ee pereHus
TIPUMEHSIeTCA aCUMITOTHYeCKui MeTos. Mckomble dyHKINM, HOpMalbHbIE U KacaTeIbHbIe
HAIIPAIKEHN, a TAKKe KOMIIOHEHTHI [TepeMelleHNs IIPOU3BOILHON TOIKH, OATKH U IOKPHITH
pasnaraiTcsa B PAABI II0 CTEIIeHAM MAJIOTo apaMeTrpa. B kadecTBe Takoro mapamerpa IpuHA-
Ta IIOJIOBMHA TOJIIUHBI COOTBETCTBYIOLIETO CJIOA. B OT/IMYMe OT M3BECTHBIX ACHMIITOTHYE-
CKHX Pa3/IOKeHNH IIpeJJIoKeH BapUaHT aCHMIITOTHIECKOTO MeTOo/ia, B KOTOPOM BCe MCKOMbIe
(byHKITIH acCUMITOTHYECKH PABHOIIPABHBI B TOM CMBICJIE, YTO OHU PA3JIaraloTcs B aCUMIITOTH-
YecKHe PAbI OMHAKOBOM CTPYKTYPHI. B pamax mpucyTcTBYIOT Bee ITOJIOMKUTENbHBIE CTeIIeHN
MaJIoro Iapamerpa. B aTOM ciydae acCHMITOTHYECKHH AJITOPUTM IIPHBOTUT K IIOSBIIEHHIO
JIBYX HE3aBUCHMBIX MEK/y COO0H PEKyPPEHTHBIX CHCTEM JINHEHHBIX YPABHEHUH, UTO CyII[eCT-
BEHHO YIIPOILIAeT MX pellleHue. B KaskmoM IpuOIMKeHU: IS OFHOTO YIPYTOro CJIOS aJIro-
PHUTM IIOPOKAAET IATH HEOIpeJeIeHHbIX (PYHKIINH IPOI0abHON KoopauHaTel. C yueTom 6bI-
CTPOM CXOAMMOCTH aCUMIITOTUYECKUX PAMOB JJIA IOCTPOEHHUA MaTeMaTHIecKON MOofenH e-
(hopMupoBaHUa coefUHEHNA GANKK C IIOKPBITHEM HCIIOIB30BAHO IIEPBOE ACHMIITOTHIECKOE
npubmmxenne. MeTox IPHBOSUT K IOABIECHUIO JECATH HEOIPENETeHHbIX (DyHKINH KOOPIH-
Hatbl X. OHU [03BOJIAIOT BBHITIOIHUTH BOCEMb YCIOBHH HENPEPHIBHOCTH HAIIPSIKEHHO-1edop-
MHPOBAHHOIO COCTOSHEA II0 TOMnuHe coequHenud. OcraroTed IoKa HeOPeLeIeHHbIMU IBe
dysrmu. [[719 HUX U3 IPUHITUIA MHHIMYyMAa II0TEeHIUAIBHON SHEPTHH feopMaruy BhIBe-
IleHb] ypaBHEHUA PABHOBECH, IIPECTABIAOIINE COO0H CHCTEMY IBYX JIUHEHHbIX auddepeH-
IMATBHBIX YPABHEHHH IIIECTOTO TIOPA/KA, ¥ COOTBETCTBYIOIINE TPAHNYHbIE YCI0BHA. I 'parmy-
HBIE YCJIOBHUA MOKHO PeaIM30BaTh B CTATHYECKOM M KMHEMaTHdecKoM BapuaHTax. IIpu mpo-
BeJIeHUH BBIYHCICHHH HCIIOIL30BAH IIePBHIN BapHaHT. UnCiIoBbIe pe3ynbTarsl HOIyIeHbI AT
JIBYX BUJOB IIOBEPXHOCTHOM HATPY3KH — IIOCTOSHHOM U CHHYCOHAAJIBHO MeHAIoIIeHcs II0
nnuHe coenuHeHud. OTMeueHO, YTO IPH UCCIeOBAHUN HAIPAKEHHOTO COCTOAHUA IOKPHITHS
HeO0XOAMMO yIUTHIBATH He TOIBKO HOPMAIbHbIE, HO U KacaTeJIbHble HAIIPSAKEeHNA, BeJIMIuHA
KOTOPBIX TP U3THOE COEIMHEHMUT MOKET ObITh BEChMa CyIIIeCTBEHHOH.

KroueBsIe ciioBa: yrpyroe MOKphLITHE; TEOPHUS YIPYTOCTH; ACHMIITOTHIECKUN METO.
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Joint deformation of two elastic layers is considered, one of them being a coating applied to the surface
of another thicker layer. It is assumed that slippage is absent in the plane of layer contact. External
load is normal to the coating surface and unchanging in width. In the absence of lateral loading, the
junction can be considered a two-layer beam and described by the equations of the plane elasticity us-
ing the asymptotic method. The required functions, normal and tangential stresses, and also the com-
ponents of the displacement of an arbitrary point of the beam and coating are expanded in power series
of the small parameter (accepted as a half thickness of the corresponding layer). In contrast to the
known asymptotic expansions, an alternative asymptotic method is proposed in which all the required
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functions are asymptotically equivalent, i.e., expanded in asymptotic series of the same structure.
When all positive powers of the small parameter are present in the series, the asymptotic algorithm
leads to the appearance of two independent recurrent systems of linear equations, which greatly sim-
plifies their solution. In each approach for one elastic layer the algorithm generates five indefinite func-
tions of the longitudinal coordinate. Due to a rapid convergence of the asymptotic series, the first as-
ymptotic approximation is used to construct the mathematical model of the deformation of a
beam-to-coating coupling. Ten indefinite functions of the coordinate x provide fulfilling of eight condi-
tions of continuity of the stress-strain state in the linkage depth, two functions remaining indefinite.
Equilibrium equations (a system of two linear differential equations of the sixth order) are derived for
them proceeding from the principle of minimum potential energy of deformation and corresponding
boundary conditions (that can be realized both in static and kinematic variants). Numerical results are
obtained in static approximation for two types of surface loading — steady and sinusoidally varying —
along the length of the coating. An emphasis is made on the necessity of allowing for tangential
stresses when studying the stress state of the coating as they can be rather significant upon bending.

Keywords: elastic coverage; theory of elasticity; asymptotic method.

IlpencraBum 6anKy c IIOKPBITHEM KAK COeIUHEHUE
IBYX YIIPYIHX CJIOE€B, KOHTAKTHPYIOIIUX 0e3 IIpo-
CKaJIb3bIBAHUA II0 HEKOTOpoH miockoctu. Hampsa-
SKeHHOE COCTOSHUE KaKI0TO CI0S OIUIIIEM CHCTEMOM
nudpdepeHITUaIbHBIX YPABHEHHUH ILIOCKON 3amadu
teopuu ymupyroctu. Ilonaras, 4ro TomiuHa coemu-
HEHUA 3HAYUTEIbHO MEHBIIIE €T0 JJIMHBI, pPellleHne
9TOU CHCTEMbBI YPaBHEHHUU [JII KaKAOTO CJIOSI Hal-
eM aCHMITOTUIECKUM METO/IOM, B KQ4eCTBE MaJIOTO
rmapamMeTpa IpUMeM IT0JOBUHY TOJIIUHBI CI0s1. BbI-
TIOJTHUB YCJIOBUS HEIMPEPHIBHOCTH HAMPIKEHHO-/Ie-
opMUPOBAHHOTO COCTOSHUS, U3 MPUHITANA MHUHHU-
MyMa TOTEHIIMATbLHOM SHEPTHH 3aIlHIIEeM CHUCTEMY
paspemawnimx YpaBHEHUNA W TPAHUYHBIE YCIOBUA
[T HUX.

Acumnmomuueckuti anzopumm. Cucremy ypas-
HEHUH JIOCKOM 3a/]a4¥ TEOPUH YIIPYTOCTH 3aITHUIIIEM
B cleIymoliel gopme:

06, +6't_0 0o, +ﬁ:0’ G(@u 6w):T,
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3nech 0,, 0,, T — HOPMAaJbHBLIE W KacaTelbHOE Ha-
NPAKEHNS; U, W — KOMIIOHEHTHI IlepeMertenud; K,
vV — MOJyJb yupyroctu u kosdgduriuent Ilyaccona;

__E
21 +v)

MOJYJIb CABUTra. BO3MOKHOCTD HCIIOIb30BAHUS STOH
CHCTEeMBbI YPABHEHHH IOAPOOHO 000CHOBAHA B MOHO-
rpacuu [1], T7e MPeoaoKeHO0 OTCYTCTBHE BHEIII-
Hel Harpys3KH Ha COeIUWHEHHEe B HAMPaBICHUH, Iep-
MEHAUKYIAPHOM K 60KOBOM TOBEPXHOCTH.

Pemienuve cucrembl HalfieM B IPAMOYTOJIHHUKE
x, z € [2L X 2h]. Ilpenmosnosxum, 4T0 IJIAHA IPIMO-
yrojabHHUKA 2L 3HAYUTEIBHO O0JIbIIIE €r0 BHICOTRI 2/.
Takum 06pasoM, IPHU IMOCTPOSHUU ACHMIITOTHYECKO-
ro aJiTOPUTMA BEIWYWHY h MpHUMEeM B KadecTBe Ma-

JIOTO TIapamMeTrpa ¥ MCKOMbIe (DYHKIIHUH MIPeaCTaBAM
CIEeIYIONUMY CTeIIeHHBIMU PATaMU:

2n-1 2n-1
u= Y (h*us +h52ud); w= Y (B~ 2w + hsws);
s=1,3 s=1,3

2n-1 2n-1
_ s—2.8 s—1.5). _ s—1 s s—2 s .
T= Z(h T} + A5, Gx—Z(h o), +h*%cl,);
s=1,3 s=1,3
2n-1
c, = Z(hs’lczl + hs’zczz). (2)
s=1,3
Bocmionbsyemces CTaHJapTHOU OpoLenypou
acuMirormdeckoro wMeroma [2-—7]. IloxcraBum

paner (2) B ypaBuemwms (1), mpuBemeM IT0m00HBIE
YJIeHBI U P OJUHAKOBBIX CTEIIEHAX MAJIOro Iapa-
MeTpa KoaUIHeHTh IPUPABHIEM K Hy/I. B pe-
3yJbTaTe IJis OlpemeeHus Kod(p(UuIneHToB pasiio-
JKeHHUH IOJIyYUM PEKyPPEeHTHYIO CHCTeMY ypaBHe-
HHUH, pellleHre KOTOPOM 3alHIIeM TOJbKO IJIA IIep-
Boro mpubnmxenusa. Ilojaras s = n = 1, moayyum
CIeIyIoIe BbIPAMKEHUS IIapaMeTPOB HAIPIKeH-
HO-1e()OPMHUPOBAHHOTO COCTOSHUS YIIPYTOTO CJIOM:

_ fl_dfaj.
u—f4+f2+z[G o )
1-v2 df.
w:f3+z(E f5—vdj];
2
T=f -2 Eix];2+ncg;5 ; O, =f5—zc(1i]2;

df, df af, _ acf
o, =Vfs +E[d;+dxzj+z (2+V)EI_E dx23 .3

3necs f1, fa, s, f1, [5 — TOKA HeompeaeIeHHbIe (PYHK-
MY KOOPIUHATHI X.
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Puc. 1. Cxema coenuHeHUs

Modenwv degpopmuposanus coedunernus. CooTHO-
mreHus (3) HUCIOAb3yeM I OIMUCAHUS HANPIKEeH-
HBIX COCTOSHHUIU 6anku u morpbitud. Ilyers uq, wy,
0,1, 0,1, t; — xapakrepuctuku HJ[C 6anku; uqy, wo,
0,9, 0,9, Ty — xapakrepuctuku HJ[C cnos moxpsI-
tus; E;, G;, v; = 1, 2) — mapaMeTpsl yIpyrocTu;
2h; — TonuuHb caoeB. [l 6aTKH U OKPBITHS HC-
MOJIb3YEeM CHCTEeMbBI KoopAauHaT (24, x), (29, X) ¢ Ha4da-
JIOM OTCYeTa B I[EHTPE THKECTH KaKAO0TO CIIOA
(puc. 1).

OnuceiBas medopMupoBaHre GATKH HCIIOIB3Y-
eM cooTHoIeHuA (3), comepskalue IATh Heolpee-
TMeHHBIX QYHKIUA — fi1, fo1, f31, fa1, f51- Hedopma-
LUIO ONHIIEM € IOMOWIBI0 MYHKUUHA f19, f29, f32, fa2,
[50. UTax,

fue s
up=fo +fo+2p| 47— |
G, dx
1_"1% dfy,
w, =fy, + 2y 7Ek f5k_vk7dx ;

d?f df
T, =fie — 24 By dxﬁk Vi dik )

dx dx

O =I5

Ouk =Vils +Ek[

+2y (2+vk)%—Ek

d*fy
dx2

,k=1,2. 4

g ynoBIeTBOpEeHUA YCIOBUH HEIPEPHIBHOCTH
HaIIPIIKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUI UMEeM
JecsITh MPOU3BONBHBIX (pynkrwmii. Ilycts coemume-
HUe HarpyskeHO HOpPMAaJbHOM IIOBEPXHOCTHOM Ha-
TPy3KOM MHTEHCUBHOCTBIO ¢, IPUIOKEHHON K CJIOI0
nokpeiTuA. Torma

022(x7 hZ) =q, Ozl(xa _hl) = 0:

-CQ(x, hz) = 0’ tl(x’ _hl) = 0>

022(36, _hZ) = 021(x7 h1)> '52(.7(), _hZ) = tl(x7 h1)7
ug(x, —hg) = uy(x, hy), walx, —hy) = w;(x, hy).

W3 5TX BOCHMU COOTHOIIEHHUH OUpPEIeSNM BOCEMb
MIPOU3BOJILHBIX (DYHKIIUI, BBIPDA3UB HX 4Yepe3 JBe
byHEIME — f39, f49.

Bwisod paspewarowux ypasuenuii. Onupenenss
IIBe OCTaBIINECT HEW3BECTHBHIMH (DYHKIIUH, BOC-
IoabayeMcesd IIPUHIIMIIOM MUHHUMyMa IIOTEHITHAIb-
HOU 9HEPTUM CUCTEeMbI. Bapmanum KOMIOHEHT IIpo-
JOJIBHOM TedpOpMAaIiy IPUHUMAIOT BU:

ds ds d2s
88361 2% 2% + (hl + h2 —Zl)d‘xfz‘w,
_douy _dof,, A%y

o)
€x2 e a 27 g2

Herpynsao mpoBepuTsb, 4To Bapuanuu aedopMaIuii
caBHUra M O0KATHA B JAHHOM MOJENH PABHBI HYJIIO.
IlosTomy Bapuaiuio NOTEHIIUATHLHONH DHEPTHU Je-
(hopManyu coemMHEHUS MOMKEM 3aIluCaTh B CIEIY-
oteit gopme:

L(h hy
3= [ { [0,,8p,,dz, + [o0,50¢,,dz, fdx.
L[k ~hy

Bapwuatiua paboThl TOBEPXHOCTHOW HOPMAaILHOH
pacrpeneneHHOY HArpysKH HHTEHCHBHOCTBHIO ¢ CO-
CTaBUT

L
3A = [ qdfyydx.
-L

Pab6ory TOprieBo#l HArpy3KH MpPENCTaBUM B ClIe-
ayroren gopme:

SA” ={(T1* + Ty )8f 4y +

« 7L
+[(hy + h)T, —M; — M, ] 45f 39
-L
ar°  aM’  dAM; t

hy +h)—L -1 _ 72 |5

(hy +hy) o & & /32 y
31ech

h h

T = chxidzi’ M; = fcxizidzi (=12 —
-k —h;

YCHUJINA ¥ MOMEHTHI B CI0AX (3BE3TOYKOH OTMEYEHBI
VX TPAHWYHbIE 3HAYEHU).
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ITonaras 6I1 = 8A + 8A", mpuBoma mOAOGHBIE
YJIeHBI U IPUPABHUBAA HYNI0 KO3(PPUITHEHTHI TP
HE3aBUCHMbBIX BAPHALMIX HUCKOMBIX (DYHKI[HH, II0-
JlydaeM ypaBHEHWS PaBHOBECHS U TPAHUYIHBIE YCJIO-
BudA. J[71a ompeneneHud IBYX HEU3BECTHBIX (PYHK-
Ui IMeeM J[Ba YpaBHEHUA PABHOBECHS:

dr
LN
A dx

a2, d:M, d®M,

(hl + hz) - =q.

dx? dx 2 dx2
SamnucaHHas CUCTEMA YPABHEHUH MMeeT I1eCTOH Imo-

pamox. Kunemaruyeckre rpaHWdHbIE YCIOBUA A
Hee IIPUHUMAIOT BU]

) ., dofy, dofs
x = *L: 83 =839, 843 =85, dx32 :Ww'

CTaTI/I‘IeCKI/Ie TpaHu4YHbIC YCJIOBUA MOKHO 3allCaTb
CIIEAYIOLIM 06pa3soM:

x=+L: T +T, =T, +T;,
(hy +hoy)T, =M, — My =(h, +hy)T; —M; — M,

dr, dM, dM,
dr dx  dx

(hy +hy)

dT;  aM;  dM;
=(hy +hy) —L -1 T2
dr  dx  dr

IIpeobpasyem ypaBHEHHS pPABHOBECHSI C yde-
ToM (4). B pesyabraTe moayunM cucTeMy ypaBHEHUH
IIIECTOTO TOPAJKA, pPelleHHe KOTOPhIX IPUHUMAET
BUJ

fio=ai] [[[aqdx* +ay|[qde? +

x3 x?
+a3q+C1?+CQ?+C3x+C4,

_ 3
fio =01 [ [qdx® +b,[ qdx +
d x2
+b, &q +0,C; T+ Csx+ C.
3nech a4, ..., by — KOHCTAHTBI, comep:Kallue Me-
XaHW4YECKHe XapaKTepucTwku coemuuenus; Ci, ...,
(g — KOHCTAHTBHI HHTETPUPOBAHUS.

Pesyavmamuvt eviwucaenuti. Paccmorpeno co-
eIUHEHNE CO CIEeIYIOIINMU TIapaMeTPaMU:

L =50cwm, hy = 0,3 cm, hy = 0,03 cMm,
E, =2-105MIla, E, = 51 - 102 MIIa,

Vi = 0,3, Vo = 0,25

OxZ(xr _hZ), MIIa

L Lo

/’ —— to(x, —hy), MIla

-3

Puc. 2. Pacnpenenenre HAIPSIKEHUH B CI0€ MOKPBITHUS

Ha Ttoprax coenwiHeHWs BBINOIHEHBI T'PAHWY-
Hble YCIIOBHS, COOTBETCTBYIOIIHE JKECTKOU 3a/lellKe
OanKu:

d
uy(£L, 0) = 0, wy(£L, 0) = 0, %(iL,O) -0.

Boraucienusa npoBOAMIN A IBYX CTATHUECKU
SKBUBAJIEHTHBIX BAPUAHTOB HArPy3KH — IIOCTOSH-
HOM Harpys3ku uHTeHcuBHOCTbIO ¢ = —0,01 MIla u
CHHYCOUJAIBHON HAarpy3Ku

T . T
q, = O,Olzsm{ZL(x —L)} MIIa.

CpaBHeHre [BYX 3THX HAIPSIIKEHHBIX COCTOS-
HUH IIOKA3bIBAET, YTO MPHU MHEePEeMeHHOU Harpyske
OCHOBHBIE HAMPSKEHUS B COEAMHEHUU TPUOIU3HU-
TenbHO Ha 15 — 17 % mpeBBIMAIOT HANPAKEHUI OT
TIOCTOAHHOM HATPy3KH.

IToxpsiTHe c1a60 BAHsIET HA HATIPSIKEHUS B Oai-
Ke. MakcumanbHbIe 3HAYEHUA OHU IMPUHUMAIOT HA
Toprax coexnwHeHusa. HopmanbHbIE 0,; U KacaTemb-
HbIe T; HANPIKEHUSI IPeHeOPesKruMOo MaJbI II0 CPaB-
HEHUIO C HAIPIKEHUAMH O, ;.

I'pacux maMeHeHus: HANPSKEHHUH B CII0€ IIO-
KpBITHS TIpejcTaBieH Ha pwuc. 2. Hanps:xenus o06-
JKATHUA 0,9 0JU3KHU 10 BeIMYHHE K 3HAYEHUIO pacipe-
JeJIEHHOW HAaTPy3KH W MPHU WCCIEeOBAHUH IMIPOU-
HOCTH ITOKPBITHS UMM MOKHO mpeHebpedb. OmHaro
KacaTelbHbIe HAIPIKEHUA T, CPABHHMBI CO 3HAUE-
HUEM OCHOBHBIX HAIPSIKEHUH O,9. B HEKOTOpBIX
TOYKAaX KacaTelbHble HAIPSKEHUA [IPEBBIIIA0T
HOpMaJIbHBIE HATIPSIKEHUS, YTO CIeyeT YIUTHIBATD
[IPH OIT€HKE IMPOYHOCTH IOKPBITHS.

OrveruMm 3 heKTUBHOCTD MPEIIOKEHHOTO Me-
TOZA TI0 CPABHEHUIO C APYTUMHU METOJAMHU HUCIIOIb30-
BaHUS ACHUMIITOTHIECKOTO aJTOPHUTMa IPHU IIOCTPOe-
HHUU Mojiesiell Je)OpMHUPOBAHUA IIJIOCKUX YIIPYTHX
ten. Hanpumep, npu MomenupoBanuu uaruda MeTo-
JIOM CTEIIeHHBIX PsI0B [4] B KauecTBe IIEPBOTO IIPH-
OmmreHns 00BIYHO UCHOIB3YIOT cxemy Kupxroda, B
KOTOPOI IIpeHebperanT KacaTelbHbIMH HaIpsiiKe-



54 «3aBoackasn Jaboparopus. [[maraocruka marepuanos». 2018. Tom 84. Ne 8

HUAMH T, U HAOPSKEHUAMHU O,; obxkarusa. B stom
cIyyae HEBO3MOKHO BBIIIOJIHUTH YCJIOBHSA HeIpe-
PBIBHOCTH HANPSIKEHWH HA IUIOCKOCTH KOHTaKTa
0aJIK¥ U TIOKPBITHSA, CIEI0BATEIbHO, B IIEPBOM IIPH-
OmmKeHUn Mojenb He Oymer KoppekrHoi. [Ipuxo-
JIUTCST MCIIOIL30BATh 00Jiee BBICOKHE TIPUOIMKEHN T,
YTO CyIIECTBEHHO YBEIHYHBAET TPYIAOEMKOCTh pac-
4getoB. [IpeanoxeHHbIN BApHAHT aCUMITOTUIECKOTO
MeTOo/[a IT03BOJISIET IOCTPOUTH KOPPEKTHYI0 MOZIENb
yiKe B IIEPBOM IIPHUOIMKEHNH.
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